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Abstract

Irregular spatiotemporal data – with observations acquired unevenly across
space and time – are common in real-world applications such as climate
modeling, social media analytics, and transportation systems. In these settings,
capturing underlying structural dependencies is critical for effective pattern
recognition and learning. While the existing literature has predominantly
focused on regularly sampled data, irregular sampling introduces significant
challenges that require novel methodological approaches. My doctoral research
aims to advance predictive modeling for irregular spatiotemporal data through
a graph-based representation, focusing specifically on imputation, filtering,
and prediction across both temporal and spatial dimensions. Graphs naturally
lend themselves to modeling irregularities, with edges encoding relationships
between data-generating processes, making graph deep learning a suitable
and powerful processing framework. Imputation and filtering methods are
proposed to reconstruct missing observations and improve data quality by
enforcing spatiotemporal consistency. Prediction approaches are explored
to forecast future observations by leveraging underlying dependencies. A
theoretical analysis of information propagation in spatiotemporal architectures
completes the thesis, providing insights and guidelines for the design of future
models.
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Chapter 1

Introduction

Spatiotemporal data refers to information collected across both space and time,
capturing observations that are paired with spatial and temporal indices. The
spatial dimension typically corresponds to a set of data-generating entities (i.e.,
sensors) constrained by relationships, which may represent physical systems (e.g.,
traffic sensors or weather stations) or abstract entities (e.g., stocks in financial
markets or users in a network). Common examples include satellite image
sequences, traffic monitoring data capturing speed and congestion levels, or
stock market time series, to mention a few application domains.

The growing presence of Internet of Things technologies [Ashton et al., 2009]
and pervasive computing has led to the proliferation of spatiotemporal data
across a wide range of domains, creating a need for machine learning models
that can effectively process such data at scale. Spatiotemporal data often exhibits
strong dependencies along both spatial and temporal axes [Atluri et al., 2018],
with nearby observations in space or time typically showing higher correlation.
Many modern learning systems leverage this property through inductive biases
that prioritize local information, embedding these constraints directly into their
architectures.

Historically, most successful approaches to spatiotemporal learning have focused
on discrete-time sequences and Euclidean domains, where observations are
regularly sampled over time and space, as in video data. Deep learning models
[LeCun et al., 2015; Schmidhuber, 2015] have excelled in this regime, offering
powerful tools to capture complex structural dependencies [Frasconi et al., 1998].
Amongst others, convolutional neural networks (CNNs) [LeCun and Bengio,
1998] have proven effective for spatial feature extraction, while recurrent neural
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time
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(a) Regular spatiotemporal data.

time
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Figure 1.1. A spatiotemporal diffusion process observed under regular (a) and
irregular (b) sampling in space and time. Crossed circles (

⊗⊗⊗
) denote acquisition

failures resulting in missing values.

networks (RNNs) [Elman, 1990; Hochreiter and Schmidhuber, 1997] have been
widely used to model temporal dynamics. Hybrid architectures have also been
proposed for jointly capturing spatiotemporal patterns [Shi et al., 2015]. More
recently, attention-based architectures such as Transformers [Vaswani et al.,
2017] have been adapted to images [Dosovitskiy et al., 2021; Arnab et al., 2021]
and videos [Bertasius et al., 2021], with applications ranging from healthcare
[Tran et al., 2023] to live-cell imaging [Pulfer et al., 2024].

However, real-world spatiotemporal data are rarely regular, with irregularities
commonly arising in both spatial and temporal dimensions. In space, sensors are
often scattered, with varying distances depending on physical constraints, expert
knowledge, or deployment costs, as is typical in environmental monitoring. In
time, irregularities result from asynchronous sampling across sensors or missing
data due to malfunctions, communication errors, or other transient issues. Non-
physical domains, such as social media or financial markets, are also not exempt
from irregularities. Here, temporal gaps may be caused, for instance, by privacy
concerns [Langheinrich, 2001] or access limitations, while spatial relationships –
between users or assets – reflect behavioral or functional affinities rather than
physical proximity. Such irregularities challenge conventional methods reliant
on inputs with regular underlying structure and call for frameworks that move
beyond traditional assumptions of uniform sampling and Euclidean spaces.
Figure 1.1 shows the foundational difference between the two settings with
an example of a diffusion process under regular (left) and irregular (right)
sampling.

In the spatial dimension, the key to addressing this challenge lies in effectively
modeling structural information, which is typically relational. Graphs offer a
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natural and powerful representation to model these dependencies, with nodes
corresponding to data-generating entities – the sensors – and edges encoding
the relationships between them, whether these are physical distances, statistical
correlations, or domain-specific constraints. This graph-based perspective
has a twofold advantage. First, it explicitly encodes non-Euclidean structural
information without requiring regular sampling or grid-like arrangements.
Second, it provides flexibility to represent diverse relationship types, allowing
the same methodological framework to address both physical and non-physical
domains.

Building on this representation, graph signal processing extends traditional
discrete signal processing to data defined on graphs, offering a principled
framework for data analysis [Shuman et al., 2013; Ortega et al., 2018; Dong et al.,
2020; Leus et al., 2023]. More recently, the emerging field of geometric deep
learning [Bronstein et al., 2021] has focused specifically on developing neural
architectures for non-Euclidean domains like graphs. Within this context, graph
neural networks (GNNs) [Sperduti and Starita, 1997; Gori et al., 2005; Scarselli
et al., 2008; Battaglia et al., 2018; Bacciu et al., 2020] have proven effective at
capturing spatial dependencies through iterative message-passing mechanisms
[Gilmer et al., 2017] that aggregate information from neighboring nodes.

However, despite major advances in the literature, relatively little attention
has been given to the spatiotemporal setting, where information associated
with graph nodes evolves over time [Seo et al., 2018]. The challenge becomes
even more pronounced in the case of irregular sampling, which remains largely
underexplored. Thus, the literature on graph-based modeling of irregular
spatiotemporal data remains in its early stages: the development of rigorous
methodologies represents a significant opportunity for advancing the field, with
potential for major impacts on real-world problems.

1.1 Research lines

This thesis advances the modeling and analysis of irregular spatiotemporal data
through the lens of graph deep learning, structured around three interconnected
research lines:

R1. Imputation and filtering — These tasks address data refinement within a
temporal window. Imputation focuses on estimating missing values by
exploiting spatiotemporal dependencies, while filtering aims to suppress
noise or inconsistent patterns that may hinder downstream modeling.
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Figure 1.2. The interconnected tasks of imputation, filtering, and prediction of

irregular spatiotemporal data. While imputation and filtering can be end goals,

they can also serve as pre-processing for downstream tasks such as prediction.

Colored boxes display authored publications and preprints associated with the

corresponding research line and contribution.

Both are essential in real-world settings where data incompleteness and
measurement errors are actual challenges. Moreover, they often serve as
critical preprocessing steps for downstream tasks.

R2. Prediction — Forecasting future observations involves inferring values
beyond the available time interval, based on partially observed data. This
task is central to numerous domains, from climate science to healthcare,
where anticipating the future is crucial for planning and intervention.
In irregular settings, the challenge becomes more pronounced due to
incomplete, asynchronous, or non-uniformly sampled inputs, which
introduce additional uncertainty.

R3. Theoretical analysis — Understanding how information propagates across
space and time in graph-based models is fundamental to both explaining
their behavior and guiding architectural improvements. Research in this
direction aims to provide theoretical insights into how design choices,
such as spatial and temporal processing schemes, affect a model’s ability
to integrate and preserve information.

These research directions are tightly coupled: advances in imputation and filter-
ing often lead to improved predictive performance, while theoretical insights
guide the refinement of models across tasks. Importantly, from a predictive



Section 1.2 Challenges 5

standpoint, perfect imputation is not always necessary: models can achieve
accurate forecasts even when reconstructed inputs deviate from the true values
[Le Morvan et al., 2021]. Nevertheless, some form of imputation remains
often necessary to provide a consistent input representation, stabilize training,
and enable the use of architectures that require fully observed sequences. At
the same time, imputation is valuable as a standalone goal, e.g., to support
interpretability of the data, anomaly detection, and virtual sensing. Hence,
imputation and prediction should be regarded as complementary objectives,
while theoretical analysis provides the unifying principles underlying model de-
sign. Together, these three directions contribute to a comprehensive framework
for graph-based spatiotemporal learning under irregular sampling conditions.
Figure 1.2 illustrates this processing pipeline and highlights the contributions
made in each research line throughout my doctoral studies.

1.2 Challenges

Across these research directions, three fundamental challenges emerge that
guide the methodological developments in this thesis:

Irregularity. The fundamental challenge lies in effectively modeling data that
are unevenly sampled in time and structured over complex, non-Euclidean
spaces. Unlike traditional approaches that assume regular grids or uniform
sampling, methods for irregular spatiotemporal data must incorporate the
availability of observations and the underlying structural dependencies as
intrinsic elements of the learning process. This requires architectures that can
flexibly adapt to varying observation patterns while preserving the ability to
extract meaningful spatiotemporal patterns.

Sparsity. Beyond mere irregularity, many real-world applications suffer from
extreme sparsity, where only a small subset of potential observations is available.
This sparsity challenges standard modeling assumptions, particularly those
relying on continuity, as large gaps in space or time limit the effectiveness of
local inductive biases, which depend on the availability of nearby observations.
Consequently, models must be able to operate robustly under sparse conditions,
effectively propagating information across distant points in the spatiotemporal
domain to preserve predictive accuracy and reliability.
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Scalability. The computational burden of spatiotemporal modeling com-
pounds across both dimensions, particularly for large-scale applications involv-
ing many sensors and long time horizons. As the number of time series and the
volume of collected data grow, memory and computational constraints become
increasingly limiting. This necessitates architectures that balance expressiveness
with efficiency, avoiding the high complexity that naïve approaches would incur
when processing both spatial and temporal information simultaneously.

Addressing these challenges jointly enables the development of both theoretical
and practical contributions for modeling irregular spatiotemporal data in
real-world scenarios, in which they often coexist. Indeed, a dataset can be
simultaneously sparse at the local level – with individual sensors or regions
providing few or intermittent observations – yet involving a large-scale system –
with potentially thousands of sensors and long temporal horizons. For instance,
in nation-wide traffic forecasting, the sensor network may involve thousands of
detectors (posing a scalability challenge), while individual stations frequently
experience outages or entire districts remain uncovered (posing a sparsity
challenge). Models must therefore reconcile these two aspects, propagating
information efficiently across large graphs while remaining robust to the limited
availability of local observations.

1.3 Contributions

This doctoral research advances the state of the art in graph deep learning for
irregular spatiotemporal data through a comprehensive set of methodological
and theoretical contributions. The research spans the presented research lines
and addresses the core challenges of irregularity, sparsity, and scalability. The
main contributions are summarized below:

R1.1. Imputation of irregular spatiotemporal data
This contribution introduces a novel graph-based imputation frame-
work [Cini, Marisca, et al., 2022] that leverages graph neural networks
embedded within a bidirectional recurrent architecture. This enables
spatially-coherent, structure-aware reconstructions of partially observed
data, significantly outperforming previous methods across multiple
real-world benchmarks.

R1.2. Imputation with sparse observations
To address error propagation in autoregressive models under extreme
sparsity, this contribution proposes an attention-based imputation ar-
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chitecture [Marisca et al., 2022] specifically tailored for scattered inputs.
The model formulates imputation as a point-wise inference task using
sparse spatiotemporal attention, allowing robust predictions even when
observations are few and unevenly distributed across time and space.
Together with R1.1, these contributions provide a comprehensive toolbox
for graph-based imputation across varying regimes.

R2.1. Prediction under irregular spatial sampling
This contribution spans several works and establishes a comprehensive
methodological framework for graph-based time series forecasting [Cini,
Marisca, et al., 2023a; Cini, Marisca, et al., 2023b; Cini, Marisca, et al.,
2025], hence addressing domains with regular temporal sampling but
spatial irregularities. The framework systematically analyzes core design
principles, such as globality and locality, and proposes architectural
elements to balance generalization with task-specific accuracy [Cini,
Marisca, et al., 2023b]. Moreover, it tackles the scalability bottleneck
that hinders practical deployment in real-world systems by proposing
lightweight predictors capable of maintaining predictive accuracy under
constrained resources and large graph sizes [Cini, Marisca, et al., 2023a].

R2.2. Prediction under irregular spatiotemporal sampling
Extending forecasting to scenarios with both spatial and temporal ir-
regularity, this contribution introduces a hierarchical downsampling
framework for forecasting with missing data [Marisca et al., 2024]. The
proposed architecture extracts multi-scale representations and combines
them adaptively conditioned on the missing data pattern. The resulting
model achieves state-of-the-art accuracy in real-world applications across
different data sparsity regimes.

R3.1. Spatiotemporal over-squashing
To address representational bottlenecks that limit long-range dependency
modeling in GNNs, this contribution defines and studies spatiotemporal
over-squashing [Marisca et al., 2025], extending the notion of topological
bottlenecks to dynamic settings. A theoretical analysis reveals how archi-
tectural choices and graph topology influence information propagation
in spatiotemporal architectures. The work proposes mitigation strategies
based on temporal rewiring, backed by both synthetic and real-world
evidence.

These contributions collectively advance the field of spatiotemporal graph
learning by addressing the identified fundamental challenges. In addition to
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the methodological advancements, the research led to impactful outcomes for
industry and practitioners.

Industrial application This research contributed to the Innosuisse project
“GraPV – Graph-based Predictors for Photovoltaic Power Forecasting,” con-
ducted in collaboration with DXT Commodities SA. The project focused on
developing a graph-based forecasting approach for day-ahead photovoltaic
power production across a distributed portfolio of solar plants. Building on
the methodological advances introduced in this thesis, the project delivered
a model achieving remarkable predictive performance. This success led to
the founding of GraphSight SA, a startup focused on AI-driven forecasting
solutions for renewable energy. This outcome highlights how fundamental
research in graph-based spatiotemporal modeling can translate into impactful,
industry-ready applications.

Software Beyond methodological contributions, my research has actively
supported open science by releasing datasets and software tailored to irregular
spatiotemporal data. These resources address critical challenges in benchmark-
ing machine learning models on dynamic, non-Euclidean domains. In particular,
I contributed to the development and publication of two real-world weather
datasets, EngRAD [Marisca et al., 2024] and PeakWeather [Zambon, Cattaneo,
Marisca, et al., 2025], both described in detail in Section 6.4.2. These datasets
provide standardized benchmarks for evaluating models under spatiotemporal
irregularity. I am also the co-creator of Torch Spatiotemporal [Cini and Marisca,
2022], an open-source Python library for deep learning on spatiotemporal data.
Torch Spatiotemporal offers a collection of ready-to-use models, along with
flexible modules for building new ones, and has been widely adopted by re-
searchers and practitioners in the community. More recently, I co-released Torch
Geometric Pool [Bianchi and Marisca, 2025], a library that provides a suite of
graph pooling operators compatible with Pytorch Geometric [Fey and Lenssen,
2019]. Torch Geometric Pool extends the work presented in [Marisca et al., 2024]
and has broader applications also in static domains, further advancing the tools
available for graph-based learning.

The contributions of this research extend beyond academic publications, demon-
strating tangible industrial and societal impact. The developed methods have
supported the deployment of AI-driven solutions in real-world applications,
contributed to improved benchmarking practices for irregular spatiotemporal
data, and fostered innovation through the release of open-source tools.
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1.4 Publications and dissemination

During my doctoral studies, I co-authored 8 papers. Most of them have been
published in top-tier venues of the field, including the ACM journal Computing
Surveys [Cini, Marisca, et al., 2025] and conferences such as NeurIPS [Marisca
et al., 2022; Cini, Marisca, et al., 2023b], ICML [Marisca et al., 2024], ICLR [Cini,
Marisca, et al., 2022], and AAAI [Cini, Marisca, et al., 2023a]. As part of my
dissemination efforts, I co-organized and delivered tutorials on graph deep
learning for time series forecasting at major venues, including ECML PKDD
2023 and the Learning on Graphs (LoG) conference in 2024. My work has been
featured in invited talks at both academic and industrial venues, such as the
Learning on Graphs and Geometry (LoG2) seminar series at the University of
Oxford. Notably, the work on scalable spatiotemporal graph neural networks
[Cini, Marisca, et al., 2023a] received the Best Paper Award at the NeurIPS 2022
Temporal Graph Learning Workshop, the leading event in this area. Below is a
list of all publications and preprints currently under review.

Journal papers

Andrea Cini, Ivan Marisca, Daniele Zambon, and Cesare Alippi (June 2025).
Graph Deep Learning for Time Series Forecasting. In: ACM Computing
Surveys 57.12. issn: 0360-0300.

Conference papers

In the following list of publications, I was a co-first author on all papers where I am
listed second.

Andrea Cini, Ivan Marisca, and Cesare Alippi (Jan. 2022). Filling the G_ap_s:
Multivariate Time Series Imputation by Graph Neural Networks. In: Inter-
national Conference on Learning Representations.

Ivan Marisca, Andrea Cini, and Cesare Alippi (2022). Learning to Reconstruct
Missing Data from Spatiotemporal Graphs with Sparse Observations. In:
Advances in Neural Information Processing Systems. Vol. 35, pp. 32069–32082.

Andrea Cini, Ivan Marisca, Filippo Maria Bianchi, and Cesare Alippi (June
2023a). Scalable Spatiotemporal Graph Neural Networks. In: Proceedings of
the 37th AAAI Conference on Artificial Intelligence 37.6, pp. 7218–7226.

https://doi.org/10.1145/3742784
https://arxiv.org/abs/2108.00298
https://arxiv.org/abs/2108.00298
https://proceedings.neurips.cc/paper_files/paper/2022/file/cf70320e93c08b39b1b29a348097a376-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/cf70320e93c08b39b1b29a348097a376-Paper-Conference.pdf
https://doi.org/10.1609/aaai.v37i6.25880
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Andrea Cini, Ivan Marisca, Daniele Zambon, and Cesare Alippi (2023b). Taming
Local Effects in Graph-based Spatiotemporal Forecasting. In: Advances in
Neural Information Processing Systems. Vol. 36, pp. 55375–55393.

Ivan Marisca, Cesare Alippi, and Filippo Maria Bianchi (2024). Graph-based
Forecasting with Missing Data through Spatiotemporal Downsampling.
In: Proceedings of the 41st International Conference on Machine Learning. Vol. 235.
Proceedings of Machine Learning Research, pp. 34846–34865.

Preprints

Ivan Marisca, Jacob Bamberger, Cesare Alippi, and Michael M. Bronstein
(2025). Over-squashing in Spatiotemporal Graph Neural Networks. In:
arXiv preprint arXiv:2506.15507.

Daniele Zambon, Michele Cattaneo, Ivan Marisca, Jonas Bhend, Daniele Ner-
ini, and Cesare Alippi (2025). PeakWeather: MeteoSwiss Weather Sta-
tion Measurements for Spatiotemporal Deep Learning. In: arXiv preprint
arXiv:2506.13652.

1.5 Thesis outline

The remainder of this thesis is organized as follows.

Chapter 2 formalizes the problem of learning from irregular spatiotemporal
data. It introduces the tasks of imputation, filtering, and prediction, and reviews
relevant background in graph and sequence modeling. It concludes with a
discussion of commonly used datasets, including those contributed as part of
this thesis.

Chapter 3 addresses missing data imputation in irregular spatiotemporal data
(R1). It presents a bidirectional spatiotemporal architecture for imputation that
integrates message passing within a recurrent network [Cini, Marisca, et al.,
2022] (R1.1). We show that introducing relational inductive biases leads to
state-of-the-art imputation accuracy and provides smoothed reconstructions as a
natural byproduct. Chapter 4 tackles the more challenging regime of extremely
sparse inputs (R1.2), where autoregressive imputation becomes unreliable. It
presents a non-autoregressive attention-based model that directly estimates
missing values from available context [Marisca et al., 2022].

Chapter 5 shifts the focus to prediction (R2), under the assumption of regular

https://proceedings.neurips.cc/paper_files/paper/2023/hash/ad58c61c71efd5436134a3ecc87da6ea-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2023/hash/ad58c61c71efd5436134a3ecc87da6ea-Abstract-Conference.html
https://proceedings.mlr.press/v235/marisca24a.html
https://proceedings.mlr.press/v235/marisca24a.html
https://arxiv.org/abs/2506.15507
https://arxiv.org/abs/2506.13652
https://arxiv.org/abs/2506.13652
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temporal sampling but spatial irregularity (R2.1). The chapter first formalizes
the spatiotemporal forecasting problem for graph-structured time series and
compares different processing paradigms. It then presents two main contribu-
tions: (i) a global-local prediction framework using trainable node embeddings
to balance generalization and specialization [Cini, Marisca, et al., 2023b]; and (ii)
a scalable graph-based predictor [Cini, Marisca, et al., 2023a] for efficient large-
scale forecasting. Chapter 6 addresses the most general setting of prediction
under both spatial and temporal irregularities (R2.2), introducing a hierarchical
spatiotemporal downsampling strategy to deal with varying patterns of data
availability [Marisca et al., 2024]. Chapter 7 investigates the theoretical limits
of information propagation in spatiotemporal models (R3). It introduces the
concept of spatiotemporal over-squashing [Marisca et al., 2025], generalizing
known bottlenecks in GNNs to dynamic settings and proposing architectural
remedies (R3.1).

Chapter 8 concludes the thesis by summarizing the main contributions, dis-
cussing the key insights and limitations, and outlining several promising
research directions.





Chapter 2

Problem formalization and

preliminaries

2.1 Problem setting

While the field of spatiotemporal data analysis is vast and encompasses several
data representations following diverse sampling modalities, we consider the
setting where data are sampled irregularly over time from entities scattered
over space. This setting is also referred to as raster data with irregular sampling in
the literature [Atluri et al., 2018]. Throughout this thesis, we call data acquired
under this regime irregular spatiotemporal data and nodes (or sensors) the entities
generating the data.

We denote by V the set of N data-generating entities, with matrix V ∈ RN×dv

representing their static attributes. Each row vi = V [i] encodes information
about the i-th node in V , such as its location or type in the context of physical
sensor networks. We use capital letters to refer to set-level attributes (e.g., V ) and
lowercase letters for node-specific quantities (e.g., vi). We denote by xi

t ∈ Rdx

the dx-dimensional observation at time step t for the i-th node. We assume
multivariate time series at each node (i.e., dx > 1), with all nodes measuring the
same set of variables to ensure channel homogeneity across nodes.

To unify different sampling rates, we define a common temporal resolution ∆t

interleaving between any two xi
t and xj

t+1 as the greatest common divisor that
factorizes all sampling intervals across collected data. Temporal irregularities
are modeled by allowing xi

t to be missing for some i and t, due to reasons

13
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time

Dynamic information

Observations

Auxiliary mask

Exogenous variables

Nodes
Edges

Static information

Figure 2.1. Representation of irregular spatiotemporal data with a distinction

between static (left) and dynamic (right) information.

such as sensor asynchrony or acquisition errors. This modeling choice recasts
the problem as regularly sampled data aligned on a fixed temporal grid with
resolution ∆t, where some values may be missing. At each time step t, the
observation set Xt = {xi

t}i contains all available node-level observations.

To facilitate alignment with representations used in regularly sampled settings,
we adopt a matrix-based notation for node observations. At each time step
t, we define Xt ∈ RN×dx as the matrix obtained by stacking the observation
vectors xi

t across all nodes, such that Xt[i] = xi
t if the observation is available

(xi
t ∈ Xt) and Xt[i] = 0 otherwise. In addition, we introduce an auxiliary

mask Mt ∈ {0, 1}N×dx where zero elements denote a missing observation at the
corresponding position in Xt. Finally, we denote by ui

t ∈ Rdu the exogenous
information associated with node i at time t. We assume this information is
always available – even when xi

t is missing – and may include features such as
acquisition timestamps or environmental conditions. Throughout the text, we
use the subscript · t−T :t to denote sequences within the time interval (t− T, t]

(e.g., Xt−T :t), and · <t ( · ≤t) for sequences encompassing all time steps up to
(and including) t.

Temporal dependencies We express temporal dependencies existing among
observations acquired in the interval (t−T, t]with a temporal graphT ∈ {0, 1}T×T .
A nonzero entry T [i, j] = 1 represents a directed edge from time step t− i to
t− j, and indicates that information from t− i contributes to the representation
at t− j. In most cases, T is defined as a directed path graph over the sequence,
such that T [i, j] = 1 if and only if i− j = 1. Under this convention, T acts as a
backward shift operator [Box et al., 2015], shifting temporal signals forward by one
step. When this is the case, we omit T and instead assume temporal structure is
induced by the natural ordering of the sequence.
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2.1.1 Relational dependencies

We assume the existence of dyadic – possibly asymmetric – relational depen-
dencies between sensors, modeled as a graph with attributed edges. These
relationships are interpreted in the sense of predictive (Granger) causality
[Granger, 1969]: past information from neighboring nodes can help improve
predictive performance for a given node. The graph structure also serves as a
sparsification prior, suppressing spurious correlations and emphasizing only
the most informative dependencies across nodes. We refer to this relational
structure as spatial dependencies, where the term spatial does not necessarily
imply physical distance but rather any domain-specific notion of proximity or
affinity encoded in the graph. In this sense, the node dimension plays the role
of the spatial dimension.

Formally, we define the edge set as E = {(i, j, eij) | (i, j) ⊆ V × V}, where each
triplet represents a directed edge from node i to node j, and eij ∈ Rde denotes
the attributes associated with that edge. This graph structure can also be
captured by an adjacency matrix A ∈ RN×N , where the entry aij = A[i, j] is
either a binary indicator or a weighted value (potentially derived from eij), and
is nonzero if and only if (i, j, eij) ∈ E .

Figure 2.1 illustrates the key elements introduced above, and Example 1 com-
plements this with a practical example.

Learning the adjacency matrix When explicit relational information is un-
available, several strategies can be employed to infer the adjacency matrix A.
A simple option is to compute pairwise similarity scores – such as Pearson
correlation – between node observations and construct edges based on these
affinities. This is often done when no side information is available or when
computational resources are limited and prevent more advanced learning ap-
proaches. Alternatively, the adjacency can be derived from static node features
V , e.g., using distances or other similarity functions. More appealing techniques
in the field of graph structure learning aim to obtain an adjacency matrix directly
from data during model training [Dong et al., 2016; Dong et al., 2019; Cini et al.,
2023c; Manenti et al., 2025]. A common and straightforward approach is to
leverage spatial attention scores computed between each pair of nodes as

aij = qi⊤kj, (2.1)

where qi ∈ Rd and kj ∈ Rd are the source and target learnable node embeddings
associated with the i-th and j-th node, respectively [Wu et al., 2019].
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Example 1. Network of weather stations

Consider a collection of weather stations measuring wind across a geo-
graphic region. Each station is modeled as a node in V , with its attributes
vi capturing static information such as geographic location or sensor
aging. Spatial relationships between stations can be defined in multiple
ways. As an example, an undirected edge can be added between nodes i
and j in E if their physical distance falls below a specified threshold. This
distance can be encoded as an edge attribute in eij . At each time step t,
station i records the wind’s strength and direction as xi

t. If a reading is
unavailable (e.g., due to a sensor malfunction or transmission failure),
we set the corresponding mask mi

t = 0. Additional weather information
observed from the satellite, such as cloud movements or precipitation,
can be treated as exogenous inputs and represented by ui

t.

2.1.2 Changes in topology and sensor heterogeneity

The reference setting outlined above assumes a static topology and homogeneous
sensor types. While these assumptions simplify modeling and reflect many
practical applications, real-world data often exhibit more complex dynamics.
Nonetheless, the framework can be extended to accommodate these additional
challenges.

Dynamic graphs In many scenarios, the underlying set of sensors, as well as
spatial dependencies, can evolve over time. For instance, in a transportation
network, a new sensor can be added or a route might be deviated, leading to
a time-varying graph topology. The dynamic nature might also arise when
the dependencies are inferred from data, which are evolving by definition. We
introduce At to denote the adjacency matrix at time t, with Et the corresponding
edge set. These structures can be modeled as sequences as well, i.e., At−T :t or
Et−T :t, and given as input to the model. In our setting, however, we assume such
evolution to be relatively slow, so that At can be treated as fixed within short
intervals. Note that this assumption is realistic in most considered applications,
where abrupt changes do not appear frequently.

Sensor heterogeneity The assumption that all sensors measure the same
set of variables is not restrictive. When sensors differ in the variables they
acquire (e.g., temperature, wind, or pollution levels), this heterogeneity can



Section 2.1 Problem setting 17

be encoded explicitly by extending the feature space. Each measurement
channel can be paired with a semantic type, and missing channels can be
treated analogously to missing values using the auxiliary mask mi

t. Static node
attributes vi can also include sensor-specific metadata (e.g., type, measured
channels, scaling factors) and be given to the model as part of the input. This
enables architectures to handle heterogeneous collections of sensors without
modifying their core processing mechanisms. When needed, more advanced
and specialized approaches for heterogeneous data can be employed to better
leverage inter-modality relations [Deng et al., 2018].

2.1.3 Missing data

Following prior work [Yi et al., 2016; Cini, Marisca, et al., 2022], we classify
missing data patterns based on the conditional distribution p (mi

t |M≤t). Note
that this taxonomy differs from – and is orthogonal to – the classification
in missing completely at random (MCAR), missing at random (MAR), and
missing not at random (MNAR) common in the literature [Rubin, 1976], which
instead concerns the mechanisms that lead to missing values and is based on
the conditional distribution p (mi

t |xi
t). Throughout the thesis, we assume

stationarity of the missing data distribution and MAR mechanism.

We call point missing (Point) the setting where the probability of a datum being
missing is constant and independent across nodes and time steps. In this case,
the mask follows an i.i.d. Bernoulli distribution:

p
(
mi

t

)
= B(1− η) ∀ t,∀ i ∈ V (2.2)

where 1 − η is the Bernoulli mean. This type of pattern is also referred to
as general missing [Rubin, 1976], and realizations are spatially and temporally
uncorrelated.

In many real-world scenarios, however, missing data exhibits structure and
dependencies. For instance, hardware faults or power outages in a physical
sensor network often affect multiple time steps or adjacent sensors. We refer to
these structured patterns as block missing, which we further categorize by their
dependency structure. In temporal block missing (Block–T), the probability of a
value being missing depends on whether it was missing at the previous time
step:

p
(
mi

t

∣∣mi
t−1
)
̸= p

(
mi

t

)
. (2.3)
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In spatial block missing (Block–S), p (mi
t) is instead influenced by simultaneous

missing values at neighboring nodes:

p
(
mi

t

∣∣ {mj
t | j ∈ N (i)

})
̸= p

(
mi

t

)
, (2.4)

where the neighborhood N (i) = {j | (j, i, eji) ∈ E} contains all incoming neigh-
bors of the i-th node. The most general case, spatiotemporal block missing
(Block–ST), combines both forms:

p
(
mi

t

∣∣mi
t−1,

{
mj

t | j ∈ N (i)
})

̸= p
(
mi

t

)
. (2.5)

Note that in Equations 2.2 to 2.5 we assume a univariate setting with dx = 1. In
the multivariate case (dx > 1), we consider the missing data distribution of each
channel to be independent from the others.

2.2 Imputation, filtering, and prediction

We consider a collection of T observation sets Xt−T :t, paired with correspond-
ing exogenous variables Ut−T :t and node-level attributes V , as introduced
in Section 2.1. Given this context, we formalize the problems of imputation,
filtering, and prediction within a unified probabilistic framework. Each task is
framed as a distinct instance of conditional estimation over a partially observed
spatiotemporal process. Although they share a common formulation, they differ
in both objective and assumptions.

Imputation and filtering operate within a bounded temporal window, focusing
on reconstructing missing or noisy values using surrounding observations. In
contrast, prediction is a forward-looking task that aims to infer future values
based on past observations. We begin by formalizing prediction as the natural
estimation problem associated with the underlying data-generating process. We
then analyze imputation and filtering, which are more tightly aligned with the
challenges introduced by irregular sampling and often serve as preprocessing
steps in spatiotemporal modeling pipelines.

2.2.1 Prediction

We assume that the i-th node observations are generated by a time-invariant
spatiotemporal stochastic process pi such that

xi
t+1 ∼ pi

(
xi
t+1

∣∣X≤t,U≤t+1,V
)

i = 0, . . . , N−1. (2.6)
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We do not assume that all time series in the collection are generated by the
same process; in general, pi ̸= pj for i ̸= j, although time invariance holds for
all nodes.

The goal of prediction is to forecast future values based on the available past
information. Given a forecasting horizon h ∈ N+, the objective is to learn a
model pθ that approximates the h-step-ahead predictive distribution for each
i-th node in V , i.e.,

pθ
(
xi
t+h

∣∣Xt−T :t,Ut−T :t+h,V
)
≈ pi

(
xi
t+h

∣∣X≤t,U≤t+h,V
)

(2.7)

where θ denotes the set of learnable model parameters. Note that prediction
can only condition on actually observed data X≤t, not on the full latent state
X≤t, which may contain missing entries. Moreover, exogenous variables for
future time steps Ut:t+h may be available only in some cases, e.g., for encoding
of timestamps or simulated quantities; for all other cases, we consider data up to
time t included only. The conditional distribution above acts as a predictive prior
for the unknown future value xi

t+h. As such, it incorporates not only uncertainty
due to irregular sampling but also the additional uncertainty introduced by
extrapolating forward in time.

In practice, we approximate the predictive distribution using a point estimate.
To this end, we define a family of predictive models f( · ) that estimate the
conditional expectation of future observations:

x̂i
t+h = f (Xt−T :t,Ut−T :t+h,V ; θ, i) (2.8)

≈ Ep

[
pi
(
xi
t+h

∣∣X≤t,U≤t+h,V
)]

,

where θ denotes the model parameters learned by minimizing a loss function
and index i indicates the target node. We consider multi-step prediction
and a pairwise loss function ℓ averaged over all available observations in the
forecasting horizon [t+ 1, t+H]. The loss is weighted using the mask to ignore
missing values:

L
(
X̂t:t+H ,Xt:t+H ,Mt:t+H

)
=

H∑

h=1

N−1∑

i=0

∥∥mi
t+h ⊙ ℓ

(
x̂i
t+h,x

i
t+h

)∥∥
1

∥Mt:t+H∥1
, (2.9)

where ⊙ is the element-wise (Hadamard) product and ∥ · ∥1 is the L1-norm. For
matrices and tensors, we consider the entry-wise norm, such that ∥Mt:t+H∥1 =
∥vec(Mt:t+H)∥1 =

∑H
h=1

∑N−1
i=0

∥∥mi
t+h

∥∥
1

is the total number of observed val-
ues in the prediction interval. Parameters θ are then obtained through loss
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minimization:

θ̂ = argmin
θ

L
(
X̂t:t+H ,Xt:t+H ,Mt:t+H

)
. (2.10)

Typical choices for the loss function ℓ include the mean squared error (MSE):

ℓ
(
x̂i
t,x

i
t

)
=
∥∥x̂i

t − xi
t

∥∥2
2
, (2.11)

and the mean absolute error (MAE):

ℓ
(
x̂i
t,x

i
t

)
=
∥∥x̂i

t − xi
t

∥∥
1
. (2.12)

2.2.2 Imputation and filtering

Unlike prediction, which aims to forecast future values, imputation and filtering
focus on reconstructing missing or noisy observations from the past, i.e.,
estimating xi

t−k using partial information available up to time t. In this setting,
the goal is not to model the generative process, but to refine data quality by
conditioning on observed evidence. Formally, for any k ∈ N0, this corresponds
to:

xi
t−k ∼ pi

(
xi
t−k
∣∣X≤t,U≤t,V

)
i = 0, . . . , N − 1. (2.13)

This is a posterior distribution over a past value, updated using information that
includes future observations relative to the time of interest t−k. Importantly,
when using future information X>t−k to constrain a past estimate xi

t−k, we still
assume the data-generating process to be causal. Still, once future values are
observed, they can be leveraged for refining past missing data.

As with forecasting, we approximate this probability distribution using point
estimates. In our setting, imputation refers to the reconstruction of missing
observations in the past, obtained by computing the conditional expectation
under the posterior distribution:

xi
t−k = f (Xt−T :t,Ut−T :t,V ; θ, i) for mi

t−k = 0 (2.14)
≈ Ep

[
pi
(
xi
t−k
∣∣X≤t,U≤t,V

)]
.

Conversely, filtering targets observed values with the goal of refining potentially
noisy or uncertain measurements. The idea is to incorporate both past and
future information to produce a denoised estimate:

x̃i
t−k = f (Xt−T :t,Ut−T :t,V ; θ, i) for mi

t−k = 1 (2.15)
≈ Ep

[
pi
(
xi
t−k
∣∣X≤t,U≤t,V

)]
.
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The output x̃i
t−k is a filtered version of the original input, estimated under the

same distribution used for imputation. Both tasks share the same formulation
but differ in their targets: imputation estimates values that were missing, while
filtering refines values that were observed. This distinction is also reflected in
the loss functions used for training and evaluation. In imputation, we simulate
missing values by artificially masking entries, then use them as ground-truth
labels in the loss:

L
(
X t−T :t,Xt−T :t,Mt−T :t

)
=

T−1∑

k=0

N−1∑

i=0

∥∥mi
t−k ⊙ ℓ

(
xi
t−k,x

i
t−k
)∥∥

1∥∥M t−T :t

∥∥
1

, (2.16)

where mi
t = 1 flags observation xi

t, which is held out from the input but
retained for the loss computation. Note that this surrogate objective is adopted
to overcome the unavailability of the actual target value xi

t for each mi
t = 0. For

filtering, the model is trained to reconstruct all available values:

L
(
X̃t−T :t,Xt−T :t,Mt−T :t

)
=

T−1∑

k=0

N−1∑

i=0

∥∥mi
t−k ⊙ ℓ

(
x̃i
t−k,x

i
t−k
)∥∥

1

∥Mt−T :t∥1
. (2.17)

In most practical pipelines, imputation and filtering are used as a preliminary
step to improve data quality before performing downstream tasks such as
prediction, as illustrated in Figure 1.2 on Page 4. In this thesis, we mainly focus
on imputation and prediction, as they address the core challenges introduced
by irregular spatiotemporal sampling and represent the most relevant problems
in real-world applications.

2.3 Graph neural networks

Graph neural networks (GNNs) are a class of neural architectures tailored
for processing graph-structured data [Gori et al., 2005; Scarselli et al., 2008;
Defferrard et al., 2016; Bronstein et al., 2021]. Their core mechanism involves
iteratively updating each node’s representation by aggregating information
from neighboring nodes. Over the past decade, GNNs have become the state-of-
the-art approach for relational deep learning, achieving outstanding results in
diverse domains, including drug discovery [Stokes et al., 2020; Liu et al., 2023a],
materials synthesis [Merchant et al., 2023; Szymanski et al., 2023], and human
behavior analysis [Monti et al., 2019; Corrias et al., 2023]. Among the different
GNNs variants, message-passing neural networks (MPNNs) – introduced by
Gilmer et al. [2017] – represent the most widely adopted family.
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Figure 2.2. The message-passing framework. Node features h
(l+1)
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in { , , }, (2) aggregating all messages in representation ϕ
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t , and (3) using it

along with initial node features h
(l)

t within the update function γ(l)
.

Consider a graph with static node features H(0) ∈ RN×d and edge set E , as
introduced in Section 2.1. In an MPNN, the i-th node representation at layer l,
denoted by hi(l), is updated through the message passing (MP) function as

hi(l+1) = γ(l)

(
hi(l),Aggr

j∈N (i)

{
ϕ(l)
(
hi(l),hj(l), eji

)})
, (2.18)

where ϕ(l) and γ(l) are learnable differentiable functions – typically multilayer
perceptrons (MLPs) – called the message and update functions, respectively.
The aggregation function Aggr {·} is permutation-invariant (e.g., mean or sum),
ensuring invariance to the ordering of neighbors. A visual illustration of this
process is provided in Figure 2.2. We use MP to indicate the message-passing
layer acting concurrently over all the nodes, i.e.,

H(l+1) = MP
(
H(l), E

)
. (2.19)

Notably, most existing GNNs can be written by following the message-passing
paradigm, including GCN [Kipf and Welling, 2017], DCNN [Atwood and
Towsley, 2016], GAT [Veličković et al., 2018], GatedGN [Bresson and Laurent,
2017]. A key characteristic of GNNs is their inductive nature [Hamilton et al.,
2017; Ruiz et al., 2020], which enables them to generalize to unseen and variable-
sized graphs. This is made possible by the parameter-sharing mechanism across
nodes, with a node representation being localized by aggregating information
from its local neighborhood. By increasing the depth of a GNN, i.e., stacking
more layers, the model gains access to increasingly broader context within
the graph. However, excessive message passing can lead to issues such as



Section 2.3 Graph neural networks 23

representational rank collapse or the distortion of distant node information.
These challenges are further discussed in the next subsection.

2.3.1 Over-smoothing, over-squashing, and under-reaching

As graph neural networks grow deeper, they may suffer from two phenomena
that fundamentally limit their expressive power, named over-smoothing and
over-squashing. Conversely, under-reaching affects representation learning in
shallow architectures. In the following, we formally introduce these issues and
discuss their underlying mechanisms and potential remedies.

The repeated aggregation of neighborhood information across GNN layers
leads to the convergence of node representations, which become nearly indistin-
guishable – a phenomenon known as over-smoothing [Li et al., 2018a; Oono
and Suzuki, 2020; Rusch et al., 2023]. From a spectral perspective, stacking
isotropic graph filters repeatedly applies a low-pass operator that exponentially
contracts the feature space, collapsing the rank of the node-feature matrix. This
collapse can be formally characterized using similarity metrics, which tend to
converge toward a constant vector shared across all nodes [Rusch et al., 2023]. A
common way to quantify over-smoothing is through the Dirichlet energy ED on
attributed graphs:

ED(H
(l)) =

∑
(i,j,eij)∈E

∥∥hi(l) − hj(l)
∥∥2
2
, (2.20)

which decreases when the network’s depth increases in standard GNNs. Several
strategies have been proposed to mitigate over-smoothing. One line of work
focuses on anisotropic message passing, which alleviates the low-pass behavior
of standard graph convolutions (see Section 2.3.2). Other approaches include
architectural modifications such as residual or skip connections that reintroduce
initial features [Li et al., 2023; Chen et al., 2020b], stochastic edge dropping to slow
diffusion [Rong et al., 2020], and delay mechanisms in the messages [Gutteridge
et al., 2023]. Each can be interpreted as either modifying the spectrum of the
message-passing matrix, constraining contraction along leading eigenvectors,
or re-injecting high-frequency components to maintain discernibility.

Unlike over-smoothing, over-squashing occurs when information from ex-
ponentially many distant nodes is compressed into fixed-size messages that
must traverse the graph [Alon and Yahav, 2021]. If the average node degree is
D > 1, then Θ(Dk) feature vectors must be summarized into a single embedding
after k layers. Alon and Yahav [2021] formalized this via the problem radius
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r, i.e., the minimum number of layers L required to solve the task, showing
that when long-range interactions are needed (r ≫ 1), standard GNNs suffer
from a bottleneck that might yield information loss even at sufficient depths
(L ≥ r). Recent work has linked over-squashing to geometric properties of
the graph, such as curvature and effective resistance: negatively curved edges
produce large distortions, provably causing over-squashing [Topping et al., 2022;
Di Giovanni et al., 2023a]. To address this challenge, two primary strategies
have emerged. The first involves graph re-wiring, i.e., modifying the original
topology by removing or adding edges, to break structural bottlenecks and
facilitate smoother information flow [Gasteiger et al., 2019; Topping et al.,
2022; Gutteridge et al., 2023; Barbero et al., 2024b]. Notably, SDRF [Topping
et al., 2022] is a curvature-aware rewiring method that increases the balanced
Forman/Ollivier curvature along problematic regions. A key nuance is the
trade-off between over-squashing and over-smoothing: rewiring the graph can
also enlarge the spectral gap, potentially accelerating smoothing. Successful
rewiring balances these effects and uses multi-graph message passing to pre-
serve locality given by the original graph while adding depth [Karhadkar et al.,
2023].

The second mitigation strategy focuses on architectural design, incorporating
constraints on the learned weights to better regulate information propagation
and retention across layers [Chen et al., 2020a; Tortorella and Micheli, 2022;
Gravina et al., 2023; Gravina et al., 2025]. Notably, Gravina et al. [2023] propose
anti-symmetric normalization of the weights, as well as of the propagation
operator [Gravina et al., 2025], to obtain non-dissipativity across layers, thereby
counteracting over-squashing without altering the graph topology. Similarly,
Tortorella and Micheli [2022] rely on reservoir computing to address the expo-
nentially vanishing sensitivity by bounding the spectral radius of the GNN’s
weight matrix. These architectural approaches complement rewiring methods
by acting on the propagation dynamics of message passing itself, rather than
modifying the topology.

In contrast to over-smoothing and over-squashing, under-reaching arises when
a GNN is too shallow to enable information exchange between nodes that
are sufficiently far apart [Alon and Yahav, 2021]. An L-layer GNN can only
propagate information up to L hops, so if a task’s radius r > L, relevant features
simply cannot reach their targets. Formally, when the required interaction range
r exceeds the operator’s range L, no parameter set can solve the task without
additional layers or non-local connections. Typical remedies expand the effective
receptive field without excessively increasing the model’s depth. Examples
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include using multi-scale operators that adaptively select neighborhood radii
per node [Xu et al., 2018; Abboud et al., 2022], and adding long-range edges or
virtual nodes to route information globally [Dwivedi and Bresson, 2021; Ying
et al., 2021; Southern et al., 2025].

In practice, handling long-range dependencies usually requires addressing the
three issues simultaneously: ensuring a sufficient depth to avoid under-reaching,
alleviating bottlenecks to avoid over-squashing, and controlling feature mixing
to avoid over-smoothing.

2.3.2 Isotropic vs anisotropic message-passing

A fundamental design choice in MPNNs concerns the nature of the message
function; in particular, whether and how it incorporates information about the
receiving node. Based on this, message-passing operators can be classified as
either isotropic or anisotropic [Dwivedi et al., 2023].

In isotropic message passing, messages from the j-th to the i-th node depend
only on the features of the sender node j and potentially on edge attributes.
Formally, this corresponds to having a message function ϕ(l)(hj(l), eji) that is
invariant to the identity or features of the receiver node i. These operations
typically rely on a graph shift operator (GSO) Ã ∈ RN×N , defined as a function
of the adjacency matrix, such that entry ãji ̸= 0 only if aji = 0. A prototypical
example is:

hi(l+1) = ξ
(
W

(l)
U hi(l) +

∑
j∈N (i)

ãjiW
(l)
M hj(l)

)
, (2.21)

whereW (l)
U ,W

(l)
M ∈ Rd×d are learnable parameters and ξ is a nonlinear activation

function, such as ReLU or tanh. Examples of this approach are the diffusion
convolutional operator (DCNN) introduced by Atwood and Towsley [2016],
where Ã = D−1A, with D = diag(A⊤1) being the graph in-degree matrix,
and the GNN operator used by Morris et al. [2019], where simply Ã = A.
This design is computationally efficient and well-suited for homophile settings,
where neighbor similarity is a valid assumption. However, isotropic schemes
cannot adapt the message depending on the target node, potentially limiting
their expressiveness.

In contrast, anisotropic message passing allows the message ϕ(l)(hi(l),hj(l), eji)

to depend on both the sender and receiver’s features. This enables richer and
more adaptive aggregation schemes where the influence of a neighbor can be
calibrated based on the interaction between its own features and those of the
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receiving node. A representative example is given by Bresson and Laurent
[2017] with the GatedGCN operator:

hi(l+1) = ξ

(
W

(l)
1 hi(l) +

∑
j∈N (i)

αji(l) ⊙W
(l)
2 hj(l)

)
(2.22)

αji(l) = σ
(
w

(l)⊤
3 hi(l) +w

(l)⊤
4 hj(l)

)
(2.23)

where matrices W (l)
1 ,W

(l)
2 ∈ Rd×d and vectors w(l)

3 ,w
(l)
4 ∈ Rd are learnable and

σ is the sigmoid function. This formulation enables adaptive edge weights αji(l)

that control how much influence each neighbor exerts on the target node. The
distinction between isotropic and anisotropic message passing has important
implications for model design.

Isotropic operators can be interpreted as learned filters applied uniformly
across the graph, similar to standard convolutions in Euclidean domains.
Their simplicity and parameter efficiency make them suitable for settings
with strong prior structure and large-scale applications, such as physical sensor
networks. However, isotropic filters, especially those relying on Laplacian-based
propagation, often act as low-pass filters. While this helps in denoising and
smoothing signals, useful in filtering tasks, it can also lead to over-smoothing.

Anisotropic operators, on the other hand, offer greater modeling flexibility
and are advantageous in heterogeneous domains or when relationships be-
tween nodes vary substantially across the graph. The use of attention mech-
anisms [Vaswani et al., 2017] is common in anisotropic schemes to enable
dynamic weighting and interoperability [Veličković et al., 2018]. Nonetheless,
the increased expressiveness comes at a computational cost and higher risk of
overfitting.

2.4 Deep learning for temporal processing

Unlike the graph domain, where MPNNs have emerged as the standard frame-
work for processing relational data, the temporal domain lacks a unified
framework encompassing all major architectural paradigms [Benidis et al., 2022].
Nonetheless, existing models share the common objective of exploiting temporal
dependencies to extract meaningful representations from sequential inputs.
Borrowing the terminology from MPNNs, we introduce the term temporal
message-passing (TMP) to broadly denote any deep learning operator designed
to propagate information along the temporal dimension. We define a generic
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temporal processing layer TMP as:

h
(l+1)
t−T :t = TMP(l)

(
h

(l)
t−T :t,T

)
, (2.24)

where h
(0)
t−T :t ∈ RT×d is a sequence of initial vector representations and T is

the temporal graph introduced in Section 2.1. Representative examples of
TMP operators include recurrent, convolutional, and attention-based neural
networks.

2.4.1 Recurrent neural networks

Recurrent networks maintain a latent representation of structured inputs that
summarizes causally related information. Similar to Frasconi et al. [1998], we
define a general form of such a network in the time domain using a temporal
graph T constrained to be a directed acyclic graph (DAG) to enforce causality.
For each i = 0, . . . , T − 1, the hidden representation h

(l+1)
t−i is computed as:

h
(l+1)
t−i = ρ(l)

(
h

(l)
t−i,
{
h

(l+1)
t−j | T [j, i] ̸= 0

})
(2.25)

where ρ(l) is the state-transition function at layer l. In the typical case of
RNNs [Elman, 1990], where T corresponds to a directed path graph, the update
simplifies to the more familiar form:

h
(l+1)
t = ρ(l)

(
h

(l)
t ,h

(l+1)
t−1

)
, (2.26)

which enables processing regularly sampled sequences of arbitrary length. The
vanilla RNN introduced by Elman [1990] applies the following update rule:

h
(l+1)
t = ξ

(
W
[
h

(l)
t ∥h(l+1)

t−1
])

, (2.27)

where W ∈ Rd×2d is a learnable weight matrix (bias term omitted), ∥ denotes
concatenation over the feature dimension, and ξ is a nonlinearity, typically
tanh. Nonetheless, vanilla RNNs suffer from the well-known exploding and
vanishing gradient problem, which limits their ability to capture long-range
dependencies [Bengio et al., 1994; Pascanu et al., 2013].

To mitigate this issue, modern architectures incorporate memory cells and learn-
able gates that regulate the flow of information through time. Two prominent
examples are the Long Short-Term Memory (LSTM) [Hochreiter and Schmid-
huber, 1997] and the Gated Recurrent Unit (GRU) [Cho et al., 2014], which
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improve stability and learning over long sequences. The update rule of a GRU,
in particular, can be described by the following sequence of operations:

r
(l+1)
t = σ

(
W

(l)
R

[
h

(l)
t ∥h(l+1)

t−1
])

, (2.28)

o
(l+1)
t = σ

(
W

(l)
O

[
h

(l)
t ∥h(l+1)

t−1
])

, (2.29)

c
(l+1)
t = σ

(
W

(l)
C

[
h

(l)
t ∥ r(l+1)

t ⊙ h
(l+1)
t−1

])
, (2.30)

h
(l+1)
t = o

(l+1)
t ⊙ h

(l+1)
t−1 + (1− o

(l+1)
t )⊙ c

(l+1)
t , (2.31)

where each weight matrixW (l) ∈ Rd×2d is learnable. Beyond gating mechanisms,
recent work proposed to impose structural constraints in the dynamics to address
training instability and memory dissipativity. Examples include antisymmetric
weight parameterizations [Chang et al., 2021], the Linear Recurrent Unit by
Orvieto et al. [2023], and discretized Hamiltonian formulations with invertible
memory [Rusch and Mishra, 2021].

2.4.2 Temporal convolutional networks

Convolutional TMP operators process sequential data by applying learnable
filters over fixed-size temporal windows, conditioning each representation on a
local context of related time steps [LeCun, Bengio, et al., 1995]. Architectures
built on such operators are referred to as temporal convolutional networks
(TCNs) [Oord et al., 2016; Borovykh et al., 2017; Bai et al., 2018]. A temporal
convolutional layer updates the representation as:

h
(l+1)
t−T :t = ξ

(∑K

k=0
(T k)⊤h

(l)
t−T :tW

(l)
k

)
, (2.32)

where K ∈ N+ is the filter (or kernel) size, each W
(l)
k ∈ Rd×d is a learnable

weight matrix for the k-th filter position, and ξ denotes a nonlinear activation
function.

When the temporal graph T is a directed path – as is typically the case in TCNs –
the layer implements a causal convolution. The update at time t then reduces to:

h
(l+1)
t = ξ

(∑K

k=0
W

(l)
k h

(l)
t−k

)
, (2.33)

ensuring that predictions at t depend only on the current and previous inputs.
A major advantage of convolutional TMP operators over recurrent ones is their
possibility to be executed in parallel. Indeed, since updates at different time
steps are independent, computations can be executed concurrently along the
temporal axis, leading to significant efficiency gains.
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2.4.3 Attention-based models

The attention mechanism was first introduced by Bahdanau et al. [2014] to
overcome the limitations of early encoder-decoder architectures for machine
translation, which compressed the entire source sequence into a single fixed-
length vector. Known as additive or Bahdanau attention, the mechanism enables
the decoder to dynamically focus on relevant parts of the source sequence at
each decoding step. It does so by computing an attention score between each
pair of encoder and decoder hidden states via a nonlinear transformation. Let
ht−T :t ∈ RT×dh and zs−S:s ∈ RS×dz denote the source and target sequences of
hidden representations, respectively. For each k ∈ [0, T ) and j ∈ [0, S), the
attention score αjk for the pair (ht−k, zs−j) is computed as:

βjk = w⊤β tanh(Whht−k +Wzzs−j) (2.34)

αjk = softmax
j

{βik}S−1i=0 =
exp(βjk)∑S−1
i=0 exp(βik)

(2.35)

where Wh ∈ Rd×dh , Wz ∈ Rd×dz , and wβ ∈ Rd are learnable parameters. The
resulting attention weights are used to compute a context vector h′t−k as a
weighted sum of the source representations:

h′t−k =
S−1∑

i=0

αikzs−i. (2.36)

This formulation inspired a surge of attention-based architectures, culminating
in the Transformer model by Vaswani et al. [2017], which introduced the scaled
dot-product attention. In this variant, the unnormalized attention scores are
computed as:

βjk =
(Whht−k)

⊤(Wzzs−j)√
d

, (2.37)

where vectors Whht−k and Wzzs−j are called query and key, borrowing the
terminology from database systems.

Attention-based methods are recently gaining traction in time series modeling
[Li et al., 2019; Zhou et al., 2021; Nie et al., 2023], trailed by the remarkable
success of the Transformer architecture in natural language processing [Radford
et al., 2018; Brown et al., 2020]. Like convolutional approaches, these models
condition the output representation on a fixed temporal window. This is
achieved via self-attention, in which the source and target sequences are identical.
To ensure causality in forecasting tasks, a causal mask is applied to the attention
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matrix, restricting each time step from attending to future inputs. In practice,
this masking is implemented by imposing a lower-triangular structure on matrix
T . Because attention weights can be computed in parallel across time steps,
these models inherit the same computational efficiency as TCNs. Nonetheless, a
key limitation of standard self-attention is its quadratic complexity with respect
to the sequence length T , which may hinder scalability for long time windows.

2.5 Spatiotemporal graph neural networks

GNNs have also been extended to temporal settings, where the graph topology,
node features, or both evolve over time [Kazemi et al., 2020; Barros et al., 2021;
Longa et al., 2023]. The field of temporal graph learning studies sequences of
events acting on a graph and finds applications in social network analysis and
recommender systems [Rossi et al., 2020; Huang et al., 2023]. Other lines of work
address sequences of arbitrary graphs without assuming node identification
over time [Zambon et al., 2018; Zambon, 2022], or aim to predict changes in
graph topology [Zambon et al., 2019; Paassen et al., 2020]. While formally
related, these approaches differ substantially from the setting considered in this
thesis, where graph nodes are associated with (irregularly sampled) time series.

In contrast, when time series are observed at the nodes of a graph, dedicated
hybrid architectures have emerged to integrate message passing with temporal
processing, known as spatiotemporal graph neural networks (STGNNs) [Li et al.,
2018b; Yu et al., 2018; Cini, Marisca, et al., 2025; Jin et al., 2024; Corradini et al.,
2024]. These models have demonstrated strong performance across diverse real-
world domains, including weather forecasting [Lam et al., 2023], epidemiology
[Kapoor et al., 2020], and biological systems [Pineda et al., 2023]. This section
introduces the theoretical foundations and architectural design principles of
STGNNs, which form the core modeling framework of this thesis. We begin by
defining the notion of spatiotemporal message-passing, the cornerstone operator in
STGNNs, and then explore how such operators can be designed in practice.

2.5.1 Spatiotemporal message-passing

While the previously introduced MP and TMP operators are limited to acting
along a single dimension – either spatial or temporal – the spatiotemporal
message-passing (STMP) operator generalizes this capability by enabling joint
processing across both dimensions [Cini, Marisca, et al., 2023b]. This allows the
model to simultaneously account for spatial dependencies defined by the graph
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topology E and temporal dependencies encoded in T , embedding structural
inductive biases directly into the architecture. The STMP layer STMP, which
lies at the core of any STGNN, updates representations at layer l via:

H
(l+1)
t−T :t = STMP(l)

(
H

(l)
t−T :t, E ,T

)
. (2.38)

The space of possible STMP designs is broad, with most approaches differing
in how they integrate temporal and spatial processing. In the next section, we
discuss two prototyping paradigms that have emerged as dominant design
patterns.

2.5.2 Spatiotemporal message-passing operators

STMP operators can be broadly categorized by how they treat the spatial
and temporal dimensions during processing. We refer to them as disjoint
when processing along the temporal and spatial dimension is decoupled in
two distinct phases, and as joint when the two dimensions are processed
simultaneously within a single operator. Joint operators enable a more expressive
modeling of spatiotemporal dependencies, capturing interactions between
neighboring nodes and their histories in a tightly coupled fashion. This can
be particularly valuable when structural dependencies span space and time
simultaneously. In contrast, the disjoint approach offers modularity and
simplicity by reusing existing spatial and temporal processing layers, often
resulting in easier implementation and improved efficiency, although at the cost
of reduced expressivity.

Disjoint STMP

A straightforward yet effective strategy to design an STMP layer is to factorize
processing along the two dimensions with a cascade application of MP and TMP

functions. Hence, temporal processing in one layer is carried out node-wise, and
the output is propagated over the graph through message passing. This enables
using existing graph-based and sequence-processing operators, as presented
in the previous sections, making the resulting STGNN easy to implement. To
simplify, here we discuss operators performing spatial processing downstream
to temporal processing, although the other way around is seamlessly possible.
Under this assumption and considering a sequence of T node-attribute matrices
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i

Spatial graph A

⊗ t

Temporal graph T

=
(i, t)

Spatiotemporal graph S

Figure 2.3. Cartesian product of spatial graph A and temporal graph T .

H
(l)
t−T :t, we can write the l-th STMP layer as:

z
i(l)
t−T :t = TMP

(l)
×LT

(
h

i(l)
t−T :t,T

)
i = 0, . . . , N−1 (2.39)

H
(l+1)
t−k = MP

(l)
×LS

(
Z

(l)
t−k, E

)
k = 0, . . . , T−1 (2.40)

where z
i(l)
t−T :t ∈ RT×d is the sequence of intermediate representations resulting

from the i-th node temporal encoding, and MP is applied independently (with
shared parameters) across time steps. The subscript ·×LT

(·×LS
) concisely denotes

a stack of LT (LS) functions of the same family – with distinct parameters – each
receiving as input representation the output from the preceding function in the
stack. Although processing is decoupled within a single STMP layer, the layer’s
output effectively incorporates information from both dimensions, including
the history of neighboring nodes.

The first architectures adopting this paradigm were message-passing temporal
convolutional networks (MPTCNs), i.e., convolutional models where TMP is
implemented by a TCN as defined in Equation 2.32 [Yu et al., 2018; Wu et al.,
2019]. These architectures can be seen as mirroring the spatial processing on
the temporal dimension.

Joint STMP

Joint operators have been tailored to spatiotemporal processing. These operators
can be seen as operating on the product graph S = A ⊗ T obtained by
combining spatial and temporal relationships [Sabbaqi and Isufi, 2023]. We
show an example of such a graph in Figure 2.3, where the spatiotemporal graph
is the Cartesian product of the spatial and temporal graphs. Message-passing
recurrent neural networks (MPRNNs) were among the first operators of this
kind to be proposed [Seo et al., 2018; Li et al., 2018b]. The key idea behind is to
replace linear projections inside the state-transition function with MPNN. As
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an example, by considering a GRU to model dynamics (Equations 2.28 to 2.31),
the resulting message-passing GRU (MPGRU) cell updates representations at
each time step t as

R
(l+1)
t = σ

(
MP

(l)
R

([
H

(l)
t ∥H(l+1)

t−1
]
, E
))

, (2.41)

O
(l+1)
t = σ

(
MP

(l)
O

([
H

(l)
t ∥H(l+1)

t−1
]
, E
))

, (2.42)

C
(l+1)
t = tanh

(
MP

(l)
C

([
H

(l)
t ∥R(l+1)

t ⊙H
(l+1)
t−1

]
, E
))

, (2.43)

H
(l+1)
t = O

(l+1)
t ⊙H

(l+1)
t−1 + (1−O

(l+1)
t )⊙C

(l+1)
t , (2.44)

where different MP are used to compute the outputs of Equations 2.41 to 2.43.
Note that we consider, for each gate, a single MP operation at each l-th layer
for conciseness’ sake, while a stack of MP layers, as in Equation 2.40, is often
adopted in practice.

Other operators can be obtained by extending the MP update rule, as defined in
Equation 2.18, to operate on sequences rather than static vectors, i.e.,

h
i(l+1)
t−T :t = γ(l)

(
h

i(l)
t−T :t,Aggr

j∈N (i)

{
ϕ(l)
(
h

i(l)
t−T :t,h

j(l)
t−T :t, e

ji
)})

. (2.45)

As an example, functions γ( · ) and ϕ( · ) can be implemented using TCNs as

ϕ
ji(l)
t−T :t = TCN

(l)
ϕ

([
h

i(l)
t−T :t ∥h

j(l)
t−T :t

])
+W (l)

e eji, (2.46)

h
i(l+1)
t−T :t = TCN(l)

γ

([
h

i(l)
t−T :t ∥ Aggr

j∈N (i)

{
ϕ
ji(l)
t−T :t

} ])
, (2.47)

where TCN
(l)
ϕ and TCN(l)

γ are different TCNs at the l-th layer defined as in
Equation 2.32 and W

(l)
e ∈ Rd×de is a weight matrix. Note that, differently from

MPTCNs where processing is factorized over the two dimensions, messages
defined as in Equation 2.46 traverse the two dimensions simultaneously.

2.6 Datasets

To empirically evaluate graph-based spatiotemporal models, we collect a selec-
tion of real-world datasets spanning diverse application domains and sampling
schemes. These datasets originate from air quality monitoring, traffic sensors,
energy analytics, and weather forecasting, each presenting unique challenges in
spatial topology, temporal resolution, and data availability. Importantly, two of
the datasets – EngRAD and PeakWeather – have been contributed as part of my
doctoral work. Table 2.1 summarizes relevant information about each of them.
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Table 2.1. Metadata of real-world datasets used in the experiments throughout the

thesis. In bold, datasets introduced as part of my research.

Datasets Type Nodes Time steps % missing dx Sampling

AQI Undirected 437 8,760 25.67 1 1 hour
AQI-36 Undirected 36 8,760 13.25 1 1 hour

METR-LA Directed 207 34,272 8.11 1 5 minutes
PEMS-BAY Directed 325 52,128 0.02 1 5 minutes
PEMS03 Directed 358 26,208 N/A 1 5 minutes
PEMS04 Directed 307 16,992 N/A 1 5 minutes
PEMS07 Directed 883 28,224 N/A 1 5 minutes
PEMS08 Directed 170 17,856 N/A 1 5 minutes

CER-E (Full) Directed 6,435 25,728 4.59 1 30 minutes
CER-E Directed 485 25,728 0.04 1 30 minutes
PV-US Undirected 5,016 52,560 0 1 10 minutes

EngRAD Undirected 487 26,304 0 5 1 hour
PeakWeather Undirected 302 433,728 ≈3 8 10 minutes

Air quality

Air pollution – especially fine particulate matter such as PM 2.5 – poses
major risks to public health and the environment worldwide, driving research
efforts in monitoring and forecasting urban air quality. The Urban Computing
project [Zheng et al., 2014; Zheng et al., 2015] addressed this by releasing a
comprehensive benchmark dataset of irregular, multi-city sensor data, tailored
to challenge spatiotemporal models in realistic settings. These data have since
become a standard benchmark for graph-based methods dealing with variable
missingness, noisy readings, and spatial dependencies.

AQI [Zheng et al., 2015]
The dataset contains one year of hourly measurements of several air quality
indices from 437 monitoring stations distributed across 43 cities in China
from May 2014 to April 2015. We consider only observations related to
PM 2.5. Since 25.67% of the measurements are missing, it is a widely
used benchmark for irregular spatiotemporal data analytics. Besides air
quality readings, the dataset provides geographic coordinates of each
monitoring station. We obtain an adjacency matrix from the geographic
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distances dist (i, j) ∈ R between each pair of nodes i, j ∈ V . In particular,
the weight aij of the edge connecting the i-th to the j-th node is computed
through a thresholded Gaussian kernel [Shuman et al., 2013] as

aij =

{
exp

(
−dist(i,j)2

γ

)
dist (i, j) ≤ δ

0 otherwise
, (2.48)

where γ controls the kernel width and δ is the threshold. We set γ as the
standard deviation of the pairwise distances of all the stations in the city
of Beĳing (see AQI-36 dataset below), and δ such that it corresponds to
a distance of approximately 40 km. By doing so, we obtain 2, 699 edges,
which are 1.41% of the possible connections V × V .

AQI-36 [Zheng et al., 2015]
The subset of AQI containing only the 36 sensors in the city of Beĳing.
This reduced version of the dataset, with 13.25% of data missing, has been
considered by several works on time series imputation that do not rely on
graphs [Yi et al., 2016; Cao et al., 2018].

Traffic forecasting

The study of traffic networks is key for the development of intelligent trans-
portation systems and a relevant application field for network science [Lippi
et al., 2013]. Most works on spatiotemporal deep learning focused on this
domain [Li et al., 2018b; Yu et al., 2018; Wu et al., 2019; Shang et al., 2021].
We consider two popular benchmarks introduced by Li et al. [2018b], namely
METR-LA and PEMS-BAY datasets. Data has been obtained from the Caltrans
Performance Measurement System (PeMS) [Chen et al., 2001] and is collected
in real-time from nearly 40,000 (as of 2025) individual detectors divided into
districts spanning the freeway system across all major metropolitan areas of
California. We further consider the set of PEMS03–08 datasets, introduced by
Guo et al. [2022] and collected from the same provider.

METR-LA [Li et al., 2018b]
The dataset contains traffic speed measurements from 207 loop detectors
in the Los Angeles County Highway, aggregated in 5-minute intervals
over four months between March and June 2012. The total number of
time steps is 34,272, and 8.11% of data are missing. A matrix of distances
between sensors is provided and used to obtain the adjacency matrix
following the same procedure of the air quality datasets (Equation 2.48).
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In particular, we use a thresholded Gaussian kernel with kernel width γ

equal to the standard deviation of the distances and threshold δ = 0.1.
This approach yields 1,515 edges, with an adjacency matrix density of
3.54%.

PEMS-BAY [Li et al., 2018b]
Similar to METR-LA, PEMS-BAY contains traffic readings from 325 sensors
located in the San Francisco Bay Area, aggregated in 5-minute intervals
over six months from January to June 2017. The total number of time steps
is 52,128, and only 0.02% of the data are reported as missing (although
others might have been previously imputed). The graph is obtained
following the same procedure as METR-LA, providing 2,369 edges (2.24%
density).

PEMS03–08 [Guo et al., 2022]
This collection comprises four datasets – PEMS03, PEMS04, PEMS07,
and PEMS08 – each recording traffic flow readings at 5-minute intervals.
The data is gathered from different districts in California, as indicated
by the dataset numbers. For these datasets, the edge set – representing
the underlying road network – is included with the data; however, no
detailed explanation has been provided regarding how this edge set was
constructed. Compared to the graphs for METR-LA and PEMS-BAY, it
is significantly sparser, with an adjacency matrix density of less than 1%.
The datasets have different sizes:

PEMS03 data collected from 358 traffic sensors from September to Novem-
ber 2018 (26,208 time steps), with 546 edges (0.43% density);

PEMS04 data collected from 307 traffic sensors from January to February
2018 (16,992 time steps), with 340 edges (0.36% density);

PEMS07 data collected from 883 traffic sensors from May to August 2017
(28,224 time steps), with 866 edges (0.11% density);

PEMS08 data collected from 170 traffic sensors from July to August 2016
(17,856 time steps), with 277 edges (0.96% density).

Energy analytics

Energy analytics plays a crucial role in modern urban planning and sustainability,
particularly in the context of smart grids and efficient energy management.
With the widespread deployment of smart meters across urban areas and solar
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plants, vast amounts of spatiotemporal energy consumption and production
data are being collected. Architectures that capture both spatial and temporal
dependencies are particularly relevant, as they can identify patterns spanning
the two dimensions that can guide forecasting of energy consumption and
demand, as well as production from renewable sources.

CER-E (Full) [Energy Regulation, 2016]
The dataset contains a collection of energy consumption readings, aggre-
gated into 30-minute intervals, measured from July 14, 2009, to the end
of 2010 by 6,435 smart meters at residential and commercial/industrial
premises. Data is sourced from the Irish Commission for Energy Regula-
tion (CER) Smart Metering Project [Energy Regulation, 2016]. Although
the dataset is not publicly available, it can be accessed free of charge
for research purposes upon request. The total number of time steps is
25,728, with 4.59% of data being missing. We build an adjacency matrix
by extracting a k-nearest neighbor graph (with k = 9) from the similarity
matrix built by computing the week-wise correntropy [Liu et al., 2007]
among time series. Note that the k-NN reduction makes the resulting
graph directed.

CER-E [Energy Regulation, 2016]
This dataset is a subset of CER-E (Full), restricting the data to the 485

smart meters monitoring small and medium-sized enterprises. We follow
the same approach as CER-E (Full) to obtain an adjacency matrix, which
has a density of 1.86% (4,365 edges).

PV-US [Hummon et al., 2012]
This dataset comprises simulated energy production from 5016 solar
plants in the US in 2006, aggregated in 10-minute intervals. Data is
provided by the National Renewable Energy Laboratory (NREL)’s Solar
Power Data for Integration Studies1 and contains a total of 52,560 time
steps with no missing values. The dataset is divided into two overlapping
macro zones, “east” and “west”, with 4084 and 1081 plants, respectively.
When using the full dataset, duplicated plants are dropped from the “east”
zone. A small subset of this dataset – often named “Solar Energy” – with
only the 137 plants in Alabama has been used as a multivariate time series
forecasting benchmark [Lai et al., 2018]. To obtain an adjacency matrix,
we follow the same procedure adopted for METR-LA and PEMS-BAY.

1https://www.nrel.gov/grid/solar-power-data.html

https://www.nrel.gov/grid/solar-power-data.html
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Weather forecasting

Weather forecasting represents a critical and long-standing challenge for both
meteorology and machine learning. Accurate prediction of weather variables
is crucial for agriculture, disaster prevention, transportation, and energy man-
agement. Data-driven approaches to weather forecasting are rapidly emerging
as powerful complements to classical Numerical Weather Prediction (NWP)
techniques, offering orders-of-magnitude improvements in computational ef-
ficiency while approaching – or surpassing – operational models in accuracy.
Leading examples include Google DeepMind’s GraphCast [Lam et al., 2023],
Nvidia’s FourCastNet [Pathak et al., 2022], and Microsoft’s Aurora [Bodnar
et al., 2025], which rely on global reanalysis or model-generated data cast into
graph-based or transformer-like deep networks to predict multiple variables
over continental to global scales up to 10 days ahead. Complementary to these
approaches, an emerging paradigm leverages crowd-sourced sensing data to
enhance nowcasting resolution by integrating smartphone sensor data and
human observations [Niforatos et al., 2014].

We introduce two complementary datasets that support the development of
graph-based forecasting models, but differ in their data generation paradigms
and targeted applications. EngRAD [Marisca et al., 2024] is derived from
high-resolution NWP model outputs (specifically ECMWF IFS) and provides
synthetic yet spatially dense weather variables. In contrast, PeakWeather
[Zambon, Cattaneo, Marisca, et al., 2025] comprises real-world ground station
measurements from the SwissMetNet network2 and represents a prototypi-
cal benchmark for Direct Observation Prediction (DOP), where models are
trained and evaluated exclusively on measured observations without relying
on any numerical simulations. The two datasets therefore support distinct yet
complementary research directions.

EngRAD [Marisca et al., 2024]
Released as part of [Marisca et al., 2024], the EngRAD dataset contains
hourly measurements of 5 different weather variables collected at 487
grid points in England from 2018 to 2020. Data has been provided by
open-meteo.com3 [Zippenfenig, 2023] and licensed under Attribution 4.0
International (CC BY 4.0). The numerical weather prediction model used
to generate the data is ECMWF IFS, which has a spatial resolution of 9 km.
The measurement locations correspond to cities and are enriched with

2The automatic measurement network of MeteoSwiss.
3https://open-meteo.com/

https://www.meteoswiss.admin.ch/weather/measurement-systems/land-based-stations/automatic-measurement-network.html
https://www.meteoswiss.ch/
https://open-meteo.com/
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metadata including geographic coordinates, elevation, and administrative
region. The variables included are: (1) air temperature at 2 meters above
ground (°C); (2) relative humidity at 2 meters above ground (%); (3) total
hourly precipitation (mm, sum of preceding hour); (4) total cloud cover
(%); (5) global horizontal irradiance (W/m2). The dataset contains no
missing values and covers three full years, enabling the study of seasonal
patterns. The graph structure is constructed by computing pairwise
haversine distances and applying a thresholded Gaussian kernel with
threshold δ = 0.1, akin to the procedure adopted in air-quality and traffic
datasets. We further cap the maximum number of neighbors to 8 per
node and mirror directional edges to obtain an undirected graph. This
yields an adjacency matrix with 2,297 edges, corresponding to a density
of approximately 0.97%.

PeakWeather [Zambon, Cattaneo, Marisca, et al., 2025]
The dataset contains high-frequency (10 minutes) meteorological obser-
vations collected from 302 ground stations across Switzerland between
January 1, 2017 and March 31, 2025. Data has been acquired from the
SwissMetNet network maintained by MeteoSwiss, and includes eight
weather variables sampled every 10 minutes: (1) air temperature at 2
meters above ground (°C); (2) relative humidity at 2 meters above ground
(%); (3) atmospheric pressure at station level (hPa); (4) sunshine duration
(min); (5) precipitation (mm); (6) wind speed (m/s); (7) wind gusts (m/s);
(8) wind direction (degrees). Unlike datasets based on satellite or grid-
ded reanalysis, such as EngRAD, PeakWeather comprises ground-level
observations from high-quality weather stations, regularly calibrated
and quality-checked. Importantly, the dataset is not uniformly complete:
different stations are equipped with different sensors, and their config-
urations evolve over time due to operational constraints. As a result,
missing data stems both from temporary gaps (e.g., sensor faults) and
from variable-specific sensor availability. For instance, wind-related vari-
ables are measured by ≈ 150 stations during the collection period, with
an average missingness of ≈ 1.2% over time; cloud-related variables such
as sunshine duration are more frequently missing, with up to 13.72% of
gaps. Missing values are explicitly marked and accompanied by a binary
mask indicating the validity of each measurement across time, station,
and variable. In addition to the weather variables, the dataset includes
rich topographic descriptors derived from a 50-meter resolution digital
height model (DHM25), capturing elevation, slope, terrain aspect, and
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gradient characteristics within 2 km and 10 km radii. A baseline forecast
is provided using ICON-CH1-EPS, a high-resolution operational NWP
model by MeteoSwiss [Zängl et al., 2015]. The graph structure is built
using a thresholded Gaussian kernel on haversine distances between
stations, capped to k = 8 neighbors.
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Chapter 3

Imputation of irregular

spatiotemporal data

Missing data is a pervasive challenge in real-world applications involving spa-
tiotemporal data, where sensor malfunctions, network outages, or transmission
errors often corrupt measurements. These failures can either be sparse and
localized – affecting individual sensors or short time intervals – or arise in
consecutive blocks – e.g., for faults or blackouts – which significantly degrade
the utility of the collected data. Robust imputation methods are thus essential,
not only for restoring data completeness but also for enabling downstream tasks
such as forecasting and anomaly detection [Little and Rubin, 2019].

Classical imputation techniques often treat time series individually, relying
on linear approaches or autoregressive dynamics without considering spatial
context. However, in many applications, sensors are part of a structured system
where dependencies across entities play a critical role. Graphs provide a natural
abstraction for modeling such relational structure, allowing us to capture spatial
and functional relationships among nodes. When combined with deep learning,
and in particular with GNNs, this perspective yields expressive architectures
capable of jointly modeling temporal and spatial dependencies.

In this chapter, we explore graph-based methods for imputing missing values
in irregular spatiotemporal data, focusing on flexible and scalable approaches
grounded in modern deep learning. The chapter is organized as follows. We
begin by formalizing the imputation task and introducing a general class of
graph-based models for reconstructing partially observed time series, and
discuss how this formulation enables related tasks such as filtering and virtual

43
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sensing (Section 3.1). In the second part, we detail the design of GRIN [Cini,
Marisca, et al., 2022] (Section 3.2), our autoregressive graph-based imputa-
tion model. GRIN is a bidirectional recurrent architecture that incorporates
spatiotemporal message-passing to produce spatially and temporally coherent
imputations. Notably, the same architecture extends naturally to filtering and
virtual sensing tasks, highlighting the flexibility of the proposed design. We
then discuss related research and state-of-the-art approaches in Section 3.3,
including methods used in the experimental analysis. We evaluate our approach
across a range of real-world datasets, missing data patterns, and operational
regimes, demonstrating state-of-the-art performance and strong generalization
capabilities (Section 3.4). We conclude with a discussion of future directions and
limitations (Section 3.5), setting the stage for the next chapter, which addresses
imputation under sparse observation regimes.

Reference papers

This chapter’s content is partly based on material from the following
articles.

Andrea Cini, Ivan Marisca, and Cesare Alippi (Jan. 2022). Filling the
G_ap_s: Multivariate Time Series Imputation by Graph Neural Net-
works. In: International Conference on Learning Representations.

https://arxiv.org/abs/2108.00298
https://arxiv.org/abs/2108.00298
https://arxiv.org/abs/2108.00298
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3.1 Graph deep learning for time series imputation

We focus on the task of time series imputation, i.e., given a window of T ≥ 1

past partial observations Xt−T :t, we are interested in estimating the missing
value xi

t−k for each node i ∈ V and time offset k < T such that xi
t−k /∈ Xt−k. To

this end, we seek to learn a parametric model that approximates the conditional
expectation of missing entries, as formalized in Equation 2.14 in Section 2.2.2.

In line with the problem setting introduced in Section 2.1, temporal irregularities
caused by asynchrony or acquisition errors are expressed as missing values on a
regular time grid. Central to our approach is the assumption that incorporating
relational structure, i.e., the graph E , helps constrain the solution space to the
most plausible ones and improves imputation accuracy. Under this assumption,
we define a family of graph-based imputation models I( · ) as:

X t−T :t = I (Xt−T :t,Ut−T :t,V , E ; θ) (3.1)
≈ Ep [p (Xt−T :t | X≤t,U≤t,V )] ,

where θ indicates the model’s trainable parameters, and the conditioned Xt−T :t

denotes the fully observed data matrix, unavailable in practice. The graph E acts
as a structural prior, enabling localized estimation based on node neighborhoods.
For simplicity, we assume temporal dependencies are implicit in the sequence
ordering and omit explicit reference to the temporal graph T at this stage.

To instantiate this modeling framework in practice, we consider imputation
architectures that follow a pipeline of three stages: an initial encoding of the
input, a stack of spatiotemporal message-passing layers, and a final readout to
reconstruct missing values. Formally, the process is defined by:

h
i(0)
t−k = ENCODER

(
xi
t−k,m

i
t−k,u

i
t−k,v

i
)

for k ∈ [0, T ), i ∈ V , (3.2)

H
(l+1)
t−T :t = STMP(l)

(
H

(l)
t−T :t, E

)
for l ∈ [0, L), (3.3)

xi
t−k = READOUT

(
h

i(L)
t−k

)
for mi

t−k = 0, (3.4)

where ENCODER( · ) is an encoder function that processes the raw inputs, and
READOUT( · ) is a decoder that maps the final latent representation back to
the observation space. Both are differentiable and typically implemented as
MLPs applied independently to each node and timestep, thus not propagating
information over space and time.

In particular, ENCODER produces an initial representation h
i(0)
t−k by combining

the available node observation xi
t−k, its associated mask mi

t−k, covariates
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ui
t−k, and static features vi. The mask is crucial for distinguishing between

observed and missing entries, which are typically zero-filled. The encoded
features are then passed through L stacked STMP layers, which iteratively
incorporate information from spatial neighbors and close time steps, enriching
each representation with increasingly wider spatiotemporal context. Finally,
READOUT projects the final representation h

i(L)
t−k back to the input space Rdx for

each location where the original value was missing.

This architectural framework is highly general and can also accommodate
standard imputation methods that do not rely on graph structure, either
by omitting the spatial processing in Equation 3.3 or resorting to an identity
adjacency matrix. Before introducing the specific STGNN architectures proposed
in this thesis, we first discuss in Section 3.1.1 related tasks that naturally emerge
from the formalization of the imputation problem. Then, in Section 3.1.2, we
present alternative imputation strategies suited to different operational settings.

3.1.1 Graph-based filtering and virtual sensing

Although this chapter mainly focuses on imputing missing values, it is worth
highlighting that the same modeling principles can be extended to conceptually
related tasks. Two such tasks are filtering, which aims to denoise observed data,
and virtual sensing, which seeks to infer entire signals at unobserved nodes.

Filtering

As introduced in Section 2.2.2, filtering refers to the process of producing
smooth, denoised estimates for observed entries xi

t−k ∈ Xt−k, with the objective
of improving data quality over a temporal window [Holloway Jr, 1958; Simon,
2006a]. From a probabilistic standpoint, filtering involves computing the
conditional expectation of a known value given its surrounding spatiotemporal
context. The model leverages this contextual information to improve the
reliability and consistency of the raw input. The distinction from imputation
lies only in the target – observed entries rather than missing ones.

Graph-based models are particularly well-suited for this task, as their inductive
biases promote smoothness across connected nodes and close time steps. As
noted in Section 2.3.2, many GNNs inherently act as low-pass filters, performing
a form of spatial filtering by design [Kipf and Welling, 2017; Oono and Suzuki,
2020]. In the spatiotemporal setting, this filtering can be extended along both
dimensions using spatiotemporal message-passing mechanisms over graph
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sequences [Cini, Marisca, et al., 2022]. The interplay between imputation and
filtering motivates treating them under a unified modeling framework. As
shown later in Section 3.2.3, imputation models can also serve to produce filtered
reconstructions of the input time series.

Virtual sensing

Virtual sensing involves estimating signals at spatial locations where no sensor
is positioned [Stein, 1999; Liu et al., 2009]. Unlike imputation, which fills in
missing values within partially observed time series at existing nodes, virtual
sensing aims to reconstruct entire sequences for completely unobserved nodes.
This task is particularly relevant in real-world scenarios, such as environmental
monitoring, where sensor placement may be limited by cost, accessibility, or
physical constraints.

Graph-based models are a natural fit for this problem. A straightforward
strategy is to extend an imputation architecture by introducing virtual nodes at
the desired locations. When side information is available – such as node-level
covariates or static features – these can be seamlessly integrated alongside
existing nodes by design. The typical evaluation protocol then involves training
on a subset of observed nodes and assessing performance on held-out (virtual)
nodes.

This task has recently sparked growing interest in the community [De Felice et al.,
2024; Zhao et al., 2025; Zhang et al., 2025]. In particular, De Felice et al. [2024]
propose an STGNN that performs virtual sensing from sparse multivariate
data using a nested graph structure linking both spatial locations and channels.
Notably, although the focus of this thesis is on imputation, the same STGNN
architectures extend naturally to virtual sensing by treating unobserved nodes
as targets for reconstruction. This extension is empirically validated in the
experimental analysis in Section 3.4.5.

Altogether, these advances showcase the broader potential of graph deep
learning in irregularly-sampled settings, not only for recovering missing values
but also for enabling spatial extrapolation.

3.1.2 Operational settings

The design and evaluation of imputation models depend not only on the learning
paradigm and model architecture but also on the specific operational scenario
in which the model is deployed. Different assumptions on data availability and
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latency constraints give rise to distinct settings, each with its own trade-offs.
In this section, we delineate two key operational dimensions relevant to the
imputation problem, namely, the imputation regime (fixed-point, fixed-lag, and
fixed-interval) and the data partitioning strategy (in-sample and out-of-sample).

Fixed-point, fixed-lag, and fixed-interval imputation

The classification of temporal imputation regimes finds its roots in the classical
literature on optimal smoothing [Simon, 2006a], which distinguishes between
strategies based on how much future information is used to estimate past
values. Besides being valid for filtering, these notions translate naturally to
the imputation setting. Although originally formulated for linear state-space
models, the distinction remains conceptually useful to characterize modern
deep learning approaches.

In fixed-point imputation, the estimate of a missing value at a specific time
step xi

t is progressively refined as new observations become available at future
time steps t+ 1, t+ 2, . . . . The index t remains fixed, while the context grows
forward in time. This regime allows for dynamic updates of imputed values
and may be suitable in streaming applications where one aims to improve past
estimates on the fly. However, it requires re-evaluating the same estimate as
new data arrives, making it less practical in many offline or batch-processing
scenarios.

Conversely, fixed-lag imputation introduces a controlled delay k > 0 between
the occurrence of a missing value and its estimation. That is, a missing value at
time t− k is imputed only once, as soon as the model has access to observations
up to time t. This regime offers a trade-off between the celerity of fixed-point
estimation and the accuracy afforded by future context, making it appropriate
for quasi-real-time applications with bounded latency constraints. However, as
it assumes a fixed temporal offset, it is less flexible and requires tuning based
on the application.

This thesis adopts the fixed-interval imputation setting, in which missing values
are imputed using all available observations within a window (t− T, t]. This
approach aligns with fixed-interval smoothing in classical estimation theory –
e.g., the Rauch-Tung-Striebel (RTS) smoother [Rauch et al., 1965] – and is best
suited for offline scenarios where a full context around the missing entries can
be exploited. By accessing both past and future information within the interval,
fixed-interval methods generally achieve higher reconstruction accuracy, at the
cost of increased latency and computational complexity.
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In-sample and out-of-sample imputation

In the context of trainable, parametric imputation methods, we consider two dif-
ferent operational settings that differ in how the input sequences are partitioned
for training and evaluation.

In the first setting, referred to as in-sample imputation, the model is trained
directly on the sequence that will be imputed afterwards. That is, the model is
fitted on all the available entries of a given fixed input window Xt−T :t, excluding
both the naturally missing values and an additional subset that is artificially
masked for evaluation purposes. This setting reflects a use case where the
practitioner is interested in recovering gaps in a single corrupted sequence by
fitting a dedicated model on it.

Conversely, in the out-of-sample imputation setting, the model is trained and
evaluated on disjoint sequences. During training, it sees only a collection
of historical sequences, while at test time it is applied to separate, unseen
sequences. This reflects a more general-purpose deployment scenario, where a
model trained on past data is reused to impute missing values in new sequences
without retraining.

Notably, the statistical assumptions on the target sequences, the ability of
the model to generalize, and the resulting imputation accuracy can differ
substantially depending on the operational regime. Nonetheless, the model
is never exposed to ground-truth values used for evaluation in both settings,
ensuring a fair assessment of reconstruction ability.

3.2 Graph-based autoregressive imputation

Time series imputation can be effectively framed as an autoregressive task,
where missing entries are predicted based on past and future observations. In
multivariate settings, this is extended to incorporate concurrent observations
across variables. However, such extensions typically assume fully connected
dependencies, limiting their ability to scale or reflect domain-specific relational
information – particularly problematic in spatiotemporal contexts where nodes
correspond to interconnected entities such as sensors.

To overcome these limitations, we introduce graph-based inductive biases into
the autoregressive framework. Specifically, we present the Graph Recurrent
Imputation Network (GRIN) [Cini, Marisca, et al., 2022], which integrates bidi-
rectional recurrence with spatial message-passing to model spatiotemporal data
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Figure 3.1. The forward component of an autoregressive imputation model imple-

mented by an RNN. In bidirectional architectures, a twin backward component

processes the sequence in reverse order.

over irregular domains. This section begins by formalizing the autoregressive
imputation approach, and then details the design of GRIN. Section 3.4 provides
a comprehensive empirical evaluation demonstrating its effectiveness across
diverse benchmarks.

3.2.1 The autoregressive approach

Autoregressive modeling is a well-established paradigm for addressing imputa-
tion in temporal data, leveraging sequential dependencies to reconstruct missing
values. These methods approximate the posterior distribution in Equation 3.1
by modeling distinct contributions from past and future information. Each of
these components corresponds to a symmetrical predictive distribution that is
learned independently.

The forward component treats the task as next-step prediction, scanning the
input sequence sequentially and imputing missing values as they appear. To
reconstruct missing observations at time t − k, it estimates the conditional
expectation

X
→
t−k = Ep [p (Xt−k | Xt−T :t−k−1,Ut−T :t−k,V )] . (3.5)

Figure 3.1 illustrates this strategy using RNNs, a typical choice for sequential
processing in deep learning.

The backward component flips this processing over the temporal dimension,
allowing the model to exploit information from future time steps:

X
←
t−k = Ep [p (Xt−k | Xt−k:t,Ut−k−1:t,V )] . (3.6)
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In this formulation, past information contributes a predictive prior, while future
observations refine the estimate through a smoothing effect.

Both components are implemented as parametric functions (e.g., RNNs, attention
mechanisms), and their outputs are merged to produce the final imputation:

X t−k = gθ
(
X
→
t−k,X

←
t−k
)
, (3.7)

where gθ is a merging function, optionally parameterized by θ. Common
strategies include averaging, attention, or a learnable MLP.

While effective, these models treat each time series independently and are
agnostic to spatial structure. A first attempt to incorporate relationships
between series was proposed by Cao et al. [2018] with the Bidirectional Recurrent
Imputation for Time Series (BRITS) architecture. Designed for multivariate
time series, BRITS adds a third concurrent component in Equation 3.7, which
leverages information from other channels at the same time step. For a target
variable Xt−k[i], the model estimates

X
↕
t−k[i] = Ep [p (Xt−k[i] | Xt \Xt−k[i],Ut,V )] , (3.8)

where we explicitly remove the target value from the observation set for
generality, to account also for the case where it is not missing. This formulation
allows the model to exploit concurrent dependencies among variables, but
assumes a fully connected multivariate structure in which all time series are
treated as equally related. As a result, this approach lacks a principled way
to model structured relationships (e.g., spatial proximity, domain knowledge),
and scales poorly with the number of time series due to the O(N2) number of
interactions. Moreover, it struggles to handle settings where the set of nodes
varies over time. These limitations are discussed more thoroughly in Chapter 5
(Section 5.1.1), where we examine how such challenges arise more generally in
spatiotemporal modeling.

In real-world applications such as sensor networks or traffic systems, incorpo-
rating spatial context in a structured fashion is crucial for accurate and scalable
imputation. This motivates the extension of autoregressive architectures to
spatiotemporal domains by introducing graph-based inductive biases, as we
present next.

3.2.2 Graph Recurrent Imputation Network

To address imputation, we introduce GRIN [Cini, Marisca, et al., 2022], a
graph-based recurrent architecture (MPRNN) specifically designed for time
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series imputation. Given a sequence of partial observations Xt−T :t, GRIN learns
to reconstruct the missing entries by jointly exploiting temporal and spatial
dependencies.

The architecture consists of two unidirectional modules that process the input
sequence forward and backward in time. Each module iteratively imputes
missing values by incorporating previously imputed observations at every
step. Within each time direction, node-level hidden states are updated using a
message-passing imputation layer that aggregates information from neighboring
nodes. This setup allows the model to interpret each edge as a soft functional
dependency, encoding useful relational constraints that bias the model toward
spatially coherent imputations.

By leveraging the graph structure in this way, GRIN introduces an inductive
bias that aligns well with the nature of the imputation problem. The forward
and backward representations are eventually combined using a decoding MLP,
which produces a final, refined estimate for each missing value at every node
and time step. We begin by describing the architecture of the unidirectional
module and then extend it to the full bidirectional model.

Unidirectional GRIN module

We describe here the forward-processing GRIN module; the backward coun-
terpart is obtained by simply reversing the input sequence along the temporal
axis. Each unidirectional module is composed of a spatiotemporal encoder
followed by a spatial decoder, hence operating in two stages over the input
graph sequence.

The spatiotemporal encoder maps the dense input sequenceXt−T :t, with missing
values indicated byMt−T :t, to a spatiotemporal representationHt−T :t ∈ RT×N×d

using a tailored recurrent MPNN that captures both temporal dynamics and
structural information. An initial imputation is then produced via a linear
readout layer, effectively filling in missing values to enable the use of complete
inputs in the subsequent decoding stage. Afterwards, the spatial decoder
leverages the computed representations to refine these imputations by exploiting
the available relational information – i.e., the spatial dependencies – concurrent
to the imputation time step. This process is shown graphically in Figure 3.2.
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Spatio-temporal encoder

In the encoder, the input sequence Xt−T :t, along with the mask Mt−T :t and
covariates Ut−T :t, is processed sequentially, one step at a time, by an MPGRU,
the graph-based recurrent network presented in Section 2.5.2 (Equations 2.41
to 2.44), following approaches similar to Seo et al. [2018] and Li et al. [2018b]. In
general, any message-passing operator can be employed within the recurrent
gates; here, MP denotes a generic message-passing neural network, which may
consist of one or more layers.

The gates’ input is a concatenation of the observations – imputed at the previous
processing step – with the concurrent available information, i.e., for a given
time step t:

Rt = σ
(
MPR

([
X

(2)

t ∥Mt ∥Ut ∥Ht−1
]
, E
))

, (3.9)

Ot = σ
(
MPO

([
X

(2)

t ∥Mt ∥Ut ∥Ht−1
]
, E
))

, (3.10)

Ct = tanh
(
MPC

([
X

(2)

t ∥Mt ∥Ut ∥Rt ⊙Ht−1
]
, E
))

, (3.11)

hi
t = oi

t ⊙ hi
t−1 + (1− oi

t)⊙ cit. (3.12)
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Specifically, X(2)

t contains, at each entry, either the corresponding observation
(if available) or the imputation from the previous decoding step, as discussed in
the next subsection. This approach enables each node to update its hidden state
based on both its own input and information propagated from its neighbors.
Repeating this process across all nodes and time steps yields the encoded
sequence Ht−T :t.

Hidden-state initialization When processing a sequence starting at time step
t, the initial hidden state Ht−1 must be initialized. While simple strategies, e.g.,
using constants or random noise, are possible, we opt for learnable node-specific
parameters randomly initialized and optimized jointly with the rest of the
model. This choice allows the encoder to better disambiguate between different
time series early in the processing pipeline, enabling a more tailored modeling
of local dynamics. A detailed discussion on the impact of such node-specific
parameters in STGNN models is provided in Section 5.3.

Spatial decoder

Initially, we generate first-stage imputations as one-step-ahead predictions from
the hidden representations of the MPGRU through a linear readout:

X̃
(1)
t = Ht−1W + b, (3.13)

X
(1)

t = Mt ⊙Xt + (1−Mt)⊙ X̃
(1)
t , (3.14)

where W ∈ Rd×d and b ∈ Rd are learnable parameters. Equation 3.14 shows
that the predictions X̃(1)

t are used to fill in only the missing values in Xt, while
observed entries remain unchanged. Notably, Ht−1 is computed from past
inputs and does not include information from Xt, thus preserving causality.

To further incorporate information concurrent to xi
t from the neighbors of node

i, we apply a single-layer MPNN that refines the imputations by aggregating
local context from neighboring nodes. Specifically, we compute a representation
sit ∈ Rd as:

sit = γ
(
hi

t−1,
∑

j∈N (i)\i

ϕ
([
x
j(1)
t ∥mj

t ∥uj
t ∥hj

t−1
]))

, (3.15)

where N (i) \ i denotes the set of neighboring nodes excluding i itself. This
exclusion ensures that the refined representation sit remains independent of
the target node’s current input xi

t (zero-filled in case of missing value). By
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constraining the model to reconstruct the target value using only information
from the surrounding subgraph, this design introduces a form of spatial
regularization. The use of a single message-passing layer is motivated by this
objective, as stacking multiple layers might introduce self-loops via higher-order
paths in the graph.

Finally, we combine Ht−1 and St through an MLP to generate second-stage
imputations X(2)

t :

X̃
(2)
t = MLP

([
St ∥Ht−1

])
, (3.16)

X
(2)

t = Mt ⊙Xt + (1−Mt)⊙ X̃
(2)
t . (3.17)

These updated imputations serve as the input for the next iteration of the encoder
MPGRU (Equations 3.9 to 3.12), allowing the model to update its hidden state
and continue processing the subsequent input Xt+1.

Bidirectional model

Extending GRIN to account for both forward and backward dynamics is
straightforward and is achieved by duplicating the architecture described in
the previous subsections. The first module processes the sequence in the
forward direction (from the beginning to the end), while the second operates in
reverse. Once all representations have been computed by both modules, the
final imputation is obtained – for each i-th node and time index k < T – through
an MLP:

x̃i
t−k = MLP

([
si,→t−k ∥hi,→

t−k−1 ∥ si,←t−k ∥hi,←
t−k+1

])
, (3.18)

xi
t−k = mi

t−k ⊙ xi
t−k + (1−mi

t−k)⊙ x̃i
t−k, (3.19)

where the superscripts · → and · ← indicate outputs from the forward and
backward modules, respectively.

By design, the model is able to exploit all relevant spatiotemporal information,
as the only value explicitly excluded when imputing xi

t is the target itself. This
guarantees that the reconstruction does not trivially copy the input. Importantly,
the model does not act as a simple denoising autoencoder; instead, it follows
a predictive approach tailored specifically for the imputation task through its
inductive biases. As a result, it produces reconstructions that are structurally
consistent across both spatial and temporal dimensions.
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3.2.3 Model optimization: a filtering objective

Training GRIN involves minimizing the reconstruction error across all imputa-
tion stages in both temporal directions. The overall objective aggregates losses
from the final bidirectional output as well as the intermediate predictions from
each unidirectional module:

θ̃ = argmin
θ

L
(
X̃t−T :t,Xt−T :t,Mt−T :t

)

+
∑

l∈{1,2}
L
(
X̃

(l),→
t−T :t,Xt−T :t,Mt−T :t

)

+
∑

l∈{1,2}
L
(
X̃

(l),←
t−T :t,Xt−T :t,Mt−T :t

)
, (3.20)

where each loss term L is the filtering loss defined in Equation 2.17, with MAE
as entry-wise loss.

Notably, the loss is computed over all observed values in the sequence, leveraging
the model’s predictive nature. This approach avoids the need to artificially
simulate additional missing values during training. To enhance robustness,
we still inject synthetic missing data by randomly masking entries with a
uniform probability p = 0.05 in each batch. These values are excluded from the
model input but included in the loss computation, enabling the model to learn
from both observed and synthetically masked data, ultimately improving its
generalization ability and robustness.

Graph-based filtering An interesting byproduct of the architecture is the
generation of intermediate estimates X̃(2)

t−k at each time step before accessing the
actual observations Xt−k. These estimates are produced in a fully predictive
fashion, relying solely on the spatiotemporal context captured by the model –
specifically, information from previous and subsequent time steps, as well as
concurrent inputs from neighboring nodes. Notably, this operation is performed
for all entries in the graph, i.e., the model learns to reconstruct each xi

t−k not
just when it is missing but also when it is present. By explicitly minimizing
the reconstruction loss on both missing and observed values, the model is
encouraged to maintain consistency between predicted and actual values across
the entire input space. As a result, X̃(2)

t−k produced by the same model effectively
acts both as imputations of missing observations as well as smoothed estimates
of valid ones, achieving the twofold objective of imputation and filtering.
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3.3 Related work

Imputing missing values is a long-standing challenge in multivariate time
series analysis. Basic heuristics, often favored for their simplicity and low
computational overhead, include replacing missing entries with zeros, the last
observed value, or summary statistics such as the mean or median computed
over available data.

Beyond such elementary strategies and interpolation methods based on poly-
nomial curve fitting and k-nearest neighbors [Troyanskaya et al., 2001; Beretta
and Santaniello, 2016], more sophisticated approaches have been developed
that leverage classical stochastic frameworks to estimate missing values through
likelihood-based inference. Notable examples include methods built on the
expectation-maximization algorithm [Ghahramani and Jordan, 1994; Nelwa-
mondo et al., 2007], linear predictors [Box et al., 2015], and state-space mod-
els [Durbin and Koopman, 2012; Simon, 2006b]. Within this family of methods,
STMVL [Yi et al., 2016] stands out as a linear model that effectively combines
temporal and spatial interpolation to address missing data in geospatial time
series.

An alternative viewpoint treats imputation as a low-rank matrix completion
problem, typically addressed via matrix factorization [Lee and Seung, 1999; Lee
and Seung, 2000; Cichocki and Phan, 2009]. This framework has been extended
to incorporate spatial [Cai et al., 2010; Rao et al., 2015] and temporal [Yu et
al., 2016; Mei et al., 2017] structures by introducing domain-informed priors,
commonly implemented through a regularization component.

To model nonlinear dependencies more effectively, deep learning methods [Le-
Cun et al., 2015; Schmidhuber, 2015] have also been adopted. Early efforts
focused on autoregressive RNNs, such as GRU-D and BRITS, which capture
decay-aware representations or leverage bidirectional recurrence to reconstruct
multivariate sequences [Che et al., 2018; Cao et al., 2018; Lipton et al., 2016]. Al-
though these models perform well with a single time series, they often overlook
the spatial correlations inherent in spatiotemporal domains.

In parallel, other approaches have reformulated imputation as a generative
modeling task. Generative adversarial networks (GANs) [Goodfellow et al.,
2014], often combined with RNNs, have been employed to impute missing values
by learning to generate subsequences that match the data distribution [Yoon
et al., 2018; Fedus et al., 2018; Luo et al., 2018; Luo et al., 2019]. Among
these methods, GAIN [Yoon et al., 2018] addresses i.i.d. settings, while the
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models by Luo et al. [2018] and Luo et al. [2019] produce realistic synthetic
sequences to reconstruct missing data. Building on this idea, SSGAN by Miao
et al. [2021] conditions the generator on the predicted label of the incomplete
time series. Liu et al. [2019] introduce a multiscale adversarial framework that
imputes sparse sequences hierarchically – an idea later refined by Shan et al.
[2023]. Although these models yield visually coherent sequences, they are often
hindered by training instability and lack explicit mechanisms to incorporate
relational inductive biases. Within the generative context, CSDI [Tashiro et
al., 2021] leverages score-based diffusion to generate missing values and has
recently been extended to account for spatial dependencies in a GRIN-inspired
architecture by Liu et al. [2023b].

Some recent efforts have tackled imputation using continuous-time mod-
els [Rubanova et al., 2019; Huang et al., 2020], while others have proposed
attention-based techniques [Du et al., 2023; Shukla and Marlin, 2020]. However,
these approaches typically ignore spatial dependencies. More critically, all the
above-cited methods fail to exploit the full expressive power and flexibility
afforded by graph-based processing frameworks.

Graph-based methods aim to bridge this gap, with the majority of existing work
focused on static graph scenarios [Spinelli et al., 2020; You et al., 2020; Rossi
et al., 2022]. For instance, Spinelli et al. [2020] introduce an adversarial training
framework for GNNs applied to data reconstruction, while Rossi et al. [2022]
propose a strategy grounded in Dirichlet energy minimization (see Section 2.3.1).
In more application-specific contexts, graph-based architectures have been
employed to impute traffic data [Liang et al., 2021; Ye et al., 2021] and smart
grid load profiles [Kuppannagari et al., 2021]. Despite promising results, these
models often rely on rigid domain-specific assumptions, which can hinder their
applicability in broader settings. More recently, Dimitri et al. [2024] used GNNs
to impute missing values in meteorological data by modeling the observations
through a horizontal visibility graph [Luque et al., 2009].

For a more comprehensive perspective, Fang and Wang [2020] and Wang et al.
[2024] survey deep learning methods for time series imputation, with the latter
offering an in-depth examination of graph-based techniques.

Related work on filtering

Filtering can be viewed as an intermediate task between imputation and fore-
casting, sharing characteristics with both. Like imputation, it operates within
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the range of observed data, aiming to improve the quality of already acquired
values. At the same time, it resembles forecasting in that it targets observations
for which we have – or will have – a ground-truth reference. As a result,
many methods originally developed for imputation or forecasting have been
successfully adapted to filtering. In the following, we highlight several key
approaches specifically designed for smoothing.

Linear filtering methods have been widely applied to multivariate time se-
ries [Holloway Jr, 1958]. Moving averages apply uniform weights to observations
within a given window, while kernel smoothing generalizes this by assigning
smoothly varying weights. An example is the Weierstrass transform, which
convolves the signal with a Gaussian function. Infinite impulse response filters,
such as exponential smoothing, have also been considered. These methods
extend to spatial domains, including both regularly sampled data (e.g., im-
ages) and graph-structured data, with Laplacian smoothing enforcing local
consistency between neighboring nodes [Herrmann, 1976; Dong et al., 2016].

Smoothing splines and penalized least squares methods aim to balance fidelity to
data and smoothness constraints [Wahba, 1990; Eilers and Marx, 1996]. Examples
include the Whittaker–Henderson smoother [Whittaker, 1922; Henderson, 1924]
and cubic smoothing splines. Recent extensions, such as the spatiotemporal
sandwich smoother [French and Kokoszka, 2021; Xiao et al., 2013], further refine
these techniques for structured domains. Probabilistic approaches such as the
Kalman filter [Kalman, 1960] have been adapted for smoothing [Simon, 2006a],
estimating the hidden state distribution when multiple noisy measurements
are available [Anderson and Moore, 2005]. As an example, the Rauch-Tung-
Striebel (RTS) smoother provides the minimum mean square error estimate for
linear state-space models with Gaussian noise [Rauch et al., 1965]. Similarly,
spatiotemporal autoregressive models explicitly model dependencies across
both dimensions [MacNab and Dean, 2001; Messnarz et al., 2004; Katzfuss and
Cressie, 2011]. More recently, partial differential equation (PDE)-regularized
methods have emerged as powerful tools for smoothing irregular spatiotemporal
data [Ponti et al., 2022; Arnone et al., 2023]. These methods incorporate problem-
specific differential equations as constraints, ensuring physically consistent
reconstructions. None of these approaches, however, explicitly accounts for
relational dependencies using graphs.
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3.4 Empirical evaluation

In this section, we present a comprehensive empirical evaluation of the proposed
GRIN architecture across diverse imputation scenarios. Our goal is to assess
its reconstruction accuracy, robustness to different missingness patterns, and
versatility across application domains. We compare GRIN against a wide
range of baselines, introduced in Section 3.4.1, including classical statistical
methods, matrix factorization techniques, and recent deep learning models,
with a particular focus on autoregressive approaches such as BRITS.

Experiments are conducted on four real-world datasets spanning environmental
monitoring, traffic analytics, and energy consumption (see Section 2.6). We
simulate realistic missingness regimes and evaluate performance under both
in-sample and out-of-sample settings. We begin with air quality datasets
(Section 3.4.2), which feature structured missing blocks and allow direct com-
parison with prior work. Next, we evaluate performance on traffic and energy
benchmarks (Section 3.4.3), focusing on generalization across domains. We
then conduct an ablation study to isolate the contribution of key architectural
components in GRIN (Section 3.4.4). Finally, we explore the model’s capabilities
in a virtual sensing setup, testing its ability to extrapolate entire time series at
unobserved nodes (Section 3.4.5).

Throughout, reconstruction accuracy is measured using the mean absolute
error (MAE), computed over the imputation windows. All experiments employ
DCNN [Atwood and Towsley, 2016] as the MPNN in GRIN, introduced earlier
in Section 2.3.2. The results demonstrate that GRIN consistently achieves state-
of-the-art accuracy while maintaining architectural flexibility and scalability.

3.4.1 Imputation baselines

We consider BRITS [Cao et al., 2018] as the principal competing alternative
among non-adversarial deep autoregressive approaches, as it shares architectural
similarities with our methods. As additional baselines, we consider:

Mean. Imputation using the node-level average.

KNN. Imputation by averaging values of the k = 10 neighboring nodes with
the highest weight in the adjacency matrix A.

MICE. The Multiple Imputation using Chained Equations method by White
et al. [2011], limiting the maximum number of iterations to 100 and the
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Table 3.1. Imputation error (MAE) on the air quality datasets.

AQI AQI-36

In-sample Out-of-sample In-sample Out-of-sample

Mean 39.60 ±0.00 39.60 ±0.00 53.48 ±0.00 53.48 ±0.00

KNN 34.10 ±0.00 34.10 ±0.00 30.21 ±0.00 30.21 ±0.00

MF 26.74 ±0.24 N/A 30.54 ±0.26 N/A

MICE 26.39 ±0.13 26.98 ±0.10 29.89 ±0.11 30.37 ±0.09

VAR 18.13 ±0.84 22.95 ±0.30 13.16 ±0.21 15.64 ±0.08

rGAIN 17.69 ±0.17 21.78 ±0.50 12.23 ±0.17 15.37 ±0.26

BRITS 17.24 ±0.13 20.21 ±0.22 12.24 ±0.26 14.50 ±0.35

MPGRU 15.80 ±0.05 18.76 ±0.11 12.46 ±0.35 16.79 ±0.52

GRIN 13.10 ±0.08 14.73 ±0.15 10.51 ±0.28 12.08 ±0.47

number of nearest features to 10.

MF. Matrix factorization with rank r = 10 [Lee and Seung, 2000].

VAR. A Vector Autoregressive one-step-ahead predictor [Box et al., 2015].

rGAIN. An unsupervised version of SSGAN [Miao et al., 2021], which can be
seen as GAIN [Yoon et al., 2018] with bidirectional recurrent encoder and
decoder.

MPGRU. A message-passing GRU with MLP predictive readout.

3.4.2 Air quality

We evaluate imputation performance on air quality datasets using the protocol
established in prior work [Yi et al., 2016; Cao et al., 2018]. Specifically, following
Yi et al. [2016], we define the months of March, June, September, and December
as the test set. A data points are held out from training and used as ground-truth
label if the observation associated with the corresponding sensor, day, and hour
is missing in the following month. This strategy accentuates the presence of
block missing patterns (see Section 2.1.3), effectively turning the dataset into a
stress test for imputation models.

We assess performance under both in-sample and out-of-sample settings (see
Section 3.1.2). In the out-of-sample case, we discard all windows that overlap
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with the designated test months. Window lengths are set to T = 24 for AQI and
T = 36 for AQI-36, in alignment with the protocol from Cao et al. [2018].

Results

Table 3.1 summarizes the imputation results on the air quality datasets. For in-
sample evaluation, we compute metrics using the value obtained by averaging
imputations across all overlapping windows. In the out-of-sample setting,
we instead report the average error across windows. GRIN substantially
outperforms all competing baselines consistently over all scenarios. In particular,
for AQI in the out-of-sample case, it reduces the MAE by over 20% relative to
the next best method.

A particularly noteworthy result is that GRIN outperforms BRITS even for
sensors associated with isolated nodes, i.e., stations located more than 40 km
away from their nearest neighbor. Furthermore, the model maintains superior
accuracy on the lower-dimensional AQI-36 dataset, despite the expectation that
graph structure would play a less prominent role.

3.4.3 Traffic and energy analytics

For the traffic and energy consumption datasets, we consider only the out-of-
sample scenario (except for matrix factorization, which only works in-sample)
and use input sequences of 24 steps, corresponding to 2 hours of data for traffic
datasets and 12 for CER-E.

We simulate the presence of missing data by considering two different settings.
In the Point setting, we randomly mask out a fraction η = 0.25 of the available
data. In the Block–T setting, in addition to randomly dropping η = 0.05 of the
available data, we simulate for each node and time step a failure with probability
pf = 0.15% and sample its duration uniformly in the interval [smin, smax]. We
set smin and smax as the number of time steps corresponding respectively to 1

and 4 hours in the traffic case and 2 hours and 2 days for CER-E.

Results

Table 3.2 presents the imputation results on the traffic and smart grid datasets.
Across all scenarios, GRIN consistently outperforms both BRITS and rGAIN,
while requiring significantly fewer parameters. In the traffic datasets, it achieves
an average MAE reduction of approximately 29% relative to BRITS. The improve-
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Table 3.2. Imputation error (MAE) on the traffic and smart grids datasets.

Point Block–T

METR-LA PEMS-BAY CER-E METR-LA PEMS-BAY CER-E

Mean 7.56 ±0.00 5.42 ±0.00 1.51 ±0.00 7.48 ±0.00 5.46 ±0.00 1.49 ±0.00

KNN 7.88 ±0.00 4.30 ±0.00 1.22 ±0.00 7.79 ±0.00 4.30 ±0.00 1.15 ±0.00

MF 5.56 ±0.03 3.29 ±0.01 1.01 ±0.01 5.46 ±0.02 3.28 ±0.01 0.97 ±0.01

MICE 4.42 ±0.07 3.09 ±0.02 0.98 ±0.00 4.22 ±0.05 2.94 ±0.02 0.96 ±0.01

VAR 2.69 ±0.00 1.30 ±0.00 0.53 ±0.00 3.11 ±0.08 2.09 ±0.10 0.64 ±0.03

rGAIN 2.83 ±0.01 1.88 ±0.02 0.71 ±0.00 2.90 ±0.01 2.18 ±0.01 0.74 ±0.00

BRITS 2.34 ±0.00 1.47 ±0.00 0.64 ±0.00 2.34 ±0.01 1.70 ±0.01 0.64 ±0.00

MPGRU 2.44 ±0.00 1.11 ±0.00 0.41 ±0.00 2.57 ±0.01 1.59 ±0.00 0.53 ±0.00

GRIN 1.91 ±0.00 0.67 ±0.00 0.29 ±0.00 2.03 ±0.00 1.14 ±0.01 0.42 ±0.00

ment is especially pronounced in the Point setting of the PEMS-BAY dataset,
where the error is effectively halved.

On the CER-E dataset, GRIN continues to outperform all baselines, demonstrat-
ing its robustness across application domains. Importantly, this experiment
shows that GRIN remains effective even when explicit relational information is
not available, highlighting its flexibility beyond settings with clear relational
information.

3.4.4 Ablation study

In this subsection, we investigate the contributions of key architectural com-
ponents of GRIN by means of an ablation study. Specifically, we focus on
evaluating the effect of the spatial decoder and the bidirectional design.

Table 3.3 reports the out-of-sample MAE of the ablation study on three datasets:
AQI, METR-LA, and CER-E – under both Point and Block–T settings. We
compare GRIN with three baselines to isolate the impact of its core components.
The first baseline removes the spatial decoder, hence acting as a bidirectional
MPGRU model with an MLP that harmonizes hidden states hi,→

t−1 and hi,←
t+1 to

produce the imputation xi
t. The second baseline adopts a similar structure, but

uses hidden states at time step t itself from both directions, thus acting similarly
to a denoising autoencoder. For reference, we also report the performance of a
unidirectional MPGRU model.
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Table 3.3. Ablation study of GRIN (MAE).

AQI

METR-LA CER-E

Point Block–T Point Block–T

GRIN 14.73 ±0.15 1.91 ±0.00 2.03 ±0.00 0.29 ±0.00 0.42 ±0.00

without spatial decoder 15.40 ±0.14 2.01 ±0.00 2.32 ±0.01 0.29 ±0.00 0.49 ±0.00

with denoise decoder 17.23 ±1.12 2.09 ±0.02 2.96 ±0.18 0.32 ±0.00 0.61 ±0.02

MPGRU 18.76 ±0.11 2.44 ±0.00 2.57 ±0.01 0.41 ±0.00 0.53 ±0.00

The results confirm that each component introduced in GRIN contributes
meaningfully to reducing imputation error. Both the spatial decoder and
the bidirectional processing prove essential for reconstructing missing values
accurately, particularly in realistic scenarios with block-wise missing data.
Interestingly, the denoising variant struggles in the Block–T setting but performs
relatively well in the Point case, as might be expected.

3.4.5 Virtual sensing

We conclude our evaluation by assessing the effectiveness of GRIN in a virtual
sensing setup, where the goal is to infer the measurements of a sensor for which
no data are available. To simulate this, we add a node to the graph with all its
observations masked and allow the model to reconstruct the corresponding
time series.

This task relies on a few key assumptions: (1) the monitored quantity must be
inferable from nearby sensors; and (2) either sensor characteristics are relatively
homogeneous (e.g., air quality stations are installed at comparable heights), or
relevant node-specific features (e.g., geographical placement) are available to
the model. Importantly, due to its relational inductive biases, GRIN reconstructs
missing values not only by minimizing the error at the target node, but also by
regularizing imputation through spatial consistency with neighboring sensors.

To validate this, we masked all data from the two sensors in AQI-36 with
the highest and lowest node degrees: station 1015 (highly connected) and
station 1032 (sparsely connected). GRIN was trained on the remaining data as
usual. As shown in Figure 3.3, the model accurately reconstructs low-frequency
components, e.g., the trend and scale, for both sensors. Quantitatively, it
achieves an average MAE of 11.74 on station 1015 and 20.00 on station 1032,
emphasizing the positive impact of spatial dependencies.
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Figure 3.3. Reconstruction of observations at virtual sensors, i.e., nodes completely

removed from the training set.

3.5 Discussion and future directions

This chapter addressed the task of imputing missing values in irregular spa-
tiotemporal data using graph-based methods. We began by formalizing the
imputation problem and showing how relational priors encoded through graph
structures can guide reconstructions in a principled and localized way. Leverag-
ing the flexibility of GNNs, we proposed a general modeling framework based
on spatiotemporal message passing, which unifies imputation, filtering, and
virtual sensing under a single architectural paradigm. These connections are not
only conceptually appealing but also offer practical advantages, as they allow
the same model to smooth noisy data or infer entirely unobserved sequences
without retraining.

In the second part of the chapter, we introduced GRIN, an autoregressive STGNN
architecture for imputation that explicitly incorporates relational information.
Built upon recurrent GNNs, GRIN performs bidirectional spatiotemporal pro-
cessing to reconstruct missing data based on past, future, and concurrent context,
while simultaneously enforcing spatial consistency through a message-passing
decoder. By design, the model combines predictive encoding with relational reg-
ularization, enabling it to produce reconstructions that are not only accurate but
also coherent across both space and time. Empirical evaluations across diverse
real-world benchmarks demonstrate the effectiveness of our approach. GRIN
achieves state-of-the-art performance across multiple datasets and operational
settings, including challenging scenarios with blocks of missing data.

The work presented in this chapter opens up several directions for future
investigation. From a theoretical standpoint, a deeper understanding of the
structural and statistical conditions that guarantee accurate reconstructions
remains an open question. Extending the current framework to operate in
non-stationary environments – where the graph topology or the underlying
data-generating processes evolve over time – is another promising direction.
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Moreover, the application of GRIN to virtual and active sensing tasks could be
further explored, especially in settings with limited sensor coverage or when
optimal sensor placement is of interest.

Finally, while autoregressive architectures like GRIN excel at exploiting local
dependencies, they inherently suffer from compounding errors in cases of long
blocks of missing data, where predictive uncertainty accumulates over time. In
the next chapter, we target precisely this challenging regime and introduce a
flexible architecture that makes imputation feasible even under high sparsity.



Chapter 4

Imputation with sparse

observations

Autoregressive architectures like GRIN approach the imputation problem by
splitting it into three distinct components, each handled by a dedicated module.
The forward module captures the predictive distribution p

(
xi
t−k
∣∣X<t−k

)
by

forecasting from past observations. A backward module mirrors this behavior,
modeling p

(
xi
t−k
∣∣Xt−k:t

)
by running inference on reversed sequences condi-

tioned on future context. A third module focuses on spatial dependencies,
estimating p

(
xi
t−k
∣∣ {Xt−k} \ xi

t−k
)

based on concurrent observations at the
other nodes. This decomposition is well-suited for cases where missing values
are scattered and surrounded by nearby observations, as it leverages strong
regularization across both space and time.

However, this design comes with significant limitations. The compartmental-
ization of the three components can restrict the model’s ability to capture global
dependencies. It also introduces extra computational cost, as the three pro-
cessing lines must be executed independently. More importantly, these models
are autoregressive in nature, meaning that predictions are used to condition
future steps. As a result, they suffer from error compounding, as prediction
errors accumulate over time and across nodes, in particular when multiple
consecutive values are missing. This issue becomes critical in sparse scenarios,
where observations are few and far apart, making reliable propagation across
time and space significantly harder.

To overcome these challenges, we propose an architecture explicitly aligned with
the imputation objective. Our model employs a sparse spatiotemporal attention

67
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mechanism grounded in the message-passing paradigm. In this framework,
each available observation is treated as a spatiotemporal token. The model then
performs a self-organizing propagation process that learns to infer each missing
value directly from observed data, without relying on prior imputations. This
approach allows the model to learn a predictive representation for each missing
value by conditioning only on the observed portion of the data, effectively
modeling p

(
xi
t−k
∣∣X≤t

)
. By avoiding autoregressive propagation, we eliminate

the bias accumulation common in existing approaches. The result is a robust,
flexible framework capable of imputing missing values at arbitrary positions in
space and time, with particular strength in high-sparsity regimes.

The chapter is organized as follows. Section 4.1 introduces the learning formu-
lation and explains how the imputation task is recast as a point-wise inference
problem over spatiotemporal coordinates. Section 4.2 discusses strategies to
scale the architecture to large graphs and long sequences, presenting two com-
plementary techniques based on graph subsampling and hierarchical attention.
We then explain how to derive or learn the aforementioned spatiotemporal
coordinates if missing in Section 4.3. An extensive empirical evaluation is
presented in Section 4.5, including benchmarks against state-of-the-art methods,
sensitivity analysis under extreme sparsity, an ablation study, and a qualitative
assessment of virtual sensing. We conclude the chapter with a discussion of key
findings and future research directions.

Reference papers

This chapter’s content is partly based on material from the following
articles.

Ivan Marisca, Andrea Cini, and Cesare Alippi (2022). Learning to Re-
construct Missing Data from Spatiotemporal Graphs with Sparse
Observations. In: Advances in Neural Information Processing Systems.
Vol. 35, pp. 32069–32082.

https://proceedings.neurips.cc/paper_files/paper/2022/file/cf70320e93c08b39b1b29a348097a376-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/cf70320e93c08b39b1b29a348097a376-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/cf70320e93c08b39b1b29a348097a376-Paper-Conference.pdf
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4.1 Learning from sparse spatiotemporal data

As discussed above, the autoregressive approach followed by GRIN consisted of
targeting the underlying process by decomposing it into three components over
the temporal dimension. Here instead, we align directly with the imputation
objective of the family of graph-based imputation models I( · ) introduced in
Chapter 3 and reported here for clarity:

X t−T :t = I (Xt−T :t,Ut−T :t,V , E ; θ) (3.1)
≈ Ep [p (Xt−T :t | X≤t,U≤t,V )] .

Specifically, we assume the sensor-level covariates Ut ∈ RN×du to act as spa-
tiotemporal coordinates that localize a point in time and space (e.g., date/time
features and geographic location). Recall that exogenous ui

t are assumed avail-
able for each node and time step, even when xi

t is missing. Later in Section 4.3,
we discuss how Ut can be learned as a spatiotemporal positional encoding if
unavailable or insufficient.

Our approach, named Spatiotemporal Point Inference Network (SPIN) [Marisca
et al., 2022], is an attention-based STGNN for imputation, designed to learn
representations of discrete points associated with spatiotemporal coordinates.
Let Yt−T :t =

{
ui

t−k | mi
t−k = 0

}
k<T

be the target set collecting the coordinates
of the discrete spatiotemporal points for which we want to reconstruct an
observation. Note that this set has an element for each missing one in Xt−T :t.
Then, for all ui

t−k ∈ Yt−T :t, we aim at learning a model f as in Equation 3.1 such
that

f
(
Xt−T :t,Ut−T :t,V , E ; θ,ui

t

)
≈ Ep

[
p
(
xi
t−k
∣∣X≤t,U≤t,V

)]
. (4.1)

To this end, we set up a propagation process where each representation hi
t ∈ Rd,

associated with the i-th node and time step t, is updated by aggregating
information only from available observations at the i-th node and its neighbors,
weighted by input-dependent scores. The representation is initialized by
encoding all the available information at node i and time t – either xi

t and ui
t

for observed values or only ui
t for missing values – and then updated by an

ad-hoc spatiotemporal attention mechanism. Figure 4.1 shows an overview
of the architecture. In the next subsections, we go through each component
explaining it in detail and providing motivations for each design choice; we
begin with the sparse spatiotemporal attention mechanism.
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Figure 4.1. The architecture of SPIN. At first, we encode observationsXt−T :t and

spatiotemporal coordinates Ut−T :t, obtaining initial representationsH
(0)
t−T :t. The

representations are updated by a stack of L sparse spatiotemporal attention blocks.

Final imputations are obtained fromH
(L)
t−T :t with an MLP.

4.1.1 Sparse spatiotemporal attention

The core component of SPIN is a sparse spatiotemporal attention layer used to
propagate information at the level of single observations. Indeed, leveraging
the attention mechanism [Vaswani et al., 2017], we learn representations for
each i-th node at each time step t by simultaneously aggregating information
from (1) the available observations at the i-th node xi

t−k ∈ Xt:t+T and (2) the
available observations xj

t−k ∈ Xt:t+T at each node j ∈ N (i). Figure 4.2 shows a
schematic representation of this procedure.

Let hi(l)
t−k ∈ Rd be the learned representation for the i-th node and time step t−k

at the l-th layer. The representation is initialized in the ENCODER (Equation 3.2)
with an MLP with different weights depending on whether the associated
observation is available or not, i.e.,

h
i(0)
t−k =

{
MLPX

([
xi
t−k ∥ui

t−k
])

∃ xi
t−k,

MLPY

(
ui

t−k
)

∄ xi
t−k.

(4.2)

The representation is then updated by joint temporal and spatiotemporal at-
tention operations [Vaswani et al., 2017]. The next steps involve computations
of spatiotemporal messages, i.e., representations computed to propagate in-
formation from one discrete space-time point to another. We indicate the
propagation along the temporal dimension from time step t−s to time step t−k

with subscripts · s→k. Similarly, superscripts · j→i indicate messages sent from
the j-th to the i-th node. To avoid overloading the notation, we omit the layer
superscript in the following.
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Figure 4.2. The sparse spatiotemporal attention mechanism in SPIN. To compute

target representation h
(l+1)

t−1 , the layer integrates information from (1) an inter-

node spatiotemporal cross-attention, (2) an intra-node temporal self-attention, and

(3) a residual connection.

For each available observation, we compute message rj→i
s→k ∈ Rd from each j-th

node at time step t−s to each i-th node at time step t−k as:

rj→i
s→k = MLP

([
hj

t−s ∥hi
t−k
])

∈ Rd, (4.3)

where, following the adopted terminology of Vaswani et al. [2017], target point
representation hi

t−k acts as query, source point representation hj
t−s as key and

the computed message rj→i
s→k is the value. Notice that, differently from the

dot-product attention mechanism, we additively combine both source and
target representations to compute the value, similar to the Bahdanau attention
[Bahdanau et al., 2014] presented in Section 2.4.3. This mechanism is used
to perform (1) an intra-node temporal self-attention to exploit observations at
the same node and (2) an inter-node spatiotemporal cross-attention to account
for spatial information at neighboring nodes. Note that, while the adopted
mechanism is the same, we use different parameters for the self-attention and
cross-attention modules. Specifically, focusing on a target representation hi

t−k,
we use this representation to query separately every encoding in hi

t−T :t and
hj

t−T :t for every neighbor j ∈ N (i) associated with a valid observation.

We compute and assign a score αj→i
s→k to each message rj→i

s→k through a softmax
aggregation as

αj→i
s→k =

exp(w⊤α r
j→i
s→k)∑

p : ∃xj
t−p

exp(w⊤α r
j→i
p→k)

. (4.4)

where wα ∈ Rd is a vector of learnable parameters and the denominator
aggregates all existing messages such that xj

t−p is available. To indicate intra-
node messages we simply write ri

s→k = ri→i
s→k. We weigh and aggregate all
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messages ri
s→k going towards t−k to obtain a temporal context vector cit−k as

cit−k =
∑

s

αi
s→k · ri

s→k. (4.5)

Similarly, we aggregate temporal messages coming from each j-th node sepa-
rately, and sum them to obtain a spatial context vector sit−k as

sit−k =
∑

j∈N (i)

∑

s

αj→i
s→k · rj→i

s→k, (4.6)

which encodes the observed sequences at all neighbors w.r.t. the i-th node and
time step t−k.

Finally, the encoding h
i(l+1)
t−k is computed by combining context vectors ci(l)t−k and

s
i(l)
t−k, with the previous-layer encoding h

i(l)
t−k through an MLP:

h
i(l+1)
t−k = MLP

([
h

i(l)
t−k ∥ c

i(l)
t−k ∥ s

i(l)
t−k
])
. (4.7)

After L layers, we obtain imputations for each missing value at the i-th node
and time step t with a nonlinear readout:

xi
t = MLP

(
h

i(L)
t

)
. (4.8)

4.1.2 Two-phase propagation

In the spatiotemporal attention layer, information is propagated exclusively
from nodes and time steps associated with valid observations. While this design
reinforces the focus on observed data, it also blocks information flow along
paths that traverse spatiotemporal locations with missing observations. This
can become a limiting factor in settings with high sparsity, where missing values
far exceed observed ones. However, it is reasonable to expect that after a few
propagation steps, the influence of available observations has already partially
diffused into regions with missing data, enabling the associated representations
to accumulate enough context to support imputation. Once this occurs, blocked
paths can be safely unlocked to allow information – bootstrapped from valid
observations – to propagate to higher-order neighborhoods.

To implement this idea, we introduce a hyperparameter π that determines the
number of initial layers in which such restrictions are enforced. The propagation
process is thus divided into two phases: during the first π layers, information is
allowed to flow towards missing points but not from them; in the remaining
L− π layers, this restriction is relaxed, enabling unrestricted bidirectional flow
across space and time.
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4.1.3 Model optimization

To train SPIN, we minimize the imputation loss defined in Equation 2.16,
computed at each layer of the model:

L =
L−1∑

l=0

T−1∑

k=0

N−1∑

i=0

∥∥∥mi
t−k ⊙ ℓ

(
x
i(l)
t−k,x

i
t−k

)∥∥∥
1∥∥M t−T :t

∥∥
1

(4.9)

where ℓ ( · , · ) is the absolute error and x
i(l)
t−k is the imputed value produced by

the l-th layer for node i at time step t−k. Note that, to provide more supervision
to the architecture, the loss is computed and backpropagated not only at the final
layer but across all intermediate layers. Importantly, the loss is evaluated only on
data points that are not visible to the model during the forward pass. To simulate
this, we randomly mask out a subset of observations for each sample in the
mini-batch, using a masking probability drawn uniformly from {0.2, 0.5, 0.8}.
These held-out values are then used to compute the imputation loss. Unlike
GRIN, which instead adopts a reconstruction loss over the available observations,
SPIN relies exclusively on this masked data strategy for supervision.

4.2 Addressing the computational scalability

The proposed spatiotemporal attention mechanism can be conceptually un-
derstood as operating over a subgraph product between the spatial graph E
and a temporal path graph of length T , similar to the one shown in Figure 2.3
(Page 32), with the subgraph structure arising due to the pruning of connections
associated with missing observations. As a result, the proposed attention mech-
anism incurs time and memory complexities that scale with O ((N + |E|)T 2).
In scenarios with sparse data, this cost can be partially alleviated by restricting
computation to valid observations, which are far fewer than the full NT grid.
However, in more general settings with dense or moderately sparse data, the
method becomes computationally prohibitive, particularly when scaling to large
graphs or long time intervals. To address this limitation and enable broader
applicability, we introduce two complementary strategies aimed at reducing
the computational burden of spatiotemporal attention.

4.2.1 Graph subsampling

A straightforward strategy to reduce the computational cost of the model is to
adopt graph subsampling during training, leveraging established techniques
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from the literature (e.g., [Zeng et al., 2020]). Specifically, we sample a k-hop
subgraph centered around a set of n target nodes, and restrict both the forward
and backward computations to this subgraph. The loss is then computed
solely with respect to the selected n target nodes. This approach is particularly
well-suited to our architecture due to its inherently node-centric formulation:
the model processes and predicts each node’s value independently, conditioned
on its local spatiotemporal neighborhood. As such, predictions for a subset of
nodes do not require access to the full graph, but only to the subgraph covered
by the spatial receptive field. This modular structure enables efficient localized
training without loss of accuracy.

In addition to lowering the memory and time complexity by controlling the
subgraph size via n and k, this method implicitly introduces a form of regular-
ization. By varying the sampled subgraphs across training iterations, the model
learns to generalize under different local contexts, reducing overfitting to specific
graph regions [Rong et al., 2020]. However, a key limitation of this strategy is
that in deep architectures – where the receptive field spans large portions of
the graph – accurately reproducing the predictions of the full model requires
subsampling neighborhoods that grow to coincide with the entire graph. As
a result, the computational benefits vanish as depth increases, motivating the
need for alternative solutions that maintain efficiency regardless of model depth.

4.2.2 Hierarchical attention

An orthogonal and more principled solution to address the scalability bottleneck
is to redesign the spatiotemporal attention mechanism to operate hierarchically
over the temporal dimension, similar to previous work [Ainslie et al., 2020].
We achieve this by introducing K routers for each node i ∈ V , which serve as
compact summarizers of temporal information. Let Zi ∈ RK×dz represent the K
router embeddings for node i, where zi

k = Zi[k] denotes the k-th router. These
routers allow the model to bypass dense attention across all time steps, reducing
complexity from quadratic to linear in T . The initial router embeddings at
layer l = 0 are learnable parameters initialized randomly, which also capture
long-term memory associated with the nodes (more details later in Section 5.3).

The hierarchical attention unfolds in two phases. In the first phase, each router
zi
k is updated by attending to all valid temporal representations hi

t−s in Ht−T :t,
resulting in an updated representation z̃i

k. This aggregation is computed
using the same message and attention structure as in Equations 4.3 to 4.5, but
condensed into a temporal context vector cik for each router rather than time



Section 4.3 Spatiotemporal positional encoding 75

step. The update operation mirrors Equation 4.7:

z̃i
k = MLP

([
zi
k ∥ cik

])
. (4.10)

In the second phase, we update all temporal node encodings hi
t−s by performing

standard spatiotemporal attention (Equations 4.3 to 4.7), but using the router
summaries Z̃i and Z̃j instead of the full sequence of representations for node i

and its neighbors j ∈ N (i). This drastically reduces the cost of attention, now
scaling with O ((N + |E|)KT ), where K ≪ T , at the expense of introducing
an information bottleneck through the routers. Despite the bottleneck, this
structure preserves global context efficiently and enables tractable training even
on long temporal sequences.

4.3 Spatiotemporal positional encoding

A core requirement of SPIN is the availability of spatiotemporal positional
encodings ui

t that are independent of the input signal xi
t, and uniquely charac-

terize each location in space and time. These encodings are critical for enabling
predictions at arbitrary spatiotemporal locations, including points with missing
observations. When no suitable exogenous features are available, they must be
learned end-to-end with the model.

We model the spatiotemporal encoding as a composition of a temporal and a
spatial component through an MLP:

ui
t = MLP

([
qt ∥vi

])
, (4.11)

where qt ∈ Rdq encodes the temporal position (e.g., time of day, day of week)
and vi ∈ Rdv captures the spatial identity of node i.

For temporal encoding, we use sinusoidal functions applied to time t at one
or more predefined frequencies to reflect seasonal patterns (e.g., hourly, daily,
weekly). In the absence of a known periodic structure, a more flexible alternative
is Time2Vec [Kazemi et al., 2019], which learns temporal embeddings by
combining linear and periodic transformations of t. Besides, we also include
in qt the standard positional encoder typical of Transformer architectures to
identify the time step position within the input sequence [Vaswani et al., 2017].

For spatial encoding, we use a learnable embedding vector for each node,
optionally combined with static node attributes if available. This design mirrors
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the initialization strategy used in GRIN (see Section 3.2.2) and allows the model
to better disambiguate nodes, as later discussed in Section 5.3. Additionally,
one can incorporate graph-derived positional encodings – such as Laplacian
eigenvectors or other topological embeddings [Dwivedi et al., 2022] – to inject
structure-aware spatial priors.

This flexible formulation accommodates both hand-crafted and learned features,
providing a principled mechanism to locate representations in time and space
without relying on observations.

4.4 Related work

For related work on spatiotemporal data imputation, we refer to Section 3.3.
In the following, we discuss prior research on the interplay between attention
mechanisms and spatiotemporal modeling. The flexibility of attention has
led to its adoption in both temporal and spatial modeling. For time series
forecasting, masked self-attention has been used to restrict attention to past
timesteps in autoregressive models [Zhou et al., 2021; Nie et al., 2023]. In
the context of graphs, attention has been incorporated into message-passing
operators [Thekumparampil et al., 2018; Veličković et al., 2018; Shi et al., 2021]
and generalized to graph transformers [Ying et al., 2021; Dwivedi and Bresson,
2021; Müller et al., 2024]. Among STGNNs, attention-based architectures have
been exploited in time series forecasting [Zhang et al., 2018; Zheng et al., 2020;
Guo et al., 2019; Wu et al., 2024]. In particular, TraverseNet [Wu et al., 2024] is
closely related to our work, as it relies on spatiotemporal autoregressive attention
to compute the messages exchanged between nodes, although its primary focus
is on forecasting. One striking example of attention being used successfully to
process incomplete data is in pretraining routines for representation learning in
natural language processing [Devlin et al., 2019; Radford et al., 2018; Yang et al.,
2019; Brown et al., 2020].

4.5 Empirical evaluation

In this section, we evaluate our method on three real-world datasets and compare
the performance against state-of-the-art methods and standard approaches for
imputation. As the objective of our approach is to address the imputation
problem in highly sparse settings, in a second experiment we assess how
performance changes as the percentage of missing values increases.
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Table 4.1. Imputation error (MAE) across different datasets and missing data

simulations.

Block–T Point Simulated failures

PEMS-BAY METR-LA PEMS-BAY METR-LA AQI-36 AQI

Mean 5.46 ±0.00 7.48 ±0.00 5.42 ±0.00 7.56 ±0.00 53.48 ±0.00 39.60 ±0.00

KNN 4.30 ±0.00 7.79 ±0.00 4.30 ±0.00 7.88 ±0.00 30.21 ±0.00 34.10 ±0.00

MF 3.28 ±0.01 5.46 ±0.02 3.29 ±0.01 5.56 ±0.03 30.54 ±0.26 26.74 ±0.24

MICE 2.94 ±0.02 4.22 ±0.05 3.09 ±0.02 4.42 ±0.07 30.37 ±0.09 26.98 ±0.10

VAR 2.09 ±0.10 3.11 ±0.08 1.30 ±0.00 2.69 ±0.00 15.64 ±0.08 22.95 ±0.30

rGAIN 2.18 ±0.01 2.90 ±0.01 1.88 ±0.02 2.83 ±0.01 15.37 ±0.26 21.78 ±0.50

BRITS 1.70 ±0.01 2.34 ±0.01 1.47 ±0.00 2.34 ±0.00 14.50 ±0.35 20.21 ±0.22

SAITS 1.56 ±0.01 2.30 ±0.01 1.40 ±0.03 2.26 ±0.00 18.16 ±0.42 21.33 ±0.15

Transformer 1.70 ±0.02 3.54 ±0.00 0.74 ±0.00 2.16 ±0.00 11.98 ±0.53 18.11 ±0.25

GRIN 1.14 ±0.01 2.03 ±0.00 0.67 ±0.00 1.91 ±0.00 12.08 ±0.47 14.73 ±0.15

SPIN 1.06 ±0.02 1.98 ±0.01 0.70 ±0.01 1.90 ±0.01 11.77 ±0.54 13.92 ±0.15

SPIN-H 1.05 ±0.01 2.05 ±0.02 0.73 ±0.01 1.96 ±0.03 10.89 ±0.27 14.41 ±0.13

We consider both SPIN and the hierarchical version SPIN-H (see Section 4.2.2).
The figure of merit used is the MAE averaged across imputation windows.
We consider only the out-of-sample setting (see Section 3.1.2), in which every
parametric model is trained and tested on disjoint sets. Besides GRIN and
the baselines considered in Section 3.4.1, we compare our method against the
following:

Transformer. A spatiotemporal Transformer, where we alternate temporal and
spatial Transformer encoder layers from [Vaswani et al., 2017] and replace
missing values with a [MASK] token (as in [Devlin et al., 2019]).

SAITS. An attention-based architecture based on diagonally-masked self-
attention [Du et al., 2023].

4.5.1 Imputation benchmarks

In this experiment, we evaluate the performance of SPIN and its lightweight
variant SPIN-H using the same experimental setup adopted for GRIN in
Section 3.4. The evaluation also includes the additional baselines introduced
above.
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Table 4.2. Performance (MAE) with increasing data sparsity in the Point setting.

METR-LA PEMS-BAY AQI

Missing rate Missing rate Missing rate

50 % 75 % 95 % 50 % 75 % 95 % 50 % 75 % 95 %
BRITS 2.52±0.00 3.02±0.00 5.19±0.02 1.55±0.00 2.17±0.00 3.91±0.02 14.90±0.03 18.29±0.03 29.83±0.07

SAITS 2.48±0.00 3.74±0.01 6.72±0.01 1.50±0.00 2.96±0.01 7.40±0.01 15.36±0.02 20.64±0.05 34.57±0.05

Transf. 2.31±0.00 2.71±0.00 5.13±0.01 0.85±0.00 1.13±0.00 2.70±0.01 9.11±0.02 12.56±0.05 25.65±0.11

GRIN 2.05±0.00 2.39±0.00 4.08±0.02 0.79±0.00 1.09±0.00 2.70±0.01 8.43±0.01 10.97±0.02 20.38±0.10

SPIN 2.02±0.00 2.24±0.00 2.89±0.01 0.79±0.00 1.00±0.00 1.71±0.00 8.15±0.01 9.96±0.02 15.51±0.08

SPIN-H 2.01±0.00 2.20±0.00 2.82±0.00 0.79±0.00 0.97±0.00 1.68±0.00 8.67±0.02 10.27±0.02 15.75±0.07

Table 4.1 summarizes the results. Both SPIN models consistently outperform
the baselines across most scenarios. The performance gains are particularly
pronounced in settings with block-missing patterns – such as the AQI datasets
and the Block–T settings – where large contiguous sequences of missing
data challenge previous imputation strategies. In these cases, SPIN’s sparse
spatiotemporal attention proves particularly effective, enabling long-range
information propagation without relying on biased intermediate predictions, as
required in autoregressive approaches.

In the Point setting, where missing values are fewer and scattered, both SPIN
variants achieve performance on par with leading methods. This suggests that
while their advantage is more evident in scenarios with sparse observations, they
remain competitive in simpler regimes as well. Compared to the spatiotemporal
Transformer, SPIN shows superior performance in all datasets except AQI-36,
which can be attributed to the ineffectiveness of spatial attention alone in
determining dependencies among different spatial locations. Finally, SPIN-H
closely matches the performance of SPIN in almost every setting, and even
outperforms it on the smaller AQI-36 dataset. This highlights its value as
an efficient and scalable alternative, offering strong performance at reduced
computational cost.

4.5.2 Sensitivity analysis

To assess the robustness of SPIN and SPIN-H under increasingly sparse con-
ditions, we evaluate both models and the most relevant baselines on the same
datasets as before, but under two additional stress-test scenarios with increased
data sparsity. The first scenario builds upon the Point setting by progressively



Section 4.5 Empirical evaluation 79

Table 4.3. Performance (MAE) with an increasing number of simulated failures in

the Block–T setting.

METR-LA PEMS-BAY AQI

Failure probability Failure probability Failure probability

5 % 10 % 15 % 5 % 10 % 15 % 5 % 10 % 15 %
BRITS 5.87±0.03 7.26±0.06 8.29±0.07 4.14±0.05 5.41±0.08 5.84±0.04 24.09±0.30 31.90±0.26 37.62±0.42

SAITS 4.73±0.07 6.66±0.05 7.27±0.03 3.88±0.09 7.62±0.21 8.01±0.11 20.78±0.30 30.16±0.39 36.34±0.33

Transf. 6.03±0.04 7.19±0.05 8.06±0.05 3.69±0.06 5.09±0.05 6.02±0.04 29.21±0.33 33.62±0.16 37.31±0.14

GRIN 3.05±0.02 4.52±0.05 5.82±0.06 2.26±0.03 3.45±0.06 4.35±0.04 15.62±0.24 22.08±0.39 29.03±0.42

SPIN 2.71±0.02 3.32±0.02 3.87±0.05 1.78±0.03 2.15±0.03 2.41±0.02 14.29±0.24 18.71±0.34 24.34±0.46

SPIN-H 2.64±0.02 3.17±0.02 3.61±0.04 1.75±0.04 2.16±0.03 2.48±0.02 14.55±0.26 19.37±0.36 25.38±0.37

increasing the missing rate η, i.e., the independent probability of each obser-
vation being removed, simulating higher sparsity without structural patterns.
The second scenario amplifies the Block–T setting by increasing the failure
probability pf of a sensor being unobserved for a random number of future time
steps, sampled uniformly from [12, 36]. As pf increases, longer temporal gaps
emerge. For reference, pf = 5%, 10%, and 15% correspond to missing rates of
roughly 70–75%, 90–92%, and 96–97%, respectively. We use the same trained
models and test split as in the previous experiments, but replace the evaluation
masks to reflect the new missing data patterns. For the traffic datasets, we
evaluate using the models pretrained on the Point regime.

Tables 4.2 and 4.3 report results in terms of MAE across different missing
rates and failure probabilities, averaged over several randomized missing
masks. The results highlight three main findings. First, both SPIN and
SPIN-H consistently achieve the best performance across all sparsity regimes.
Second, they demonstrate stronger robustness: as sparsity increases, their error
grows more slowly compared to all baselines. Finally, the performance gap
widens notably compared to autoregressive methods like GRIN, which would
require much more data to match the performance of SPIN, and attention-
based alternatives like SAITS and the Transformer, which lack a structured
spatiotemporal propagation. These results confirm that SPIN’s design is
particularly well-suited for imputation in high-sparsity regimes, and serves as a
complementary alternative to autoregressive methods like GRIN.
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Table 4.4. Ablation study to assess the contribution of the single components in the

spatiotemporal attention block.

METR-LA (Point) AQI-36

MAE MRE (%) MAE MRE (%)

SPIN 1.90 ±0.01 3.29 ±0.01 11.77 ±0.54 16.56 ±0.76

SPIN-H 1.96 ±0.03 3.40 ±0.05 10.89 ±0.27 15.32 ±0.38

Without cross-attention 2.18 ±0.01 3.78 ±0.01 15.47 ±0.22 21.77 ±0.31

Without self-attention 2.21 ±0.08 3.82 ±0.14 13.76 ±0.30 19.37 ±0.42

Transformer 2.16 ±0.00 3.74 ±0.01 11.98 ±0.53 16.87 ±0.75

4.5.3 Ablation study

Table 4.4 presents the results of an ablation study conducted on the METR-LA
dataset under the Point setting and on the AQI-36 dataset. Performance is
evaluated using both MAE and mean relative error (MRE) [Cao et al., 2018]. We
consider two ablated versions of SPIN-H: one with the spatiotemporal cross-
attention module removed, and the other without the temporal self-attention
component. For reference, we also report the performance of the full SPIN and
SPIN-H models, as well as the spatiotemporal Transformer. The results clearly
show that both attention components contribute significantly to imputation
accuracy. We recall that in METR-LA observations are masked out uniformly at
random while the mask in AQI-36 reflects the empirical distribution of missing
data in the dataset.

4.5.4 Virtual sensing

The spatiotemporal cross-attention mechanism enables SPIN to leverage valid
observations in the network to impute missing values at spatial locations with
no available sensors, effectively performing virtual sensing (see Section 3.1.1).
To evaluate this capability, we assess the performance of SPIN-H on a virtual
sensing task in which observations at two nodes are entirely masked during
training. The trained model is then used to reconstruct the full temporal
sequences at these unseen nodes. For this experiment, we keep the same
hyperparameters and use the AQI-36 dataset. Specifically, we mask out the two
nodes with the highest (station no. 1015) and lowest (station no. 1032) number
of neighbors, following the setup described in Section 3.4.5.

Figure 4.3 displays the qualitative performance of SPIN-H in reconstructing a
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Figure 4.3. Reconstruction of observations at virtual sensors, i.e., nodes completely

removed from the training set, by SPIN-H.

window of 36 time steps for the two virtual sensors at test time. The results
qualitatively show that the model is able to recover meaningful temporal
dynamics for nodes with no observed data, relying only on their position in the
network and the surrounding context.

4.6 Discussion and future directions

In this chapter, we introduced SPIN, a graph-based architecture for reconstruct-
ing missing observations in sparse spatiotemporal data. To address the key
limitations of autoregressive approaches, we proposed a novel sparse spatiotem-
poral attention mechanism that enables propagation of available observations
across discrete points in both time and space in a unified manner. Additionally,
we showed that the computational complexity can be significantly reduced by
incorporating a hierarchical attention scheme. Empirical results demonstrate
that SPIN outperforms state-of-the-art imputation methods by a wide margin,
particularly in highly sparse regimes. The method’s design makes it especially
suitable for scenarios where long-range dependencies and structured missing
data patterns challenge previously proposed models.

Nevertheless, under extremely sparse training conditions, i.e., when few and
sparse observations are available also at training time, SPIN may experience
slower convergence due to limited supervision. A promising direction for future
research is to augment the training signal with auxiliary learning objectives that
can improve the representation learning process. Other possible extensions
could investigate spatiotemporal positional encoding methods, which may
further enhance the model’s ability to reason about spatial and temporal
structure in data. Overall, the proposed architecture opens new directions
for task-aligned and scalable models for spatiotemporal imputation under
real-world sparsity constraints.
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Chapter 5

Prediction under irregular spatial

sampling

Forecasting future values in spatiotemporal data is one of the most fundamental
yet challenging tasks in machine learning. Unlike imputation or filtering, which
operate within the observed window, forecasting requires extrapolation beyond
available data, compounding uncertainty and requiring stronger modeling as-
sumptions. These challenges are exacerbated in settings where spatial sampling
is irregular; still, many real-world sensor networks exhibit exactly this structure.

In this chapter, we study how graph-based models can support prediction in
such settings. We assume fully observed and synchronous temporal sequences
and focus on the irregularity of the spatial domain. In particular, we leverage
STGNNs to incorporate structural priors into predictive models, allowing for
forecasts localized in the graph neighborhood. Our analysis is centered on two
key design dimensions: globality versus locality, which governs how parameters
are shared across nodes; and scalability, which determines whether architectures
can be trained and deployed efficiently at scale.

Our first contribution is a principled framework to analyze and compare
forecasting architectures along these axes. We propose hybrid global-local
STGNNs that combine global spatiotemporal processing with node-specific
components, implemented via learnable embeddings. These embeddings act
as amortized local models and can be regularized to improve transferability
and interpretability. This work [Cini, Marisca, et al., 2023b] demonstrates
that global-local models can consistently outperform purely global or local
alternatives across a range of datasets.
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In the second part of the chapter, we address the computational limitations
of existing models by introducing a scalable forecasting architecture. Our
model [Cini, Marisca, et al., 2023a] decouples encoding and prediction through
a training-free spatiotemporal representation built using randomized recurrent
networks and graph shift operators. This approach enables fast and memory-
efficient training, significantly improving scalability while preserving predictive
accuracy.

The remainder of this chapter is organized as follows. We begin by formalizing
the forecasting problem and introducing a unified framework for STGNN
predictors (Section 5.1), while also exploring the roles of globality and locality
and categorizing different spatiotemporal processing paradigms. Building on
this foundation, we present our reference models (Section 5.2) and introduce
global-local forecasting architectures (Section 5.3). We follow with the scalable
graph-based predictor model in Section 5.4. Before turning to the empirical
analysis, we review related work on spatiotemporal forecasting (Section 5.5),
and later conclude with an empirical evaluation comparing these methods in
terms of accuracy, scalability, and flexibility (Section 5.6).
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5.1 Graphdeep learning for time series forecasting

We address in the following the multi-step-ahead time-series forecasting prob-
lem [Benidis et al., 2022], i.e., we are interested in predicting, for each time step
t and some forecasting horizon H ≥ 1, the h step-ahead observations Xt+h for
all h ∈ [1, H] given a window of T ≥ 1 past observations Xt−T :t. We assume
that each entry xi

t−k is observed, i.e., not missing, for each i ∈ V and k ∈ [0, T );
consequently, we omit the auxiliary mask M from the input data. We are
interested in learning a model pθ for all h ∈ [1, H] approximating the unknown
conditional probability

pθ
(
xi
t+h

∣∣Xt−T :t,Ut−T :t+h,V
)
≈ pi

(
xi
t+h

∣∣X≤t,U≤t+h,V
)

∀ i ∈ V (5.1)

where θ indicates the learnable parameters of the model. Note that not all
the exogenous variables U≤t+h might be available up to time step t + h in
practical applications. As similarly done for imputation (Chapter 3), we focus on
point forecasts and study how GNNs can improve forecasting by incorporating
relation information described by E . Under such assumptions, we can consider
predictive model families F( · ) such that

X̂t:t+H = F (Xt−T :t,Ut−T :t+H ,V , E ;θ) (5.2)
≈ Ep [p (Xt:t+H |X≤t,U≤t+H ,V )] , (5.3)

with θ being the vector of model parameters.

Building on the imputation framework defined in Equations 3.2 to 3.4, we
consider forecasting architectures composed of an encoding step, followed by
a stack of STMP layers, and a final readout that maps node representations to
predictions:

h
i(0)
t−k = ENCODER

(
xi
t−k,u

i
t−k,v

i
)

for k ∈ [0, T ), i ∈ V , (5.4)

H
(l+1)
t−T :t = STMP(l)

(
H

(l)
t−T :t, E

)
for l ∈ [0, L), (5.5)

x̂i
t:t+H = READOUT

(
h

i(L)
t ,ui

t:t+H

)
for i ∈ V . (5.6)

This setup differs from the imputation case in two ways. First, the encoder
does not take the auxiliary mask as input, since here we assume complete
sequences. Second, and more critically, the readout operates only on the final
node representation at time t, making predictions for the entire future horizon
based on a single encoded state. This defines a classic encoder-decoder structure
in which future outputs are generated from the same latent representation.
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Figure 5.1. Globality and locality in forecasting architectures. Covariates Ut:t+h

associated with future time steps are here omitted for clarity.

Most existing forecasting STGNNs fit naturally within this template, with their
distinctions primarily residing in the specific design of the STMP module.

Before delving into specific architectures, we discuss two complementary axes
along which the design of STGNNs can be specialized. The first axis concerns
how learnable parameters are shared across nodes. Section 5.1.1 compares
global predictors, which employ a single parameter set for all nodes, with local
predictors, which are specialized on individual nodes, and anticipates hybrid
variants that combine the two approaches. The second axis, examined in the
following subsection (5.1.2), revisits the template defined in Equations 5.4
to 5.6 from the standpoint of where spatial and temporal processing take place,
distinguishing architectures that interleave or decouple the two dimensions;
particular attention is paid to the implications these choices have for computa-
tional and memory scalability. Together, these subsections provide a principled
taxonomy that will be mirrored in the next sections, where concrete global–local
(Section 5.3) and scalable (Section 5.4) graph-based predictors are introduced.

5.1.1 Globality and locality in STGNNs

The terms global and local, as used in forecasting literature, describe how model
parameters are shared across a collection of time series rather than characteristics
of the data or the problem themselves [Montero-Manso and Hyndman, 2021]. A
forecasting model is said to be global when a single set of parameters is learned
from, and shared across, a collection of time series; conversely, a local model
is trained (and used) individually on a single time series. Both classes can
address identical prediction tasks, but they differ in how they exploit data, in
their inductive capabilities, and in their computational requirements.
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Global node-level modeling corresponds to training a single parameter vector θ
that is reused for every node i. The resulting predictive distribution is

pθ
(
xi
t+h

∣∣xi
t−T :t,u

i
t−T :t+h,v

i
)
≈ pi

(
xi
t+h

∣∣X≤t,U≤t+h,V
)
, ∀ i ∈ V , (5.7)

and is illustrated in Figure 5.1a. Sharing parameters across nodes increases the
effective sample size available to the optimizer and enables the use of models
with higher capacity without incurring overfitting [Salinas et al., 2020; Montero-
Manso and Hyndman, 2021; Benidis et al., 2022]. Furthermore, because no
node-specific parameters are learned, global models naturally handle unseen
nodes or even entirely new graphs, enabling deployment in inductive settings.

Purely local node-level modeling lies at the opposite extreme. Here, each node
owns its parameter set θi and is trained in isolation from the others:

piθi

(
xi
t+h

∣∣xi
t−T :t,u

i
t−T :t+h,v

i
)
≈ pi

(
xi
t+h

∣∣X≤t,U≤t+h,V
)
, ∀ i ∈ V , (5.8)

as depicted in Figure 5.1b. This strategy can capture better node-specific patterns
with shorter input sequence lengths and lower capacity compared to the global
approach, but it requires fitting N independent models and overlooks any
statistical advantage that might derive from pooling information across nodes.

Graph-level modeling, instead, treats the entire collection as a single high-
dimensional multivariate series, optimizing one large predictor that outputs
predictions for all nodes simultaneously:

pθ (Xt+h |Xt−T :t,Ut−T :t+h,V ) ≈ p (Xt+h |X≤t,U≤t+h,V ) , ∀ i ∈ V , (5.9)

as illustrated in Figure 5.1c. While theoretically this approach can model both
cross-node dependencies and node-specific behaviors in a unified manner, in
practice, scalability issues quickly arise because the input dimensionality and
the number of required parameters grow with N . Moreover, the learned model
is tied to the training graph, hindering flexibility to inductive settings.

STGNNs as defined earlier in Equation 5.2 belong to the global family. Indeed,
the spatiotemporal message-passing layers share parameters over all nodes
while conditioning on neighborhood information, thereby accounting for spatial
dependencies that would be otherwise ignored by node-level global models
(see Equation 5.7). Such parameter sharing, combined with the permutation-
equivariant nature of message passing, confers the inductive capabilities of
global models, generalizing naturally to unseen nodes without retraining.

Nonetheless, when important local effects, i.e., strong node-specific dynamics,
are present, global networks may underfit them or require impractically long
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historical windows to disentangle them [Montero-Manso and Hyndman, 2021;
Cini, Marisca, et al., 2023b]. These observations motivate the hybrid strategies
explored in Section 5.3, where lightweight node-specific components, i.e., node
embeddings, are coupled with a global STGNN backbone to capture both shared
and individual dynamics simultaneously.

5.1.2 Forecasting processing paradigms

The design of STGNNs involves choices not only in the type of message-passing
operator or sequence model but also in how spatial and temporal dimensions
are integrated. These decisions have direct implications for both the expressivity
and the scalability of the resulting architectures. By adopting the terminology
of previous works [Gao and Ribeiro, 2022; Cini et al., 2023c; Cini, Marisca,
et al., 2023b], we classify STGNNs into three broad processing paradigms,
namely, time-and-space (T&S), time-then-space (TTS), and space-then-time
(STT), depending on the order and manner in which temporal and spatial
processing are applied. Each paradigm makes different trade-offs between
modeling flexibility, computational efficiency, and the ability to handle dynamic
graph structures.

Time-and-space architectures

T&S architectures are characterized by joint processing over the temporal and
spatial dimensions, meaning the two cannot be decoupled into separate steps.
At each STMP layer l, node representations are updated through operations that
simultaneously propagate information over both time and space. As discussed
in Section 2.5.2, this can be achieved either by alternating temporal (TMP)
and spatial (MP) operations or through custom operators that process both
dimensions in a unified manner.

Well-known examples include MPTCNs, which alternate temporal and spatial
convolutions, and MPRNNs, which integrate message passing into the recur-
rence mechanisms of RNNs [Li et al., 2018b; Zhang et al., 2018; Bai et al., 2020].
Although originally proposed for imputation, both GRIN [Cini, Marisca, et al.,
2022] (see Chapter 3) and SPIN [Marisca et al., 2022] (see Chapter 4) fall under
this category: GRIN embeds message passing into bidirectional RNNs, while
SPIN leverages inter-node attention across temporal sequences.

An advantage of this joint design is its granularity, as it enables fine-tuned mod-
eling at each node and time step and naturally accommodates dynamic graphs,



Section 5.1 Graph deep learning for time series forecasting 91

where nodes and edges may change over time. However, this expressiveness
comes at a cost: the number of message-passing operations usually grows with
the sequence length. For input sequences of length T , with N nodes and |E|
edges, the complexity of T&S models typically scales as O(T (N + |E|)).

Time-then-space architectures

TTS architectures decouple temporal and spatial processing by first encoding
each node’s time series into a fixed-length representation, and then applying
message passing across the resulting static attributed graph. Regarding the
disjoint propagation scheme defined in Equations 2.39 and 2.40 in Section 2.5.2,
by adjusting the number of outer layers L and the inner temporal/spatial layers
accordingly (while keeping budgets LLT and LLS constant), we can control the
extent of temporal-spatial processing integration. In this setting, having L = 1

provides the TTS design, with message passing being applied only to the final
temporal representation:

zi
t−T :t = TMP×LT

(
h

i(0)
t−T :t,T

)
∀ i ∈ V , (5.10)

H
(L)
t = MP×LS

(Zt, E) , (5.11)

where LT and LS denote the depth of temporal and spatial processing, respec-
tively. This allows us to perform message-passing operations on a single graph
rather than a whole sequence, with evident efficiency advantages.

While relatively underexplored [Gao and Ribeiro, 2022; Satorras et al., 2022;
Cini, Marisca, et al., 2023a; Cini, Marisca, et al., 2023b], TTS models are
increasingly valued in real-world applications. They allow asynchronous, node-
wise temporal encoding prior to any spatial-aware refinement, making them
well-suited to distributed and scalable systems [Cini, Marisca, et al., 2023a].
Crucially, unlike T&S models, their computational complexity does not grow
with the temporal window size, scaling instead as O(NT + |E|). However,
when dealing with time-varying topologies, the edge set E must be carefully
defined, e.g., using the union of edge sets across the time horizon, to preserve
the available relational information for message passing.

Space-then-time architectures

STT architectures follow the inverse order of the TTS paradigm: spatial process-
ing is performed first at each time step, followed by temporal modeling of the
resulting node-level sequences. This can be formalized by applying message
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passing to static representations H(0)
t−k at each time step, and then feeding the

spatially enriched sequences into a temporal encoder:

Zt−k = MP×LS

(
H

(0)
t−k, E

)
∀ k ∈ [0, T ), (5.12)

h
i(L)
t−T :t = TMP×LT

(
zi
t−T :t,T

)
∀ i ∈ V . (5.13)

The motivation behind this design is to first enrich node observations by
integrating spatial information from neighboring nodes, and then model the
temporal evolution of these richer signals. Despite being less common [Seo
et al., 2018; Pareja et al., 2020; Zhao et al., 2019], STT models retain the same
computational complexity as T&S approaches, with cost scaling asO(T (N+|E|)).
Nonetheless, like T&S models, they can flexibly handle time-varying topologies
by performing message passing over the appropriate edge set at each time step.

5.2 Reference forecasting STGNNs

In this section, we provide concrete examples on how to build a STGNN for
the forecasting task following the template given in Equations 5.4 to 5.6. We
introduce 4 simple reference STGNN architectures that vary for the processing
paradigm – TTS vs T&S – and the message-passing family adopted – isotropic vs
anisotropic (see Section 2.3.2). In all the models, we use as ENCODER a simple
linear layer s.t.

h
i(0)
t−k = Wenc

[
xi
t−k ∥ui

t−k
]

(5.14)

and as READOUT a 2-layer module structured as

x̂i
t:t+H =

[
Whξ

(
Wdech

i(L)
t

)]
h=1,...,H

(5.15)

where Wenc ∈ Rd×(dx+du), Wdec ∈ Rd×d, and W1, . . . ,WH ∈ Rdx×d are learnable
parameters, and ξ is an activation function. Unless otherwise stated, we consider
the Exponential Linear Unit (ELU) [Clevert et al., 2016] as the activation ξ.

For the TTS architectures, we consider STMP modules as defined in Equa-
tions 5.10 to 5.11, with TMP layer implemented as a node-wise, shared GRU
[Chung et al., 2014] (see Equations 2.28 to 2.31). For T&S models, instead, we
use the MPGRU [Li et al., 2018b] presented in Section 2.5.2, where gates are
implemented using MP layers (see Equations 2.41 to 2.44).

As MP layer, we consider an isotropic and an anisotropic variants. As isotropic
MP operator we rely on the one defined in Equation 2.21 and use as the GSO the
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x̂t+1

t− 2 t− 1 t t+ 1

(a) Recurrent T&S MPRNN.

x̂t+1

t− 2 t− 1 t t+ 1

(b) Recurrent TTS MPRNN.

Figure 5.2. Receptive fields in MPRNNs with oneMP layer following the T&S (a)

and TTS (b) approach. Edge color denotes the type of propagation ( spatial or

temporal). Gray nodes and edges are outside the receptive field for target .

adjacency matrix normalized by the in-degree (as illustrated in Section 2.3.2).
Conversely, the operator of choice for the anisotropic case corresponds to

z
ji(l)
t = W

(l)
2 ξ

(
W

(l)
1

[
h

i(l)
t ∥hj(l)

t ∥ eji
])

, (5.16)

α
ji(l)
t = σ

(
w(l)⊤

α z
ji(l)
t

)
, (5.17)

h
i,(l)
t = ξ

(
W

(l)
3 h

i(l)
t +

∑
j∈N (i)

α
ji(l)
t z

ji(l)
t

)
, (5.18)

where vector w
(l)
α ∈ Rd, and matrices W

(l)
1 , W

(l)
2 and W

(l)
3 are learnable

parameters, andσ is the sigmoid activation function. Note that all the parameters
in the STMP blocks are shared among the nodes.

We indicate as TTS-IMP and T&S-IMP the reference architectures in which
MP operators are isotropic and TTS-AMP and T&S-AMP the ones featuring
anisotropic MP. Notably, the different processing paradigms in recurrent archi-
tecture result in different receptive fields, i.e., the region of the input space that
can influence the computed representation. Indeed, while in the TTS models the
full history of each neighbor reached by message passing is considered, in T&S
architectures the spatial receptive field grows along with temporal processing,
with information distant in space being able to affect the representations only
after a certain amount of time. This behavior, graphically shown in Figure 5.2,
can induce a form of under-reaching (see Section 2.3.1).
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5.3 Global-local graph-based predictors

This section is based on the work of Cini, Marisca, et al. [2023b] and addresses
how to design forecasting architectures that balance efficiency and accuracy by
incorporating both global and local parameters. The core idea is to combine
global graph-based components with node-specific local components to achieve
two complementary goals of exploiting relational dependencies and side infor-
mation through a shared global structure, and improving forecasting accuracy
by tailoring part of the model to each individual time series.

By introducing local parameters specific to each node, the model can explic-
itly capture node-level effects that are often underrepresented in fully global
architectures [Bai et al., 2020; Deng and Hooi, 2021]. Although this approach
reduces transferability, as local parameters are not immediately reusable across
nodes, it frequently results in better task-specific performance.

The family of global-local STGNNs can be formalized as:

X̂t:t+H = F
(
Xt−T :t,Ut−T :t+H ,V , E ; θ, {ωi}Ni=1

)
(5.19)

where F( · ) is the forecasting function shared across all nodes with global
parameters θ, and {ωi}Ni=1 are local parameters specific to each node’s time
series. A simple instantiation of the global-local framework implements F( · )
as the sum of two models: a shared global model FG and a node-specific local
model fL:

X̂
(1)
t:t+H = FG (Xt−T :t,Ut−T :t+H ,V , E ;θ) , (5.20)

x̂
i,(2)
t:t+H = fL

(
xi
t−T :t,u

i
t−T :t+H ;ω

i
)
, (5.21)

x̂i
t:t+H = x̂

i,(1)
t:t+H + x̂

i,(2)
t:t+H . (5.22)

An alternative, more integrated approach introduces local parameters directly
into the encoding and/or decoding operations (see Equations 5.4 and 5.6):

h
i(0)
t−k = ENCODER

(
xi
t−k,u

i
t−k,v

i;ωi
)
, k ∈ [0, T ), (5.23)

x̂i
t:t+H = READOUT

(
h

i(L)
t ,ui

t:t+H ;ω
i
)
. (5.24)

While these approaches enable stronger specialization, they reduce generaliza-
tion to unseen nodes and increase the number of model parameters – often
significantly – thus affecting scalability. A compromise is to assign each node a
learnable embedding, which serves as a compact, amortized representation of
local effects. This strategy helps preserve transferability and limits the parameter
overhead.
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5.3.1 Learnable node embeddings

In some cases, static node features V can help distinguish individual time series,
reducing the need for explicitly specialized model components. However, such
features are often unavailable or lack the granularity needed for effective node
identification. Learnable node embeddings offer a practical solution: by intro-
ducing a trainable parameter matrix Nθ ∈ RN×dn , each node can be associated
with a compact vector that implicitly captures its unique behavior [Cini, Marisca,
et al., 2023b]. These embeddings effectively amortize the cost of learning local
models, allowing node-specific effects to be captured within a shared global
forecasting architecture.

This idea can be integrated into the encoder-decoder pipeline by modifying the
input to both modules:

h
i(0)
t−k = ENCODER

(
xi
t−k,u

i
t−k,v

i,ni
θ

)
, (5.25)

x̂i
t:t+H = READOUT

(
h

i(L)
t ,ui

t:t+H ,n
i
θ

)
, (5.26)

where ni
θ denotes the learnable embedding for node i. These equations can be

viewed as lightweight analogs of the local models defined in Equations 5.23
and 5.24. Within the reference architectures introduced in Section 5.2, this corre-
sponds to concatenating ni

θ to the layer inputs in both Equations 5.14 and 5.15.
Importantly, including the embedding at the encoding stage (Equation 5.25)
allows the model to inject node identity early, enabling node identification
during message passing throughout the architecture.

In addition to conditioning the encoder and decoder, many state-of-the-art
STGNNs use node embeddings directly into the model’s processing layers.
These embeddings are often used as positional encodings [Marisca et al., 2022;
Shao et al., 2022] or to parameterize a factorized weighted adjacency matrix [Wu
et al., 2019; Wu et al., 2020; Bai et al., 2020]. Such hybrid strategies have shown
remarkable empirical effectiveness [Cini, Marisca, et al., 2023b], leading to
substantial gains in forecasting accuracy over fully global models. They are now
widely adopted in transductive scenarios, where the node set remains fixed
during training and inference.

Altogether, globality and locality are fundamental considerations in the design of
STGNNs. While hybrid global-local architectures often yield better performance
in practice, they do so at the cost of reduced flexibility, particularly in inductive
settings that require generalization to unseen nodes. In the next subsection, we
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see how structuring the embedding space at training time helps in fitting the
corresponding embeddings for new nodes.

5.3.2 Structuring the embedding space

One of the key advantages of global GNN-based forecasting models is their
inductive capability: they can operate on unseen node sets, support graphs
of varying size, and adapt to dynamic topologies. This property is crucial
in real-world applications, where new sensors may be added over time, and
zero-shot generalization becomes essential. However, introducing node-specific
components into the architecture typically undermines this flexibility. While
node embeddings are lightweight, easy to adapt, and enable per-node special-
ization with relatively few additional parameters, ensuring that embeddings
generalize to new nodes still requires additional care. Without constraints, new
embeddings might fall outside the region of the latent space where the model
has learned to operate effectively, with potential performance degradation.

To address this limitation, it is beneficial to impose structure on the embedding
space, which improves interpretability, transferability, and robustness. Regular-
ization plays a key role here. For instance, when domain knowledge suggests
that neighboring nodes exhibit similar behavior, Laplacian regularization can
be applied to encourage smoothness in the learned space [Zhou et al., 2003; Kipf
and Welling, 2017]. Such constraints must be designed carefully to preserve
the embeddings’ ability to specialize forecasts. In what follows, we introduce
two complementary strategies for structuring the latent space: one grounded in
variational inference, and the other based on a clustering loss. As we demon-
strate later, these approaches not only facilitate model transfer but also enhance
our understanding of the features captured by the learned embeddings.

Variational regularization

A first approach we consider follows a probabilistic framework based on
variational inference. The idea is to treat each node embedding not as a
fixed vector but as a random variable drawn from an approximate posterior
distribution conditioned on the training data. Specifically, we model each
embedding as:

ni
θ ∼ qi(ni

θ | D) = N
(
µi, diag(σ

2
i )
)
,

where (µi,σi) are learnable parameters specific to node i. The posterior
is regularized with respect to a standard Gaussian prior P = N (0, I), and
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optimized using the reparameterization trick [Kingma and Welling, 2014].
Training minimizes a variational objective over randomly sampled sequences
indexed by t:

δt = ENθ∼Q

[∥∥∥X̂t:t+H −Xt:t+H

∥∥∥
2

2

]
+ βDKL(Q | P ), (5.27)

where the first term measures forecasting accuracy and the second – the Kullback-
Leibler divergence DKL – penalizes divergence from the prior, with β controlling
the trade-off. This regularization induces a smooth latent space, facilitating
interpolation between node embeddings and improving the model’s ability to
generalize to new nodes in a principled manner.

Clustering regularization

A complementary strategy for structuring the latent space involves encouraging
node embeddings to organize into clusters. This self-organization can reveal
higher-order structures among time series and improve generalization. To this
end, we introduce a clustering-based regularization inspired by deep K-means
methods [Yang et al., 2017]. Alongside the embedding matrix Nθ ∈ RN×dn ,
we define K ≪ N learnable centroids C ∈ RK×dn , and a cluster-assignment
matrix S ∈ RN×K , representing unnormalized affinities between each node and
each cluster. These scores act as logits of a Boltzmann (categorical) distribution,
inducing a soft assignment S̃ used to compute the regularization loss:

Lclu = ES̃

[∥∥∥Nθ − S̃C
∥∥∥
2

]
, p(S̃ij = 1) =

eSij/τ

∑
k e

Sik/τ
, (5.28)

where τ is a temperature parameter that controls the assignment. We minimize
Lclu jointly with the forecasting loss, using the Gumbel-softmax trick [Maddison
et al., 2017] for differentiable sampling of cluster assignments. Like variational
regularization, this approach promotes structure in the embedding space,
offering interpretability and insight into recurring patterns across time series.

5.3.3 Empirical validation

In this subsection, we empirically assess how the proposed regularization
strategies support the transferability of forecasting models to new node sets.
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Table 5.1. Forecasting error (MAE) in the transfer learning setting on all PEMS

datasets. Results refer to a 1-week fine-tuning set size, and bold formatting indi-

cates the best result (on average) in each dataset.

TTS-IMP PEMS03 PEMS04 PEMS07 PEMS08

F
i
n
e
-
t
u
n
i
n
g Global 15.30 ±0.03 21.59 ±0.11 23.82 ±0.03 15.90 ±0.07

Embeddings 14.64 ±0.05 20.27 ±0.11 22.23 ±0.08 15.45 ±0.06

– Variational 14.56 ±0.03 20.19 ±0.05 22.43 ±0.02 15.41 ±0.06

– Clustering 14.60 ±0.02 19.91 ±0.11 22.16 ±0.07 15.41 ±0.06

Zero-shot 18.20 ±0.09 23.88 ±0.08 32.76 ±0.69 20.41 ±0.07

Table 5.2. Forecasting error (MAE) on PEMS04 in the transfer learning setting by

varying fine-tuning set size. Bold formatting indicates the best result in each

setting.

Model Training set size

TTS-IMP 2 weeks 1 week 3 days 1 day

Global 20.86 ±0.03 21.59 ±0.11 21.84 ±0.06 22.26 ±0.10

Embeddings 19.96 ±0.08 20.27 ±0.11 21.03 ±0.14 21.99 ±0.13

– Variational 19.94 ±0.08 20.19 ±0.05 20.71 ±0.12 21.20 ±0.15

– Clustering 19.69 ±0.06 19.91 ±0.11 20.48 ±0.09 21.91 ±0.21

Transferability of graph-based predictors

In our first experiment, we simulate a realistic transfer scenario in traffic
forecasting: a model is trained on data from multiple networks and evaluated
on a disjoint set of sensors from the same region. We use the PEMS03–08
datasets [Guo et al., 2022], which contain measurements from four distinct
districts in California (see Section 2.6). We train models on three of these
datasets, then fine-tune them on one week of data from the held-out district,
validate on the following week, and test on the week thereafter. The task is to
predict the next H = 12 steps given a window of T = 12 time steps. We compare
variants of TTS-IMP with and without node embeddings at the encoder and
decoder. In addition to standard (unconstrained) embeddings, we evaluate both
variational and clustering-based regularizations.

During fine-tuning, the fully global model updates all of its parameters. In
contrast, hybrid global-local models retain shared parameters and adapt only
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Figure 5.3. Time series clusters in CER-E, obtained by regularizing the embedding

space. (a) Average load for each clusters. (b) t-SNE plot of the corresponding node

embeddings.

the node embeddings, resulting in faster transfer. Table 5.1 reports results
across all target regions. Hybrid models consistently outperform the fully
global baseline, demonstrating improved adaptability with minimal retraining.
Additionally, regularization strategies further enhance transferability, helping
new node embeddings align better with the pretrained space. These findings
are confirmed by Table 5.2, which shows a clear reduction in forecasting error
on PEMS04 as the fine-tuning window increases.

Time series clustering

To investigate whether structuring the embedding space provides interpretable
insights into node-level effects, we analyze the output of the clustering reg-
ularization strategy on the reference TTS-IMP model trained on the CER-E
dataset. We consider K = 5 learnable centroids and train the model using the
clustering loss alongside the forecasting objective. After training, we inspect
the cluster assignments by analyzing intra-cluster energy consumption patterns.
For each node, we compute its weekly average load profile, and then, for each
hour of the day, we evaluate the distribution of energy consumption within
each cluster. Figure 5.3a reports the median load curve for each cluster, with
shaded bands representing 10% quantile intervals. The analysis reveals that
each cluster corresponds to a distinct consumption pattern. To further explore
the embedding space, Figure 5.3b shows a 2D t-SNE projection of the learned
node embeddings. This visualization illustrates how the clustering regulariza-
tion effectively promotes structure in the latent space and reflects the different
behaviors across premises.
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5.4 Scalable graph-based predictors

Despite their effectiveness, most graph-based architectures for spatiotemporal
forecasting face limited adoption in real-world applications due to their sub-
stantial computational requirements. The necessity to process both spatial and
temporal dimensions simultaneously results in operations that scale with the
product of the number of edges and the sequence length, significantly impacting
model training and deployment. Addressing this computational bottleneck is
crucial for translating academic research into practical implementations.

While research to improve the scalability of models for large static graphs has
been very prolific [Hamilton et al., 2017; Chiang et al., 2019; Zeng et al., 2020;
Frasca et al., 2020], little attention has been paid to the additional challenges
encountered when time series are associated with the graph nodes. Several of the
existing scalable training techniques rely on subsampling graphs to reduce the
computational requirements of the training procedure, e.g., [Hamilton et al., 2017;
Zeng et al., 2020]. However, as discussed in Section 4.2.1, sampling the node-level
observations as if they were i.i.d. can break relational (spatial) dependencies
in static graphs, and it is even more problematic in the dynamic case, as
dependencies occur also across the temporal dimension. As an alternative,
precomputing aggregated features over the graph allows for factoring out spatial
propagation from the training phase in certain architectures [Zambon et al., 2020;
Frasca et al., 2020]. However, similarly to the subsampling approach, extending
this method to the spatiotemporal case is not trivial as the preprocessing step
must also account for the temporal dependencies besides the graph topology.

We introduce Scalable Graph Predictor (SGP) [Cini, Marisca, et al., 2023a], a
scalable encoder-decoder STGNN relying on a training-free spatiotemporal
encoding. First, it exploits a deep randomized recurrent neural network [Jaeger,
2001; Gallicchio et al., 2017] to encode the history of each sequence in a high-
dimensional vector embedding; then, it uses powers of the graph adjacency
matrix to build informative node representations of the spatiotemporal dynamics
at different scales. According to the downstream task at hand, the trainable
decoder maps the node representations into the desired output, e.g., the future
values of the time series associated with each node. To improve efficiency,
we exploit the structure of the extracted embedding to design the decoder
so that it acts as a collection of filters localized at different spatiotemporal
scales. Before delving into the technical explanation of SGP’s components, the
following subsection provides preliminary notions on echo state networks, the
temporal-processing backbone of our approach.
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5.4.1 Preliminaries: echo state networks

Echo state networks (ESNs) [Jaeger, 2001; Lukoševičius and Jaeger, 2009] are
a class of randomized architectures that consist of recurrent neural networks
with random connections that encode the history of input signals into a high-
dimensional state representation to be used as input to a (trainable) readout
layer. Given input xt ∈ Rdx , state ht ∈ Rd, and output yt ∈ Rdy , an ESN
performs the following operations:

ht = ξ (Wxxt +Whht−1 + b) , (5.29)
yt = READOUTθ (ht) , (5.30)

where Wx ∈ Rd×dx and Wh ∈ Rd×d are the random matrices defining the
connectivity pattern in the reservoir, b ∈ Rd is a randomly initialized bias, and
ξ is a nonlinear activation function (usually tanh). Notably, only the decoder
READOUTθ has trainable parameters θ. The main idea is to feed an input signal
into a high-dimensional, randomized, and nonlinear reservoir (Equation 5.29),
whose internal state can be used as an embedding of the input dynamics.

If the random matrices are defined properly, the reservoir will extract a rich
pool of dynamics characterizing the system underlying the input time series xt

and, thus, the reservoir states ht−T :t become informative embeddings of xt−T :t

[Lukoševičius and Jaeger, 2009]. Specifically, to ensure stable, input-driven
dynamics, the encoder must satisfy the echo-state property. Informally, this
property states that the reservoir state is uniquely determined by the input
history, and, hence, not by the initial conditions. A common and sufficient
condition is to have all eigenvalues of the state-transition matrix Wh within the
unit circle, i.e., to have spectral radius ρ(Wh) < 1.

This is the original and most basic formulation of an ESN. However, several new
approaches have been proposed. Jaeger et al. [2007] introduced leaky integrator
neurons, for a finer control of the state update equation (5.29):

ht = (1− λ)ht−1 + λ · ξ (Wxxt +Whht−1 + b) , (5.31)

where λ ∈ [0, 1] is the leaking factor. More recently, Gallicchio et al. [2017] intro-
duced DeepESN, which consists of a stack of ESNs in the encoder, allowing for
a more structured state space organization with multi-scale temporal dynamics.
The l-th encoding layer follows a similar processing to Equation 5.31:

h
(l+1)
t = (1− λ(l))h

(l+1)
t−1 + λ(l) · ξ

(
W(l)

x h
(l)
t +W

(l)
h h

(l+1)
t−1 + b(l)

)
, (5.32)
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time

ESN

Temporal encoding Spatial encoding(a) (b)

Figure 5.4. Overview of the SGP encoder. Input time series are fed individually into

an ESN and embedded into a multi-scale vector representation. A GSO is used to

gather spatial information of different orders, which is then concatenated to obtain

a final embedding.

where each layer has different parameters and h
(0)
t = xt. By varying the

parameters at each layer, e.g., by changing the leaking factor, we can extract a
rich pool of multi-scale temporal dynamics [Gallicchio et al., 2017].

5.4.2 Randomized spatiotemporal encoding

The encoder first constructs representations of the time series observed at each
node by using a reservoir that accounts for dynamics at different time scales.
Representations are further processed to account for spatial dynamics described
by the graph structure. The final embedding hence contains a rich encoding
of both spatial and temporal features. The encoder does not need any training
and, once computed, the embeddings can be uniformly sampled over time and
space at training time.

For the temporal encoding, we adopt a DeepESN as defined in Equation 5.32,
with h

i(0)
t =

[
xi
t ∥ui

t

]
and L layers. We obtain the node-level temporal encoding

s
i(0)
t as the concatenation of the states from each layer as

s
i(0)
t =

[
h

i(0)
t ∥hi(1)

t ∥ . . . ∥hi(L)
t

]
. (5.33)

Notably, by decreasing the leaking rate λ(l) progressively at each layer – specif-
ically, we set λ(l+1) = λ(l) − 0.1 – s

i(0)
t ends up containing features extracted

focusing on L different temporal dynamics. The extraction of the node-level
temporal embeddings is depicted in Figure 5.4a, where, to simplify the drawing,
we report the detailed processing only for a single node.

The next step is to propagate information along the spatial dimension. We use
powers of a GSO Ã to propagate and aggregate node representations at different
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scales. By using a notation similar to Equation 5.33, we obtain spatiotemporal
encodings as

S
(k)
t = ÃS

(k−1)
t =

[
ÃkH

(0)
t ∥ ÃkH

(1)
t ∥ . . . ∥ ÃkH

(L)
t

]
, (5.34)

St =
[
S

(0)
t ∥S(1)

t ∥ . . . ∥S(K)
t

]
, (5.35)

where integer K governs the spatial receptive field of the output representation.
In practice, by indicating with D = diag(A1) the graph degree matrix, we use
Ã = D−1A in the case of a directed graph, similar to DCNN [Atwood and
Towsley, 2016], and the symmetrically normalized adjacency Ã = D−1/2AD−1/2

in the undirected case. Furthermore, for directed graphs we optionally increase
the number of representations to 2K + 1 to account for bidirectional dynamics,
i.e., we repeat the encoding process w.r.t. the transpose adjacency matrix similar
to Li et al. [2018b]. Intuitively, each propagation step ÃS

(k−1)
t weighs and

aggregates features between nodes connected by paths of length k in the graph.
As shown in Equation 5.34, features corresponding to each order k can be
computed recursively with K sparse matrix multiplications. Alternatively, each
matrix Ãk can be precomputed, and the computation of the different blocks
of matrix St can be distributed in a parallel fashion, as shown in Figure 5.4b.
Even in the case of extremely large graphs, features St can be computed offline
by exploiting distributed computing as they do not need to be loaded on the
GPU memory.

5.4.3 Trainable multi-scale decoder

The role of the decoder is that of selecting and weighing from the pool of
the (possibly redundant) features extracted by the spatiotemporal encoder
and mapping them to the desired output. Representations St can be fed into
an MLP that performs node-wise predictions. Since the representations are
large vectors, a naïve implementation of the MLP results in many parameters
that hinder scalability. Therefore, we replace the first MLP layer with a more
efficient implementation that exploits the structure of the embeddings. In
fact, St is the concatenation of the representations corresponding to different
spatial propagation steps which, in turn, are obtained from the concatenation of
multi-scale temporal features. To exploit this structure, we design the first layer
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(a) Standard feed-forward layer. (b) Grouped linear layer.

Figure 5.5. Comparison between standard feed-forward layer (a) and the grouped

implementation adopted in the SGP decoder (b). The latter can be efficiently

computed by exploiting tensor-tensor multiplications or grouped 1D convolutions

to parallelize computation on GPUs.

of the decoder with a sparse connectivity pattern to learn representations Zt s.t.

Z
(k)
t = ξ

([
ÃkH

(0)
t W (0,k) ∥ . . . ∥ ÃkH

(L)
t W (L,k)

])
(5.36)

= ξ

(
S

(k)
t

[
W (0,k) 0

. . .
0 W (L,k)

])
, (5.37)

Zt =
[
Z

(0)
t ∥Z(1)

t ∥ . . . ∥Z(K)
t

]
, (5.38)

where W (l,k) ∈ Rd(l)×d are the learnable parameters associated with the k-th
graph propagation and l-th temporal layer (d(l) being the layer’s number of
features), and ξ is an activation function. Each projection W (l,k) is localized
on the dynamics of spatial order k and temporal scale l, and the joint output
can be seen as a concatenation of the results of L(K + 1) graph convolutions of
different orders (including the identity). Besides, the number of parameters is
reduced precisely by a factor of L(K + 1) (or L(2K + 1) for directed graphs)
compared to a standard fully-connected layer, as shown in Figure 5.5.

Finally, the obtained representations are fed into a standard MLP that predicts
the next H observations as

x̂i
t:t+H = MLP

([
zi
t ∥vi

])
, (5.39)

which also includes static node-level attributes vi. As discussed in Section 5.3,
these features can also be enriched by concatenating a node embedding, i.e., a
vector of learnable parameters, to ease node identification.
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5.4.4 Computational complexity

Since the spatiotemporal encoder requires neither training nor supervision, the
representation of each node and time step can be computed in a preprocessing
stage, without the constraints that come from online training on GPUs with
limited memory. Indeed, representations St capture both temporal and spatial
dependencies among the history of graph observations X≤t. Consequently, each
sample sit can be processed individually. This allows for training the decoder
with stochastic gradient descent by uniformly and independently sampling
mini-batches of data points sit of a size proportional to the hardware capacity.

This is the key property that makes the training procedure extremely scalable
and drastically reduces the lower bound on the computational complexity
required for the training compared to standard STGNNs. In fact, state-of-the-art
architectures have computational and memory costs that scales as O(T |E|), or
O(T 2|E|) in attention-based architectures [Wu et al., 2024; Marisca et al., 2022].
Conversely, in our approach, mini-batches can be sampled disregarding the
length of the sequence and size of the graph, thus making scalability in training
constant, i.e., O(1), w.r.t. the spatiotemporal dimension of the problem.

5.5 Related work

The application of statistical methods to forecast spatiotemporal data has a
rich history, tracing back several decades [Cressie and Wikle, 2011; Box et al.,
2015]. Initial applications emerged in the mid-1970s, primarily in healthcare,
economics, and environmental sciences [Granger, 1975; Cliff and Ord, 1975].
The early 2000s saw a surge in spatial analysis techniques, driven by the growing
adoption of Geographic Information Systems (GIS), which fostered research in
spatiotemporal data analysis [Shekhar et al., 2015; Atluri et al., 2018].

In parallel, kernel-based and probabilistic approaches such as Gaussian pro-
cesses [Rasmussen and Williams, 2005] have been studied for graph-structured
data [Smola and Kondor, 2003; Zhi et al., 2023], and more recently extended to
spatiotemporal settings [Hamelĳnck et al., 2021]. These methods offer uncer-
tainty estimates based on data availability and often deliver good performance
with few training data, making them particularly valuable in applications with
sparse and irregularly sampled data. However, the cubic scalability with the
number of observations for exact inference in Gaussian processes makes it
challenging to apply them to large datasets without approximation.
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In recent years, deep learning has gained traction for modeling complex spa-
tiotemporal dependencies [Wang et al., 2020]. One of the earliest efforts
in this direction was by Graves and Schmidhuber [2008], who introduced
multi-dimensional RNNs to process spatial and temporal axes simultaneously,
primarily for structured grid data like images. Extending this idea, Jain et
al. [2016] proposed Structural-RNN, which factorizes spatiotemporal graphs
into node- and edge-specific RNNs connected according to graph topology,
allowing the model to capture entity interactions over time. Jia et al. [2017]
later developed a dual-memory LSTM for land-cover classification in satellite
imagery. Similarly, Shi et al. [2015] combined convolutions within RNNs to
jointly process spatial and temporal dependencies simultaneously. While these
models incorporate structural and temporal priors, they lack the flexibility of
GNNs, which support general message passing over arbitrary topologies. To
the best of our knowledge, Seo et al. [2018] and Li et al. [2018b] were the first to
generalize the spatial processing within recurrent networks to graph-structured
data using GNNs. The following works by Yu et al. [2018] and Wu et al. [2019];
Wu et al. [2020] introduced the first MPTCN architectures that alternate between
temporal and spatial convolutions. More recently, Wu et al. [2022] leveraged
attention mechanisms to enable information propagation across both spatial
and temporal dimensions. Modern architectures incorporate relational induc-
tive biases with full Transformer-style attention [Vaswani et al., 2017] along
the spatial dimension [Zhang et al., 2018; Zheng et al., 2020; Oreshkin et al.,
2021; Satorras et al., 2022], although this often comes at the cost of quadratic
computational complexity on the number of nodes. A more in-depth view of
state-of-the-art approaches in spatiotemporal data modeling is provided by Jin
et al. [2024].

Global-local modeling Several methods have addressed the problem of
learning node-specific dynamics in spatiotemporal forecasting by combining
global and local modeling. For instance, Bai et al. [2020] propose AGCRN,
which factorizes recurrent weight matrices to adapt shared representations
to each node through learnable embeddings. In contrast, Chen et al. [2021]
build on the architecture introduced by Wang et al. [2019], employing a global
GNN alongside a local model conditioned on neighboring information. Node
embeddings have also been used to amortize graph structure learning – e.g., in
adaptive adjacency methods [Wu et al., 2019; Shang et al., 2021; Deng and Hooi,
2021] – and as positional encodings in attention-based architectures [Satorras
et al., 2022; Marisca et al., 2022; Zheng et al., 2020]. Shao et al. [2022] show
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that adding explicit spatiotemporal identifiers to a more standard forecasting
architecture can outperform various state-of-the-art STGNNs, while Yin et al.
[2022] introduce a cluster-based regularization to adapt AGCRN-like models
across datasets. However, previous works have not systematically addressed
the interplay between global and local modeling in STGNNs, nor have they
offered a unified framework for incorporating learnable node embeddings
across different settings and architectures. Beyond STGNNs, hybrid time series
forecasting models have tackled similar challenges. For example, Wang et al.
[2019] combine K global latent factor models with local probabilistic predictors,
while Sen et al. [2019] use matrix factorization with a TCN to learn a multivariate
predictor used to condition a second local model.

Scalable graph-based predictors Research on scalable models for discrete-
time dynamic graphs remains relatively limited. Most approaches extend
techniques developed for static graphs, such as node-wise sampling (e.g.,
GraphSAGE [Hamilton et al., 2017]) or subgraph-based methods like Clus-
terGCN [Chiang et al., 2019] and GraphSAINT [Zeng et al., 2020]; a few
examples are provided by Wu et al. [2020]; Gandhi et al. [2021]; Wu et al. [2021].
Among scalable GNNs for static graphs, SIGN [Frasca et al., 2020] is particularly
relevant to SGP. SIGN performs spatial propagation as a preprocessing step
by applying multiple GSOs to capture multi-hop neighborhoods, followed by
an MLP for learning. However, it is restricted to static graphs and propagates
raw node features without temporal modeling. More closely aligned with our
work, DynGESN [Micheli and Tortorella, 2022] addresses dynamic graphs using
a graph-based randomized recurrent architecture (i.e., an ESN). However, it
adopts a T&S strategy for processing temporal and spatial information jointly,
in contrast to the TTS separation employed by SGP, and uses a simpler linear
readout.

5.6 Empirical evaluation

This section reports an excerpt of the most relevant results of an extensive
empirical analysis of STGNNs in spatiotemporal forecasting benchmarks and
different problem settings. Complete results of these analyses can be found in
the corresponding works [Cini, Marisca, et al., 2023a; Cini, Marisca, et al., 2023b;
Cini, Marisca, et al., 2025]. Performance is measured in terms of MAE.
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5.6.1 Forecasting baselines

Besides the reference STGNNs introduced in Section 5.2 and SGP [Cini, Marisca,
et al., 2023a] (Section 5.4), we consider the following baselines and popular
state-of-the-art architectures.

Naïve. For naïve forecasting baselines, we simply repeat a previously observed
value from the time series. Specifically, Last predicts the most recent value,
i.e., x̂i

t+h = xi
t for each h ≥ 1. The Day and Week variants instead use the

value observed at the same time in the previous day or week, respectively.
Formally, they set x̂i

t:t+H = xi
t−k:t−k+H , with k ∈ N being the seasonality

lag (e.g., 24 or 168 hours).

GRU. A global GRU sharing the same parameters across the time series (as in
Figure 5.1a). The GRU is preceded and followed by the same encoding and
decoding schemes adopted by the reference architectures (Equations 5.14
and 5.15), respectively.

LocalGRUs. Similar to GRU, but contains a set of local GRUs with different
parameters for each time series (as in Figure 5.1b).

FC-GRU. A multivariate GRU taking as input the time series as if they were
a multivariate one (as in Figure 5.1c). Also for this model, encoding
and decoding are performed similarly to the reference STGNNs, but
graph-wise rather than node-wise.

DCRNN. The global recurrent T&S model with isotropic message passing from
[Li et al., 2018b]. It follows the MPGRU framework (Equations 2.41 to 2.44)
and uses DCNN by Atwood and Towsley [2016] for message passing.
This operator enables message propagation across both incoming and
outgoing edges simultaneously, up to the K-hop neighborhood (K=2),
with separate parameters for each edge direction and diffusion step.

AGCRN. The T&S global-local Adaptive Graph Convolutional Recurrent Net-
work by Bai et al. [2020].

Graph WaveNet. The deep T&S MPTCN from Wu et al. [2019]. It interleaves
dilated causal convolutions [Oord et al., 2016] with the same diffusion
operator used in DCRNN. In addition to the provided graph structure, it
introduces a learnable adjacency matrix derived from cosine similarities
between node embeddings, which are optimized end-to-end. This auxil-
iary graph is used to propagate messages with distinct weights from the
ones used along with the original topology.



Section 5.6 Empirical evaluation 109

Table 5.3. Forecasting MAE for global, local, and global-local models across real-

world datasets. In bold, the best-performing model within each group (local, global,

global-local).

METR-LA PEMS-BAY CER-E AQI EngRAD

Local models

FC-GRU 3.56 ±.03 2.32 ±.01 713.01 ±8.27 18.24 ±.07 55.37 ±1.57

LocalGRUs 3.69 ±.00 1.91 ±.00 508.95 ±1.48 14.75 ±.02 58.80 ±0.31

Global models

GRU 3.54 ±.00 1.77 ±.00 456.98 ±0.61 14.02 ±.04 47.41 ±0.57

TTS-IMP 3.34 ±.01 1.72 ±.00 439.13 ±0.51 12.74 ±.02 44.48 ±0.24

TTS-AMP 3.24 ±.01 1.66 ±.00 431.33 ±0.68 12.30 ±.02 44.62 ±0.35

T&S-IMP 3.35 ±.01 1.70 ±.01 443.85 ±0.99 12.87 ±.02 45.55 ±0.33

T&S-AMP 3.22 ±.02 1.65 ±.00 456.72 ±3.91 12.29 ±.02 43.93 ±0.55

Global-local models (with node embeddings)

GRU 3.15 ±.03 1.59 ±.00 421.50 ±1.78 13.73 ±.04 46.83 ±0.19

TTS-IMP 3.08 ±.01 1.58 ±.00 412.44 ±2.80 12.33 ±.02 43.96 ±0.42

TTS-AMP 3.06 ±.01 1.58 ±.01 412.95 ±1.28 12.15 ±.02 43.70 ±0.33

T&S-IMP 3.10 ±.01 1.59 ±.00 417.71 ±1.28 12.48 ±.03 44.90 ±0.33

T&S-AMP 3.07 ±.02 1.59 ±.00 416.74 ±1.57 12.17 ±.05 43.14 ±0.19

5.6.2 Global, local, and global-local architectures

This experiment investigates the trade-offs between global and local model-
ing strategies and explores the benefits of hybrid designs that integrate both.
Specifically, we evaluate the performance of purely global, purely local, and
global-local architectures to better understand their respective roles and inter-
actions. The evaluation spans real-world datasets from four domains: traffic
networks (METR-LA and PEMS-BAY), energy consumption analytics (CER-
E), air quality monitoring (AQI), and weather forecasting (EngRAD). Dataset
characteristics are detailed in Section 2.6.

For consistency, we adopt the same data splits and pre-processing pipeline used
in [Cini, Marisca, et al., 2022; Marisca et al., 2022]. We split datasets into windows
of T time steps, and train the models to predict the next H observations. We set
T = 12, H = 12 for the traffic datasets, T = 48, H = 6 for CER-E, T = 24, H = 3

for AQI, and T = 24, H = 6 for EngRAD. Then, for all datasets except for AQI
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and EngRAD, we divide the obtained windows sequentially into 70%/10%/20%

splits for training, validation, and testing, respectively. For AQI, we use as the
test set the months of March, June, September, and December, following Yi et al.
[2016]. For EngRAD, containing 3 years of data, we use 2020 for testing and one
week per month in 2019 for validation; all other samples that do not overlap
with the validation and test sets are used to train the models.

Table 5.3 summarizes the forecasting results, reporting the MAE averaged
over the prediction horizon for each model and dataset. Overall, graph-based
architectures consistently outperform both local and global baselines across all
settings. The performance gap is especially striking when comparing against
fully global models, which struggle in diverse environments. As expected,
local models scale poorly and deliver subpar performance – particularly in
the EngRAD dataset, where the homogeneity of data-generating processes
reduces the benefits of local modeling. In contrast, hybrid global-local models
demonstrate strong performance improvements in all other scenarios, confirming
the advantages of integrating local information within a global framework.
Nevertheless, as discussed in subsection 5.1.1, these architectures are less
flexible in inductive settings where unseen nodes are introduced at test time.

Additional trends emerge when examining architectural variants: anisotropic
message-passing generally outperforms isotropic schemes, and TTS models
tend to match or exceed the performance of T&S architectures. Notably, while
purely global or local RNNs fall short, their global-local counterpart ranks
among the top-performing models, often surpassing graph-based baselines that
do not leverage node embeddings.

5.6.3 Large-scale forecasting

This experiment evaluates how well different architectures scale under realistic
memory and time constraints, shifting the focus from pure accuracy to com-
putational feasibility. We use six months of data – four for training, one for
validation, and one for testing – and train models to forecast simultaneously at
horizons of {00:30, 07:30, 11:00} hours.

We consider the CER-E (Full) dataset, which contains smart metering data from
6,435 nodes (see Section 2.6). To probe scalability concerning graph connectivity,
we test two configurations: a sparse graph where each node has at most 100
neighbors (yielding 639,369 edges, 1.54% density), and a dense graph with
no limit on node degree (3,186,369 edges, 7.69% density). We impose a fixed
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Table 5.4. Forecasting error and computational performance on large-scale datasets.

We report MAE over H-step-ahead predictions, H = {30m, 7h30m, 11h}, together

with timings and memory consumption. We indicate in bold the best performance

in each setting.
*
Subsampling was needed to comply with the memory constraints.

CER-E (Full)

MAE Resource utilization

30 m 7 h 30 m 11 h Batch/s Memory Batch size

1
0
0
-
N
N

DCRNN 0.22±.00 0.28±.00 0.29±.00 1.43±.02 11.10 GB 2

Graph WaveNet 0.23±.00 0.36±.01 0.36±.01 2.41±.03 8.39 GB 1

SGP 0.21±.00 0.30±.00 0.31±.01 117.32±8.36 2.21 GB 4096

F
u
l
l
g
r
a
p
h DCRNN 0.23±.00 0.29±.00 0.29±.00 1.13±.01 11.10 GB 1∗

Graph WaveNet 0.25±.01 0.38±.03 0.37±.01 1.26±.01 8.58 GB 1

SGP 0.21±.00 0.30±.00 0.31±.01 115.85±1.60 2.21 GB 4096

GPU memory budget of 12 GB and adapt the batch size accordingly. When a
batch size of one exceeds this limit, we subsample the graph edges to reduce
memory usage. SGP follows a different protocol, first computing spatiotemporal
embeddings offline and then training the decoder on uniformly sampled node
representations. Each model is trained for one hour, selecting the weights
corresponding to the lowest training error for final evaluation. To stay within
the time budget, we omit validation during training, as this would otherwise
consume a high amount of time for the baselines.

Table 5.4 presents the results of our scalability analysis. One key distinction
lies in how batch size is defined across models. For SGP, each training sample
corresponds to a single preprocessed spatiotemporal embedding St. In contrast,
baselines process full temporal windows ⟨Xt−T :t,Ut−T :t,A⟩, with edge subsam-
pling applied as needed to meet memory limits – losses are computed in both
cases over all observations in the batch. The results highlight SGP’s efficiency
under tight resource constraints: it achieves up to two orders of magnitude
higher batch processing rates compared to other models, while maintaining
stable GPU memory usage across both sparse and dense graph regimes. This
contrasts with most baselines, which require dropping edges from a single-
loaded graph to operate within the same 12 GB budget. Importantly, SGP also
delivers competitive forecasting accuracy across all settings, confirming that its
efficiency does not come at the expense of predictive performance.
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Table 5.5. Comparison of forecasting architectures across five real-world datasets,

measured by MAE. Best model performance for each dataset reported in bold.

METR-LA PEMS-BAY CER-E AQI EngRAD

N
a
ï
v
e

Last 4.24±0.00 2.18±0.00 749.83±0.00 14.93±0.00 174.63±0.00

Day 5.84±0.00 3.37±0.00 764.01±0.00 39.58±0.00 84.68±0.00

Week 5.55±0.00 2.82±0.00 682.19±0.00 48.29±0.00 111.77±0.00

FC-GRU 3.56±0.03 2.32±0.01 713.01±8.27 18.24±0.07 55.37±1.57

GRU 3.54±0.00 1.77±0.00 456.98±0.61 14.02±0.04 47.41±0.57

G
l
o
b
a
l
-
l
o
c
a
l

GRU-E 3.15±0.03 1.59±0.00 421.50±1.78 13.73±0.04 46.83±0.19

TTS-IMP 3.08±0.01 1.58±0.00 412.44±2.80 12.33±0.02 43.96±0.42

TTS-AMP 3.06±0.01 1.58±0.01 412.95±1.28 12.15±0.02 43.70±0.33

T&S-IMP 3.10±0.01 1.59±0.00 417.71±1.28 12.48±0.03 44.90±0.33

T&S-AMP 3.07±0.02 1.59±0.00 416.74±1.57 12.17±0.05 43.14±0.19

DCRNN 3.22±0.01 1.64±0.00 428.36±1.23 12.96±0.03 45.29±0.26

Graph WaveNet 3.05±0.03 1.56±0.01 397.17±0.67 12.08±0.11 40.50±0.27

AGCRN 3.16±0.01 1.61±0.00 444.80±1.25 13.33±0.02 42.90±0.32

SGP 3.00±0.00 1.54±0.00 459.95±1.97 12.64±0.19 42.94±0.43

5.6.4 Forecasting benchmarks

We conclude our evaluation by benchmarking the global-local STGNNs and SGP
against leading STGNN models and standard baselines. The experimental setup
mirrors that of Section 5.6.2, with the aim of assessing how our models compare
to complex, state-of-the-art alternatives. Among the baselines, DCRNN operates
as a purely global model. In contrast, both Graph WaveNet and AGCRN make
use of node embeddings to obtain a latent adjacency matrix for message passing.
Notably, AGCRN goes further by adapting its convolutional filters to the identity
of each node via these embeddings.

Table 5.5 summarizes the benchmarking results. The top portion of the table
lists baseline models, including the Naïve approach and univariate/multivariate
GRU variants. The relative performance of different seasonal Naïve baselines
offers insight into the underlying structure of the data. SGP emerges as the
top-performing model across both traffic datasets, outperforming all baselines
and state-of-the-art STGNNs. Notably, in the METR-LA dataset, it achieves a
substantial improvement over Graph WaveNet, the strongest STGNN baseline.
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Surprisingly, the simple TTS-IMP model equipped with node embeddings
delivers performance on par with complex STGNNs, despite its streamlined
design and significantly lower parameter count. This result underscores the
strength of local modeling and spatial encoding even in minimalist architectures.

5.7 Discussion and future directions

This chapter investigated the use of STGNNs for time series forecasting under
irregular spatial sampling, where temporal observations are complete but the
spatial structure is non-regular. We focused on two key design dimensions:
global-local modeling and scalability. In the first part, we examined how the
interplay between globality and locality impacts forecasting performance and
proposed hybrid architectures that combine global spatiotemporal message
passing with lightweight, node-specific components. Our contribution showed
that learnable node embeddings can efficiently capture local effects while
easing application in inductive settings, especially when regularized to promote
structure and transferability [Cini, Marisca, et al., 2023b]. In the second part,
we addressed the scalability bottleneck by introducing SGP [Cini, Marisca,
et al., 2023a], a forecasting model that decouples spatiotemporal encoding
from training. By relying on randomized temporal encoders and graph-based
spatial diffusion, SGP achieves strong predictive performance at a fraction of
the computational cost of standard STGNNs.

Altogether, this chapter identifies globality and scalability as two central chal-
lenges in spatiotemporal forecasting with graph-based models. Future work
can build on these results in several directions. From a modeling perspective,
designing even more transferable approaches for local adaptation remains an
open challenge, especially in nonstationary or dynamic environments. Further
investigation is needed to understand how structured priors and architectural
choices impact generalization across time, space, and graph domains. Comple-
mentary lines of research should also explore the theoretical foundations of these
models. In Chapter 7, we begin addressing this by studying spatiotemporal
over-squashing and its effect on information propagation. Finally, while this
chapter assumed complete and synchronous time series, real-world forecasting
often involves missing or asynchronous data. In Chapter 6, we extend our
investigation to such settings and study how to perform accurate forecasting
when irregularities occur in both spatial and temporal dimensions.





Chapter 6

Prediction under irregular

spatiotemporal sampling

In Chapter 5, we showed how graph deep learning can be leveraged to forecast
complete multivariate time series with spatial dependencies. This setting has
received the most attention in prior research, leading most existing STGNNs to
assume that input data are complete and regularly sampled. However, data from
spatiotemporal domains are not rarely affected by irregularities in both space
and time. Real-world sensor networks, for example, are subject to faults and
communication failures, often resulting in missing values across the collected
time series. In our formulation, missing values also include those not acquired
at a given sensor due to asynchrony with respect to other sensors.

When missing data are sparse and occur randomly, the localized processing
enforced by the inductive biases in STGNNs serves as an effective regularizer,
allowing the model to interpolate missing values by exploiting nearby obser-
vations, as demonstrated by GRIN [Cini, Marisca, et al., 2022] in Chapter 3.
However, when data are missing in larger and contiguous blocks, retrieving
relevant information from distant observations becomes critical for capturing
the underlying dynamics. Addressing these cases typically requires additional
structured processing layers to extend the receptive field, as shown by SPIN
[Marisca et al., 2022] in Chapter 4. Still, since inductive biases act as regularizers,
deeper models may risk attenuating higher-frequency dynamics, potentially
reducing the ability to exploit local information when present [Rusch et al., 2023].
Ideally, the receptive field should adapt to the availability of the observed data,
expanding only when necessary. This calls for adaptive processing strategies
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that align with the temporal and spatial structure of missingness in the data.

In this chapter, we present a graph-based forecasting framework specifically
designed to operate under missing data conditions. The framework, named
HD-TTS [Marisca et al., 2024], extracts multiscale spatiotemporal representations
by employing a hierarchical downsampling strategy. In time, downsampling
is interleaved with temporal message passing to isolate dynamics at different
resolutions. In space, we resort to graph pooling [Grattarola et al., 2024] to build
a hierarchy of coarsened graphs, which gradually distill the global information
necessary for compensating localized gaps. The outputs from each scale are then
adaptively weighted based on the input observations and the specific missing
data pattern. The architecture ensures scalability through a TTS factorization of
processing and pre-computed downsampling operators, making it suitable also
for large-scale settings.

The rest of the chapter is organized as follows. Section 6.1 introduces the key
operations required to perform hierarchical downsampling in time and space.
Section 6.2 presents the proposed HD-TTS architecture, detailing how multiscale
spatiotemporal representations are extracted and dynamically reweighted
by an attention-based decoder to generate the final predictions, posing a
particular focus on scalability. Related work is discussed in Section 6.3, while
Section 6.4 reports an extensive empirical evaluation on synthetic and real-world
benchmarks, comparing HD-TTS against state-of-the-art models under different
missing data regimes. We further explore model interpretability in Section 6.5,
where we analyze how attention weights evolve across scales in response
to missingness and dynamics. Finally, Section 6.6 concludes the chapter by
summarizing key insights and identifying directions for future research.

Reference papers

This chapter’s content is partly based on material from the following
articles.

Ivan Marisca, Cesare Alippi, and Filippo Maria Bianchi (2024). Graph-
based Forecasting with Missing Data through Spatiotemporal Down-
sampling. In: Proceedings of the 41st International Conference on Ma-
chine Learning. Vol. 235. Proceedings of Machine Learning Research,
pp. 34846–34865.

https://proceedings.mlr.press/v235/marisca24a.html
https://proceedings.mlr.press/v235/marisca24a.html
https://proceedings.mlr.press/v235/marisca24a.html
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6.1 Spatiotemporal downsampling

Downsampling in temporal data is a common operation, often used to reduce the
sample complexity or filter out noisy measurements [Harris, 2022]. In classical
signal processing, it is implemented by applying a low-pass filter and then
keeping only 1-every-k samples, with k being the downsampling factor [Strang
and Nguyen, 1996]. In deep learning, this approach is replicated by strided or
dilated operations in TMP operators [Yu and Koltun, 2016; Oord et al., 2016;
Chang et al., 2017], which exploit the structural regularity of temporal data.
More generally, downsampling a sequence from Tl to Tl+1 time steps can be
conveniently expressed by a temporal downsampling matrix Dl ∈ RTl+1×Tl , which
defines how original time steps are aggregated to produce the reduced sequence.
For example, matrix Dl obtained by keeping only every k-th row in the Tl × Tl

identity matrix corresponds to the standard 1-every-k downsampling presented
above.

Being non-Euclidean structures, the concept of downsampling for graphs is
less straightforward and tied to the procedure for graph coarsening. In the
GNNs literature, the latter is known as graph pooling. Let A⟨k⟩ ∈ RNk×Nk

≥ 0

be a graph with node features X⟨k⟩ ∈ RNk×dx , with superscript index · ⟨k⟩
indicating the k-th spatial scale. The Select-Reduce-Connect (SRC) framework by
Grattarola et al. [2024] expresses a graph pooling operator POOL : (A⟨k⟩,X⟨k⟩) 7→
(A⟨k+1⟩,X⟨k+1⟩) as the combination of three functions:

SEL : (A⟨k⟩,X⟨k⟩) 7→ Sk ∈ RNk+1×Nk
. Defines how to aggregate the Nk nodes

in the input graph into Nk+1 supernodes in the coarsened graph.

RED : (X⟨k⟩,Sk) 7→ X⟨k+1⟩ ∈ RNk+1×dx
. Creates the supernode features by com-

bining the features of the nodes assigned to the same supernode. A typical
reduction operation is X⟨k+1⟩ = SkX

⟨k⟩.

CON : (A⟨k⟩,Sk) 7→ A⟨k+1⟩ ∈ RNk+1×Nk+1

≥ 0 . Generates the edges (and, potentially,
the edge features) by connecting the supernodes. A typical CON isA⟨k+1⟩ =

SkA
⟨k⟩S⊤k , with the transpose S⊤k sometimes replaced with the pseudo-

inverse S+
k .

A fourth function is used to lift, i.e., upsample, supernode features to the
associated nodes in the original graph:

LFT : (X⟨k+1⟩,Sk) 7→ X̃⟨k⟩ ∈ RNk×dx
. Can be implemented as X̃⟨k⟩ = S⊤k X

⟨k+1⟩

(or X̃⟨k⟩ = S+
k X

⟨k+1⟩).
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Select Reduce Connect Lift

Figure 6.1. Schematic representation of the SRC pooling framework by Grattarola

et al. [2024]. Nodes are first grouped in clusters (called supernodes) and then

reconnected, forming a coarsened graph. Node features are aggregated through

a reduction operation, and possibly propagated back to the original graph nodes

through a lifting operation.

Figure 6.1 shows a schematic representation of these functions within the
SRC framework. As for TMP and MP, there is a strong analogy also between
downsampling in time and space. Notably, the selection matrix Sk, hereinafter
called spatial downsampling matrix, plays the same role as Dl. Both matrices,
indeed, reduce the input dimensionality conditioned on the underlying structure
of the data, expressed in the temporal domain through the T matrix. However,
irregularities in arbitrary graphs make it challenging to define concepts like “1-
every-k”, failing to properly mirror the temporal dimension. An interpretation
is given by the k-MIS method [Bacciu et al., 2023], which relies on maximal
k-independent sets to keep the nodes that cover uniformly the k-th power graph
in the pooled graph.

k-MIS pooling k-MIS pooling [Bacciu et al., 2023] provides a graph-based
analogue to evenly spaced coarsening in regular data, with theoretical guarantees
on path distortion and topological preservation. It selects approximately
equidistant nodes by computing maximal k-independent sets, which are then
used as vertices of the reduced graph. Specifically, supernodes are chosen as
centroids of the sets via a greedy procedure guided by a ranking vector π, which
can be computed from node features. To minimize computational cost, this
work adopts the non-trainable variant, which uses a fixed ranking (π = 1) across
nodes. The trainable alternative, while more expressive, may be preferable
when efficiency is not a concern. As the method operates on undirected graphs,
directed graphs are symmetrized. Notably, k-MIS is an expressive pooling
operator, meaning that distinguishable input graphs remain distinguishable
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Incomplete past observations

Temporal HierarchyInput

Predictions

Adaptive reweightSpatial Hierarchy

Figure 6.2. Overview of the proposed framework. The hierarchical design allows us

to learn a pool of multi-scale spatiotemporal representations. Conditioned on the

data and the missing value pattern, the attention mechanism dynamically combines

representations from different scales to compute the predictions.

after pooling [Bianchi and Lachi, 2023].

6.2 Scalable hierarchical downsampling

In this section, we introduce Hierarchical Downsampling Time-Then-Space
(HD-TTS), an architecture for graph-based forecasting of spatiotemporal data
with missing values following arbitrary patterns. To learn spatiotemporal
representations at different scales, we rely on hierarchical downsampling,
which progressively reduces the size of the input and enables efficient learning
of long-range dependencies. In time, HD-TTS learns multiple yet limited
representations from the input sequences, each at a different temporal scale.
Similarly, we process the spatial dimension by propagating messages along a
hierarchy of pre-computed coarsened graphs. Notably, our approach combines
the advantages of the T&S and TTS paradigms, enabling adaptive expansion of
the receptive field while keeping the computational and memory complexity
under control.

HD-TTS follows the forecasting framework defined in Equations 5.4 to 5.6, with
the key components being (1) an input encoder, (2) a temporal processing
module, (3) a spatial processing module, and (4) an adaptive decoder. The
first three blocks extract hierarchical representations of the input at different
spatial and temporal scales, while the last block reweighs the representations
and outputs the predictions. The whole architecture is trained end-to-end
to minimize the forecasting error over the prediction horizon (as defined in
Equation 2.9). Notably, our approach does not require missing data imputation as
a pre-processing step. In contrast, HD-TTS handles missing data by automatically
reweighing the different spatiotemporal dynamics present in the data while
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Figure 6.3. Architectural scheme of HD-TTS. Information associated with every i-th

node and time step t−k is encoded in vector h
i⟨0⟩
t−k⟨0⟩, then processed node-wise

along the temporal dimension by alternating TMP and downsampling. Each l-th

layer output is embedded in a single vector z
i⟨0⟩
t⟨l⟩ , then processed along the spatial

dimension by alternating MP, pooling, and lifting operations, obtaining z
i⟨k⟩
t⟨1:⟩. The

L(K + 1) encodings z
i⟨0:⟩
t⟨1:⟩ are adaptively combined through an attention-based

decoder to obtain the predictions.

learning to solve the prediction task. Figure 6.3 shows an overview of the
architecture. In the figure and the following, we use the superscript and subscript
indices · ⟨k⟩⟨l⟩ to refer to the k-th spatial and l-th temporal scale, respectively, with
k = l = 0 corresponding to the input scales.

6.2.1 Learning hierarchical representations

Consider a window of T ≥ 1 past observations Xt−T :t with missing values
indicated by mask Mt−T :t and paired with exogenous Ut−T :t. In the encoding
phase, we process these sequences to extract a pool of L(K + 1) embeddings{
Z
⟨k⟩
t⟨l⟩

}k=0,...,K

l=1,...,L
are associated with L temporal and k spatial scales.

Input encoder

The input encoder combines the information associated with the i-th node at
time step t−k, in an embedding vector hi⟨0⟩

t⟨0⟩ ∈ Rd with an MLP:

h
i⟨0⟩
t⟨0⟩ = MLP

([
xi
t ∥mi

t ∥ui
t ∥ni

θ

])
, (6.1)

where, ni
θ is a vector of node-specific trainable parameters that facilitates node

identification [Cini, Marisca, et al., 2023b], as discussed in Section 5.3. At this
stage, missing values are replaced using the last observed value. Obtained
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representations are then refined by downstream components that leverage
temporal and spatial dependencies.

Temporal processing

The temporal processing module acts on h
i⟨0⟩
t−T :t⟨0⟩ to generate, for every i-th

node, L representations
{
z
i⟨0⟩
t⟨l⟩
}
l=1,...,L

, each associated with a different temporal
scale but the same initial spatial scale. In particular, the l-th processing layer
takes as input the sequence h

i⟨0⟩
t−Tl:t⟨l⟩ and outputs a new sequence of updated

encodings decimated by a factor of δ. Hence, the output sequence has length
Tl+1 =

⌈
Tl

δ

⌉
, with T0 = T being the length of the original time series. We can

write the operations performed by layer l = 0, . . . , L− 1 as

h
i⟨0⟩
t−Tl+1:t⟨l+1⟩ = Dl

(
TMP(l)

(
h

i⟨0⟩
t−Tl:t⟨l⟩

))
, (6.2)

where TMP(l) is any TMP operator (as defined in Equation 2.24) acting at
temporal scale l and Dl ∈ RTl+1×Tl is the temporal downsampling matrix
defined in Section 6.1. The downsampling operation progressively expands the
temporal receptive field, allowing us to capture increasingly slower temporal
dynamics in the input.

We then combine the sequences hi⟨0⟩
t−Tl:t⟨l⟩ at each layer l into a single representa-

tion z
i⟨0⟩
t⟨l⟩ ∈ Rd, i.e.,

z
i⟨0⟩
t⟨l⟩ = Combine

(
h

i⟨0⟩
t−Tl:t⟨l⟩

)
. (6.3)

A simple implementation is to return the encoding associated with the last time
step, i.e., zi⟨0⟩

t⟨l⟩ = h
i⟨0⟩
t⟨l⟩ .

Spatial processing

The set of multi-scale temporal encodings
{
z
i⟨0⟩
t⟨l⟩
}
l=1,...,L

is processed spatially
with an analogous hierarchical approach. In particular, representations associ-
ated with the k-th spatial scale are obtained by applying k times a combination of
an MP layer followed by the graph pooling operation described in (Section 6.1):

R
⟨k+1⟩
t⟨l⟩ = Sk

(
MP

(k)
D

(
R
⟨k⟩
t⟨l⟩,A

⟨k⟩
))

, (6.4)

where Sk ∈ RNk+1×Nk is the spatial downsampling matrix generated by the
pooling’s SEL function, MP

(k)
D is the MP operator applied at k-th layer before

downsampling, A⟨0⟩ = A and R
⟨0⟩
t⟨l⟩ = Z

⟨0⟩
t⟨l⟩. Note that, at each spatial resolution
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level k, the encodings R⟨k⟩t⟨l⟩ ∈ RNk×d are associated with supernodes rather than
the nodes in the original graph.

Since the predictions must ultimately be computed for the nodes in the original
graph, the coarsened spatial representations must be brought back to the
initial spatial resolution. For this reason, we mirror the operations carried
out in Equation 6.4 and recursively lift supernodes’ encodings back to the
associated nodes in previous layers. Starting from the coarsened representation
R̃
⟨k,k⟩
t⟨l⟩ = R

⟨k⟩
t⟨l⟩, the lifting step from layer j + 1 to j can be described as

R̃
⟨k,j⟩
t⟨l⟩ = MP

(j)
U

(
S+

j

(
R̃
⟨k,j+1⟩
t⟨l⟩

)
,A⟨j⟩

)
. (6.5)

After k recursive application of Equation 6.5, the representations associated
with the k-th spatial scale R

⟨k⟩
t⟨l⟩ are propagated to the original graph and we

assign Z
⟨k⟩
t⟨l⟩ = R̃

⟨k,0⟩
t⟨l⟩ . The details are depicted in Figure 6.4.

MP  (0)D

MP  (1)D MP  (1)U

MP  (0)U

Figure 6.4. Details of the spatial processing procedure.

This hierarchical processing is inspired by the design of filterbanks in digital
and graph signal processing [Strang and Nguyen, 1996; Tremblay and Borgnat,
2016; Tremblay et al., 2018]. Graph filterbanks often rely on specific node
decimation operators that discard approximately half of the nodes at each
application [Shuman et al., 2015]. Despite completely removing some nodes,
when such techniques are paired with MP, the original graph signal can be
reconstructed without losses from the pooled one. This approach has been
adapted to the graph pooling framework by Bianchi et al. [2020] and represents
an alternative to the adopted k-MIS method.

6.2.2 Adaptive decoder

The L(K + 1) representations
{
Z
⟨k⟩
t⟨l⟩

}k=0,...,K

l=1,...,L
obtained in previous steps are

associated with different temporal (l) and spatial (k) scales. To condition the
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importance of a representation to the prediction based on the input dynamics
and the missing data pattern, we first compute an adaptive weight αi⟨k⟩

t⟨l⟩ ∈ [0, 1]

for each representation as

{
α
i⟨k⟩
t⟨l⟩

}
= softmax

l,k

{
w⊤αz

i⟨k⟩
t⟨l⟩

}k=0,...,K

l=1,...,L
(6.6)

where wα ∈ Rd is a vector of learnable parameters. The weights can be inter-
preted as soft attention coefficients that select the appropriate spatiotemporal
scale for computing the predictions. We use the weights to weigh and com-
bine the representations, followed by a multi-step MLP decoder to obtain the
predictions individually for each i-th node:

x̂i
t:t+H = MLP

(
L∑

l=1

K∑

k=0

α
i⟨k⟩
t⟨l⟩ z

i⟨k⟩
t⟨l⟩

)
. (6.7)

This adaptive approach allows the model to focus on different scales based
on the available observations, effectively bypassing blocks of missing data by
relying on coarser-scale representations when necessary.

Multi-step decoder In some applications, the different dynamics captured by
the multi-scale representations might be more or less relevant to the prediction
depending on the distance of the target time step from the last observations.
The structured multi-scale encodings, paired with the adaptive weighting mech-
anism, allow us to easily compute H different score sets

{
α
i⟨k⟩
t+h⟨l⟩

}
h=0,...,H−1

for
each temporal and spatial scales l and k, respectively. Hence, the H predictions
are obtained, ∀ h ∈ [0, H), from H different aggregated representations as

x̂i
t+h = MLP

(
L∑

l=1

K∑

k=0

α
i⟨k⟩
t+h⟨l⟩z

i⟨k⟩
t⟨l⟩

)
. (6.8)

The dynamically computed scores offer a tool to analyze how the model focuses
on different scales according to the dynamics and observability of the input.
Moreover, when the multi-step decoding strategy is adopted, they provide
further insights in response to the input dynamics. In Section 6.5, we show this
empirically by inspecting the differences in the scores computed for the first
and last time steps in the forecasting horizon in a controlled environment.
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6.2.3 Computational scalability

Maintaining multiple representations adds a computational burden to the
already expensive operations performed by STGNNs for standard spatial and
temporal processing. For this reason, we adopted a series of architectural design
choices to reduce the computational and memory complexity.

As previously discussed, we follow the TTS paradigm (Section 5.1.2), which
enables performing message passing on a single static graph, regardless of
the length of the sequence being processed. Additionally, by integrating
downsampling operations, the amount of computation reduces progressively
with the layers, as the number of time steps and nodes is decimated. Temporal
processing, for instance, depends on the dilation factor chosen rather than the
number of layers, scaling as O (NT (δ/(δ − 1))) in contrast to O(NTL). Notably,
this strategy has a positive impact also on the spatial and temporal receptive
fields, which grow exponentially faster than standard TTS architectures, ceteris
paribus.

The chosen k-MIS pooling operator belongs to the class of sparse and non-
trainable pooling methods, which have a low memory footprint and do not
require additional computation. A pooling operator is said to be sparse if every
node is assigned to at most one supernode. Additionally, pooling operators
whose selection matrix Sk is learned together with the model’s weights are
called trainable (non-trainable otherwise). The use of non-trainable methods
allows us to compute the downsampling matrices once in a pre-processing step,
making the spatial downsampling computationally comparable to the temporal
one. Nonetheless, while it can also act as a regularization for large models with
high capacity, this lack of flexibility might introduce a too restrictive bias for its
strong reliance on graph topology.

6.3 Related work

Numerous techniques exist for handling missing data in multivariate time
series [Li and Marlin, 2020; Shukla and Marlin, 2019]. GRU-D [Che et al.,
2018] modifies the standard GRU recurrent cell (Equations 2.28 to 2.31) to
impute missing values encountered while processing the sequence; the learned
representations serve as sequence encodings and can be used for different
downstream tasks, including imputation and prediction. A similar idea is
later proposed by Tang et al. [2020], who instead use an LSTM [Hochreiter and
Schmidhuber, 1997] to model temporal dynamics. Building on the work by
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You et al. [2020], Yalavarthi et al. [2024] propose a graph-based architecture
tailored to forecasting multivariate time series rather than spatiotemporal data,
where graph edges connect channels with timestamps for which they have an
observation, forming a bipartite graph. Other approaches have been proposed
for classification [Shukla and Marlin, 2020] and anomaly detection [Bianchi
et al., 2019]. Finally, models based on neural ODEs [Chen et al., 2018] have been
proposed to handle continuous-time time series, and hence can fit irregular
sampling and missing data [Rubanova et al., 2019; De Brouwer et al., 2019;
Biloš et al., 2021]. Yet, none of these methods explicitly models the spatial
dependencies in the data.

As discussed in previous chapters, prominent representatives of STGNNs for
forecasting include MPRNNs, which integrate MP within temporal process-
ing [Seo et al., 2018; Li et al., 2018b; Zhang et al., 2018; Yu et al., 2019; Bai et al.,
2020], and convolutional approaches, e.g., MPTCNs, which apply convolutions
or attention mechanisms across temporal and spatial dimensions [Yu et al., 2018;
Wu et al., 2019; Wu et al., 2022]. Remarkably, none of these methods explicitly
consider missing data in the input. GRIN [Cini, Marisca, et al., 2022], SPIN [Cini,
Marisca, et al., 2022], and other STGNNs [Wu et al., 2021; Liu et al., 2023b]
specifically address missing data in time series with relational information but
focus on imputation. Zhang et al. [2022] targets irregularly sampled multivariate
time series through GNNs without intermediate imputation, although it is
designed for classification. Forecasting with missing data, instead, is explored by
a limited number of works on STGNNs in the context of traffic analytics [Zhong
et al., 2021; Wang et al., 2023]. Finally, Gravina et al. [2024b] introduce TG-ODE
to learn spatial and temporal dynamics of irregularly-sampled sequences of
graphs in continuous-time settings.

Pyramidal approaches to process inputs with missing (or noisy) data have
been extensively studied in graph [Shuman et al., 2015; Tremblay and Borgnat,
2016] and discrete-time [Strang and Nguyen, 1996] signal processing. The
idea of using a hierarchy of either temporal or spatial representations has
also been adopted by deep learning models for time series classification [Cui
et al., 2016], forecasting [Wang and Jing, 2022; Chen et al., 2023], and forecast
reconciliation [Rangapuram et al., 2021; Rangapuram et al., 2023]. In particular,
Cini et al. [2024] propose an approach for hierarchical time series forecasting
where learnable graph pooling operations are used to cluster the time series.
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6.4 Empirical evaluation

In this section, we report the results of the empirical analysis of our approach in
different synthetic and real-world settings. We use MAE as the figure of merit,
averaged over only valid observations.

HD-TTS implementation The proposed framework is general and allows for
various choices of TMP, MP, and downsampling operators; we describe the
specific configuration adopted in our model. As TMP, we use a GRU [Cho et al.,
2014] combined with the standard 1-every-k temporal downsampling, which
results in something similar to a dilated RNN [Chang et al., 2017]. For MP, we
consider the same isotropic and anisotropic variants presented in Section 5.2.
We refer to the models resulting from these two variants as HD-TTS (IMP) and
HD-TTS (AMP), respectively. We rely on the k-MIS pooling method (presented
in Section 6.1) to obtain spatial downsampling matrices Sk ∈ [0, 1]Nk+1×Nk that
assign each node to exactly one supernode. For RED, CON and LFT, we use,
respectively,

X⟨k+1⟩ = SkX
⟨k⟩, A⟨k+1⟩ = SkA

⟨k⟩S⊤k , X̃⟨k⟩ = S+
k X

⟨k+1⟩. (6.9)

Baselines We consider as baselines key methods among those introduced in
Section 5.6.1. Since they do not handle missing values in input, we impute them
node-wise using the last observed value and concatenate the mask to the input
as an exogenous variable. Note that this processing is the same followed by our
approach. In addition, we consider approaches that are specifically designed to
process time series with missing data:

GRU-I. A GRU model that imputes missing values with 1-step-ahead predic-
tions during processing.

GRU-D. The GRU-based model with state decay by Che et al. [2018].

GRIN. A forecasting variant of GRIN [Cini, Marisca, et al., 2022] with an MLP
predictive decoder.

Importantly, given the similarity of TTS-IMP and TTS-AMP with our respective
models, except for the hierarchical processing, they represent an ablation
study about the effectiveness of learning hierarchical representations in TTS
architectures.
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Simulated missing data patterns To evaluate model performance in relation
to the structure of missing data, we simulate realistic missingness patterns by
masking observations according to the distributions introduced in Section 2.1.3.
In addition to the Point and Block–T settings already tested in Sections 3.4
and 4.5, we also consider the more complex Block–ST setting, defined in
Equation 2.5. This pattern extends the temporal block missingness by simulating
faults that affect groups of spatially correlated sensors within a localized
region. Specifically, once a fault occurs at a given node, it propagates to
all k-hop neighbors with probability pg[k], where pg ∈ [0, 1]K is a vector of
Bernoulli means and K denotes the maximum propagation radius. In all cases,
the parameters of the missing data process are kept constant across nodes
and time steps, enforcing stationarity in the missing data distribution. For
multivariate sensor observations, masking is applied independently across
channels, potentially resulting in partially observed features for a given node
and time step. During training, the generated masks are applied to both the
input and the ground-truth sequences, ensuring the model is supervised only
on held-out data. At test time, instead, the mask is applied only to the input,
and forecasting metrics are computed over all available observations.

6.4.1 Controlled environment

In this experiment, we assess the performance of HD-TTS architectures on a
synthetic environment we designed specifically for graph-based predictors and
described in the following.

GraphMSO Inspired by a popular benchmark in time series forecasting
[Bianchi et al., 2017], we introduced a new controlled environment for spa-
tiotemporal data analysis called Graph Multiple Superimposed Oscillators
(GraphMSO) [Marisca et al., 2024]. Given a graph with binary adjacency matrix
A ∈ [0, 1]N×N , we assign all nodes sinusoids with incommensurable frequencies
oi
t = sin

(
t

ei/N

)
between each other. We then propagate the signals over the

graph as
Xt = Ot + Ã⊤KOt, (6.10)

where ÃK is obtained by randomly sampling 5 among all neighbors with at
most K-hop distance, such that the i-th column in ÃK has only 5 nonzero entries
randomly selected from the i-th column of

∑K
k=1 A

k. This choice makes the
task more difficult as only the original graph A is provided to the models. The
resulting time series are almost aperiodic, and, thus, difficult to predict unless
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Table 6.1. Forecasting error (MAE) on GraphMSO with different missing data

distributions. Bold formatting indicates the best result in each setting.
†
Models

without spatial message passing.

Model Point (5%) Block–T Block–ST

GRU-D
† 0.385 ±0.012 0.670 ±0.020 1.081 ±0.003

GRU-I
† 0.322 ±0.016 0.619 ±0.011 1.064 ±0.003

GRIN 0.163 ±0.008 0.392 ±0.031 0.895 ±0.012

GRU
† 0.346 ±0.027 0.639 ±0.011 1.137 ±0.008

DCRNN 0.291 ±0.277 0.645 ±0.510 1.103 ±0.001

AGCRN 0.067 ±0.004 0.366 ±0.013 1.056 ±0.012

Graph WaveNet 0.089 ±0.002 0.340 ±0.001 0.955 ±0.012

T&S-IMP 0.118 ±0.009 0.323 ±0.011 0.935 ±0.005

T&S-AMP 0.063 ±0.003 0.293 ±0.020 0.868 ±0.006

TTS-IMP 0.113 ±0.008 0.271 ±0.007 0.697 ±0.005

TTS-AMP 0.096 ±0.004 0.251 ±0.004 0.669 ±0.013

HD-TTS (IMP) 0.058 ±0.004 0.247 ±0.002 0.651 ±0.023

HD-TTS (IMP) 0.062 ±0.002 0.261 ±0.009 0.679 ±0.005

the graph structure is used to recover the initial sinusoids. As such, GraphMSO
is a very effective benchmark to test the performance of spatiotemporal models.
Figure 6.5 illustrates the procedure for generating the GraphMSO dataset. For
illustration purposes, we show a graph with a ring topology and propagate the
sinusoids simply using the first-order adjacency matrix.

Message
Passing

Figure 6.5. Generation of the GraphMSO dataset.

For our experiment, we generate a graph such that each node has exactly
3 incoming edges chosen at random. The number of nodes in the graph is
N = 100, each time series has a length of 10,000 time steps, and the spatial
order of GraphMSO is K = 3. The parameters used to inject the missing values
are summarized in Table 6.2.
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Table 6.2. Parameters used to generate the missing data masks in the different

settings.

GraphMSO AQI EngRAD / PV-US

Parameter Point Block–T Block–ST Point Block–T Block–ST

η 0.05 0.05 0.05 0.25 0.05 0.075

pf 0 0.01 0.005 0 0.01 0.003

smin – 8 8 – 4 6

smax – 48 48 – 12 21

pg 0 0 [ 1 ] 0 0 [ 0.33 0.15 0.05 ]

Table 6.1 reports the results of the analysis. Notably, HD-TTS consistently
outperforms all baselines across all evaluated settings. The performance gap is
particularly pronounced when compared to more complex STGNNs, such as
Graph WaveNet (GWNet) and AGCRN. In principle, these models can reach
all the necessary spatial information within a single message-passing layer,
since they learn a dense connectivity matrix jointly with the model parameters.
Interestingly, the strong performance of HD-TTS in the Point scenario suggests
that learning dedicated representations across multiple spatiotemporal scales
can also be beneficial when the missing information is less structured and more
easily recoverable. This highlights the generality of the proposed approach,
even in settings where the need for long-range context is less critical.

6.4.2 Forecasting benchmarks

In this experiment, we consider three of the real-world benchmarks presented in
Section 2.6 following the experimental setup in Section 5.6 with these additional
settings:

AQI Given the high number of missing values (25.67%), often occurring in
blocks, we test the models on both the original data and in a Point setting
with an additional η = 0.25 portion of data masked out uniformly at
random.

PV-US We consider the subset of 1081 western farms and aggregate measure-
ments at 20-minute intervals. We consider the Block–T and Block–ST
settings.

EngRAD Introduced together with HD-TTS in [Marisca et al., 2024], this dataset
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Table 6.3. Forecasting error (MAE) on real-world datasets with different missing

data distributions. We use bold and underline formatting for best and second-best

results, respectively, and N/A for runs exceeding resource capacity.
†
Models without

spatial message passing.

AQI EngRAD PV-US

Model Original + Point Block–T Block–ST Block–T Block–ST Batch/s GPU RAM

GRU-D
† 18.26 ±0.09 19.23 ±0.08 5.29 ±0.05 5.41 ±0.01 4.04 ±0.03 4.27 ±0.01 5.07 ±0.00 9.33 GB

GRU-I
† 18.12 ±0.03 19.07 ±0.01 5.24 ±0.04 5.39 ±0.00 4.05 ±0.02 4.29 ±0.02 2.90 ±0.00 10.28 GB

GRIN 16.85 ±0.05 17.59 ±0.06 4.91 ±0.04 5.05 ±0.00 3.62 ±0.02 3.85 ±0.07 1.52 ±0.00 17.28 GB
GRU

† 18.17 ±0.03 19.19 ±0.06 5.30 ±0.03 5.42 ±0.02 3.98 ±0.02 4.14 ±0.02 11.59 ±0.04 12.01 GB
DCRNN 16.99 ±0.09 17.51 ±0.08 5.14 ±0.06 5.33 ±0.05 3.54 ±0.01 3.76 ±0.00 1.36 ±0.01 19.72 GB
AGCRN 17.19 ±0.06 17.92 ±0.05 4.84 ±0.01 5.10 ±0.06 4.06 ±0.01 4.20 ±0.04 1.15 ±0.01 23.40 GB
GWNet 15.89 ±0.04 16.39 ±0.14 4.59 ±0.04 4.76 ±0.03 3.48 ±0.05 3.71 ±0.03 2.12 ±0.00 16.02 GB
T&S-IMP 16.54 ±0.03 17.13 ±0.05 4.98 ±0.01 5.15 ±0.03 3.60 ±0.02 3.82 ±0.03 2.68 ±0.00 7.03 GB
T&S-AMP 16.15 ±0.02 16.58 ±0.10 4.93 ±0.02 5.11 ±0.05 N/A N/A N/A N/A

TTS-IMP 16.25 ±0.01 16.90 ±0.26 4.81 ±0.07 5.08 ±0.04 3.50 ±0.01 3.66 ±0.02 18.84 ±0.14 12.81 GB
TTS-AMP 15.63 ±0.06 16.15 ±0.05 4.70 ±0.00 4.81 ±0.06 3.46 ±0.03 3.65 ±0.05 14.26 ±0.08 12.81 GB
HD-TTS 15.50 ±0.07 15.94 ±0.10 4.48 ±0.01 4.64 ±0.03 3.47 ±0.01 3.62 ±0.02 7.11 ±0.03 10.86 GB
HD-TTS 15.35 ±0.01 15.76 ±0.07 4.53 ±0.03 4.65 ±0.04 3.47 ±0.02 3.61 ±0.02 6.21 ±0.02 10.86 GB

contains weather variables collected from a simulation model; as such, it
has no missing values. We inject them through Block–T and Block–ST
strategies.

Table 6.2 reports the parameters used to inject missing data, while evaluation
results across all datasets and missingness patterns are in Table 6.3. Our
proposed HD-TTS models consistently rank among the best-performing methods
in all tested scenarios. Notably, the largest performance gains occur under
Block–ST conditions, where missing values span both time and space. In this
setting, HD-TTS significantly outperforms more complex STGNNs and both the
IMP and AMP variants of the corresponding TTS model.

These findings underscore the benefits of combining hierarchical representations
across multiple spatiotemporal scales, particularly in scenarios with sparse
observations. On the AQI dataset – which contains a high proportion of missing
observations – HD-TTS proves particularly effective, demonstrating its practical
relevance in contexts where sampling irregularities are a real concern. Finally,
results on training speed and memory utilization on PV-US highlight the
scalability advantages of our approach compared to competing STGNNs, while
also delivering higher forecasting accuracy.
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(a) GraphMSO (different time series across nodes).
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(b) Synthetic dataset with the same time series associated with each node.

Figure 6.6. Decoder weights in synthetic datasets with the same missing data

pattern but different node signals as input. The graph used to produce this plot is

the undirected line graph shown close to the scores associated with the first spatial

resolution k = 0. Node colors in the graphs associated with higher spatial scales

show how nodes are clustered at each scale k.

6.5 Interpretability of decoder weights

As previously discussed, the learned attention scores can be used to interpret
which spatial and temporal scales the model relies on under varying input
dynamics and missing data patterns. Figure 6.6 visualizes the input missing
data mask Mt−T :t and the corresponding decoder scores. For clarity, we use an
undirected line graph where adjacent nodes are placed consecutively, so that
the associated scores align as adjacent rows in the score matrices. We adopt the
Block–ST setting and use the original adjacency matrix A as the GSO Ã.

The decoder is multi-step, producing different attention scores for each forecast
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horizon. We report scores for the first and last predicted steps, X̂t+1 and X̂t+H .
Scores are grouped intoK+1 spatial blocks (withK = 2), each containingL = 3

temporal scales. For example, the leftmost block in the matrix corresponds to
scores

[
α
⟨0⟩
⟨1⟩,α

⟨0⟩
⟨2⟩,α

⟨0⟩
⟨3⟩

]
from the finest spatial scale.

We consider two input signals. In Figure 6.6a, time series are generated as in the
GraphMSO dataset. When recent data is available, the model focuses on fine-
grained temporal scales. If a node has missing data, attention shifts to higher
spatial levels, indicating reliance on neighboring nodes. Predicting further
into the future (e.g., X̂t+H) naturally increases focus on coarser spatiotemporal
scales. Interestingly, the most relevant scales vary even among nodes with
similar missing data patterns, reflecting the influence of the specific dynamics
of the input signal.

To isolate this effect, we repeat the experiment using identical chaotic signals
at each node (Figure 6.6b). The model consistently assigns lower weight to
representations from spatiotemporal regions with missing input, and the contrast
between high and low scores becomes even more pronounced, highlighting the
model’s ability to adaptively route attention based on observed data.

6.6 Discussion and future directions

In this chapter, we presented a novel framework for graph-based forecasting
with missing data based on hierarchical spatiotemporal downsampling. Our
model learns representations at different spatiotemporal scales, which are then
combined by an interpretable attention mechanism to generate the forecasts.
Thanks to this design, it can dynamically adapt the receptive field and han-
dle different types of missing data patterns in a scalable fashion. Empirical
comparisons against state-of-the-art methods on both synthetic and real-world
datasets confirmed the effectiveness of the proposed approach, both in terms
of forecasting accuracy and computational efficiency. Improvements are even
more evident in the challenging settings with blocks of missing values in space
and time, where other STGNNs models struggle.

The framework we proposed is very general and flexible. In this work, we
explored only a subset of architectural choices for the temporal and spatial
components. However, the modular nature of the framework readily supports
alternative operators, including more expressive message-passing or sequence
models. Similarly, while we adopted k-MIS pooling due to its alignment with
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temporal downsampling and low computational cost, this choice may not be
optimal in all domains. For example, in traffic networks, where signals can
change abruptly between adjacent nodes (e.g., at crossroads), graph coarsen-
ing may discard useful fine-grained information. In contrast, environmental
monitoring networks – with smoother spatial correlations – are more naturally
suited to hierarchical pooling. This suggests that graph topology alone may not
be sufficient to define effective downsampling, and incorporating data-driven
or task-adaptive pooling strategies could be beneficial.





Chapter 7

Spatiotemporal over-squashing

While the strong empirical performance of STGNNs has largely driven their
development, much less attention has been devoted to understanding their
theoretical capabilities and limitations. This contrasts with the literature on
static GNNs, which includes extensive analyses on expressivity [Xu et al., 2019;
Bianchi and Lachi, 2023] and training dynamics, including over-smoothing [Cai
and Wang, 2020; Di Giovanni et al., 2023b; Rusch et al., 2023] and over-squashing
[Alon and Yahav, 2021; Topping et al., 2022; Di Giovanni et al., 2023a] (see
Section 2.3.1). In particular, over-squashing – where information from distant
nodes is compressed through graph bottlenecks – has emerged as a central
limitation of message-passing architectures. However, these insights do not
directly extend to STGNNs, in which information is propagated not only across
the graph but also along the time axis.

The temporal axis represents an additional challenge, typically handled by
imposing a locality assumption: adjacent time steps are presumed to be more
correlated than distant ones. Under this assumption, the sequence behaves
like a second, directed graph whose edges encode temporal order. As we
stack local filters – or simply process longer sequences – increasing volumes
of information are stored into fixed-width embeddings, a limitation already
noted for recurrent architectures [Bengio et al., 1994; Pascanu et al., 2013]. When
this temporal compression meets the constraints of spatial message passing, it
creates a compound bottleneck we call spatiotemporal over-squashing: messages
must cross rapidly expanding receptive fields in both space and time, exceeding
the capacity of intermediate representations.

In this chapter, we investigate how the interplay between temporal and spatial

135
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processing in STGNNs shapes learned representations, and how this process is
limited by spatiotemporal over-squashing. We analyze information propagation
patterns in existing STGNN designs by tracing the sensitivity of each embedding
to the input features contained at neighboring nodes and time steps. Specifically,
our study focuses on MPTCNs, whose temporal component is implemented
through a shift operator that exchanges messages between adjacent time steps
[Bai et al., 2018] – the time-domain analogue of message-passing on graphs.

Our findings reveal that architectures leveraging causal convolutions are, coun-
terintuitively, more sensitive to information far apart in time, and we outline
architectural modifications that mitigate this imbalance when required by the
task. Furthermore, we demonstrate that spatiotemporal over-squashing affects
T&S and TTS paradigms to the same degree. Thus, the computational benefits of
TTS models come at no extra cost in terms of information bottlenecks, providing
theoretical support for scalable designs.

The chapter is organized as follows. In Section 7.1, we review spatial over-
squashing in static GNNs and introduce the sensitivity analysis framework.
Then, in Section 7.2, we generalize this framework to spatiotemporal settings
and define spatiotemporal over-squashing. Section 7.3 studies temporal over-
squashing in isolation through theoretical and empirical analysis of TCNs. In
Section 7.4, we extend this analysis to MPTCNs, providing theoretical guarantees,
validated in both controlled and real-world settings, that clarify the role of
architecture and topology. We conclude the chapter with final remarks and
suggestions for future directions (Section 7.6).

Reference papers

This chapter’s content is partly based on material from the following
articles.

Ivan Marisca, Jacob Bamberger, Cesare Alippi, and Michael M. Bronstein
(2025). Over-squashing in Spatiotemporal Graph Neural Networks.
In: arXiv preprint arXiv:2506.15507.

https://arxiv.org/abs/2506.15507
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7.1 Spatial over-squashing and sensitivity analysis

As introduced in Section 2.3.1, the over-squashing phenomenon in GNNs [Alon
and Yahav, 2021; Topping et al., 2022] occurs when a large amount of information,
resulting from the exponential expansion of the receptive field, gets compressed
or “squashed” into a fixed-size representation vector during message passing,
potentially resulting in information losses.

A widely adopted method to assess over-squashing, first proposed by Topping
et al. [2022], is to analyze how much the initial features of a source node j affect
the final representation of a target node i. This influence is quantified through
a sensitivity analysis using the Jacobian:

∇jh
i(L) =

∂hi(L)

∂hj(0)
∈ Rd×d, (7.1)

where the spectral norm
∥∥∇jh

i(L)
∥∥ serves as a proxy of how strongly the j-

th node’s initial features impact the representation of node i after L GNN
layers [Topping et al., 2022; Di Giovanni et al., 2023a]. Relatively low values of
this sensitivity indicate that node j has limited influence on node i, suggesting
that information is being lost during message propagation.

Di Giovanni et al. [2024] studied over-squashing through sensitivity analysis for
a broad class of MPNNs that fall within the following family:

hi(l+1) = ξ

(
Θ

(l)
U hi(l) +Θ

(l)
M

∑
j∈N (i)

ãjiϕ(l)
(
hi(l),hj(l)

))
(7.2)

where Θ
(l)
U ,Θ

(l)
M ∈ Rd×d are learnable weight matrices, ϕ(l) is a C1 function, and

ξ is a point-wise nonlinear activation function. This class includes common
convolutional MPNNs, including GCN [Kipf and Welling, 2017], DCNN [At-
wood and Towsley, 2016], and more expressive models like GIN [Xu et al.,
2019] and GatedGCN [Bresson and Laurent, 2017] (presented in Section 2.3.2).
Within this family, Di Giovanni et al. [2024] derived a bound that isolates
the respective contributions of the graph topology and the architecture to the
emergence of over-squashing. To simplify notation, throughout the chapter we
use ( · )ij = · [i, j] to indicate the element positioned at the i-th row and j-th
column of a matrix.

Theorem C.1 (from Di Giovanni et al. [2024]). Consider an MPNN with L layers
defined as in Equation 7.2, with cξ being the Lipschitz constant of the update function
after activation ξ, and θm ≥

∥∥∥Θ(l)
M

∥∥∥ and θu ≥
∥∥∥Θ(l)

U

∥∥∥ being the maximal norms over all
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weight matrices across layers in the message and update functions, respectively. For
i, j ∈ V we have:

∥∥∇jh
i(L)
∥∥ ≤ (cξθm)

L

︸ ︷︷ ︸
model

(
SL
)
ji︸ ︷︷ ︸

topology

,

whereS = θu
θm
I + c1 diag

(
Ã⊤1

)
+ c2Ã ∈ RN×N , is the message-passing matrix such

that the Jacobian of the message function ϕ(l) w.r.t. the target (i) and neighbor (j) node
features has bounded norms c1 and c2, respectively.

This bound reveals two separate contributions to the emergence of over-
squashing: the first term, (cξθm)L, depends solely on the model’s parameters
and activation functions, reflecting the role of network depth and weight norms.
The second term, (SL)ji, quantifies how easily information can propagate from
node j to node i over L message-passing layers.

7.2 Spatiotemporal over-squashing

Sensitivity analysis has become a widely used method for diagnosing over-
squashing in static GNNs [Topping et al., 2022; Di Giovanni et al., 2023a; Di
Giovanni et al., 2024; Gravina et al., 2025]. However, these analyses are limited
to models with static node features and do not account for temporal dynamics.
This is a significant limitation for STGNNs, where node attributes evolve over
time and both spatial and temporal dependencies contribute to the learning
process. Ignoring temporal propagation overlooks a critical dimension along
which information can be squashed.

In this section, we extend sensitivity-based over-squashing analysis to the
spatiotemporal setting. Our goal is to understand how node representations
evolve under both temporal and spatial message passing, and to quantify
how the influence of past node features is preserved or lost across layers of
a forecasting STGNN. To isolate the role of spatiotemporal propagation, we
exclude exogenous inputs U and static node attributes V , focusing solely on
the core input observations X . For similar reasons, we assume all relational
information is contained in A, hence discarding edge attributes and adopting
the GSO Ã as the message-passing matrix (see Section 2.3.2). We follow a



Section 7.2 Spatiotemporal over-squashing 139

simplified version of the architecture family defined in Section 5.1:

h
i(0)
t−p = ENCODER

(
xi
t−p
)

for p ∈ [0, T ), i ∈ V , (7.3)

H
(l+1)
t−T :t = STMP(l)

(
H

(l)
t−T :t, Ã,T

)
for l ∈ [0, L), (7.4)

ŷi
t = READOUT

(
h

i(L)
t

)
for i ∈ V , (7.5)

where T is the temporal graph defined in Section 2.1 and ŷi
t is the estimate for

task label yi
t (e.g., yi

t = xi
t:t+H in the forecasting task).

Since both encoder and decoder operate independently across time and nodes,
we have:

∂h
i(0)
t−q

∂xj
t−p

= 0,
∂ŷi

t

∂h
j(L)
t

= 0, for i ̸= j, p ̸= q.

Therefore, to assess information propagation, we analyze the Jacobian between
node features before and after the stack of L STMP layers:

∇j
p
h

i(L)
t =

∂h
i(L)
t

∂h
j(0)
t−p

∈ Rd×d. (7.6)

Unlike the static case (Equation 7.1), this spatiotemporal Jacobian captures
the combined effect of temporal and spatial message passing, allowing us to
investigate information flow across both dimensions.

Spatiotemporal processing, as abstractly defined in Equation 7.4, can vary
substantially across architectures, making it difficult to analyze a unified for-
mulation that applies to all STGNNs. To enable a more principled analysis, we
narrow our focus to architectures that interleave temporal and spatial message-
passing layers, following the decoupled structure introduced in Equations 2.39
to 2.40. This choice is motivated by two key factors. First, it allows us to isolate
and study the interactions between existing spatial and temporal operators,
leveraging theoretical results already established in the literature. Second, by
adjusting the number of inner temporal and spatial layers, as well as the depth
of the outer stack that contains them, we can flexibly analyze the characteristics
of both T&S and TTS paradigms, as detailed in Section 5.1.2.

In these architectures, information flows strictly along separate dimensions, as
the STMP operation in Equation 7.4 is decomposed into:

z
i(l)
t−T :t = TMP

(l)
×LT

(
h

i(l)
t−T :t,T

)
∀ i ∈ V , (7.7)

H
(l+1)
t−p = MP

(l)
×LS

(
Z

(l)
t−p, Ã

)
∀ p ∈ [0, T ), (7.8)
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where z
i(l)
t−T :t denotes the sequence of intermediate representations obtained

from the temporal encoding of node i at layer l. The spatial operator MP then
acts independently at each time step, preventing cross-dimensional interactions.

This decoupled formulation has important implications for sensitivity analysis.
Given an STGNN with L layers, for each pair of nodes i, j ∈ V , and time indices
p, q < T , the Jacobian of the l-th STMP layer factorizes as:

∂h
i(l+1)
t−q

∂h
j(l)
t−p

=
∂h

i(l+1)
t−q

∂z
j(l)
t−q︸ ︷︷ ︸

space

∂z
j(l)
t−q

∂h
j(l)
t−p︸ ︷︷ ︸

time

. (7.9)

This decomposition cleanly separates the contributions of spatial and temporal
processing to representation learning. Notably, in the TTS setting with L = 1,
this factorization provides a direct analytical tool to investigate ∇j

p
h

i(L)
t , and

thus quantify how initial node features influence the network output at different
nodes.

To deepen our analysis, we narrow our focus to a specific subfamily of STGNNs
so as to enable further investigation of the factorized Jacobian in Equation 7.9.
Specifically, we consider message-passing temporal convolutional networks
(MPTCNs) [Yu et al., 2018; Wu et al., 2019], which combine TCNs [Oord et al.,
2016; Bai et al., 2018] for temporal message passing with MPNNs [Gilmer et al.,
2017] for spatial message passing, as presented in Section 2.5.2. This choice is
driven by the architectural parallels between GNNs and TCNs, which allows
for a more natural extension of over-squashing analysis to the spatiotemporal
domain and facilitates drawing analogies between temporal and graph-based
representation learning.

While the spatial aspects of over-squashing have been extensively studied in
the GNN literature, less is known about how temporal processing may induce
analogous bottlenecks in TCNs – what we refer to as temporal over-squashing. In
what follows, we adopt an incremental approach: we first isolate and study the
impact of temporal processing on sensitivity within TCNs only, and then extend
our analysis to the full spatiotemporal case of MPTCNs in Section 7.4.

7.3 Over-squashing in TCNs

To isolate the temporal dynamics, we focus exclusively on the temporal process-
ing component by analyzing encoder-decoder networks constructed from LT
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successive TCN layers positioned between encoding and readout operations,
similar to Equations 7.3 and 7.5. We consider the standard causal prior for tem-
poral dependencies, resulting in T being a directed path graph connecting each
time step with the following in time. Hence, we consider causal convolutions of
a nonlinear filter with K elements over the temporal dimension [LeCun, Bengio,
et al., 1995; Bai et al., 2018; Oord et al., 2016], as defined in Equation 2.32. In
the next sections, we analyze how information propagates over the temporal
dimension and how this relates to temporal over-squashing.

7.3.1 Information propagation in TCNs

Causal convolutions in TCNs can be conveniently expressed using a lower-
triangular Toeplitz matrix formulation, which facilitates the analysis of temporal
propagation dynamics. Given a filter τ = [τ0, τ1, . . . , τK−1]

⊤ of size K and
a univariate input sequence h

(l)
t−T :t ∈ RT , we define the causal convolution

operator ∗
←

as:

h
(l+1)
t−T :t = τ ∗

←

[
0K−1 ∥h(l)

t−T :t

]
, (7.10)

where 0K−1 ∈ RK−1 is used to prepend K−1 zeros to the input to preserve the
same length T in the output, and, for each p,

h
(l+1)
t−p =

K−1∑

k=0

τk · h(l)
t−p−k. (7.11)

This operation can be equivalently represented as matrix multiplication, where
the filter τ is arranged into a lower-triangular Toeplitz matrix:

R =




τ0 0 · · · 0 0

τ1 τ0 · · · 0 0
... . . . · · · ... ...

τK−1 τK−2 · · · 0 0

0 τK−1 · · · ... ...
... . . . · · · τ0 0

0 0 · · · τ1 τ0




∈ RT×T , (7.12)

so that the convolution becomes simply h
(l+1)
t−T :t = R⊤h

(l)
t−T :t. This formulation

extends naturally to the multivariate case by applying independent filters over
each input channel.
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In TCNs, the filtering operation is effectively decoupled into a backshift operator
T that shifts the sequence forward in time and a separate linear transformation
applied over the feature dimension. The matrix R ∈ {0, 1}T×T , viewed in its
binary form, captures the temporal dependency structure: (R)pq = R[p, q] = 1

if the input at time step t− p influences the output at time step t− q.

This matrix plays a role analogous to the graph shift operator Ã in MPNNs,
encoding a temporal topology similar to how Ã encodes spatial relationships.
In fact, when using a filter of size K, the temporal topology matrix takes the
form:

R =
∑K−1

k=0
T k.

We can hence re-write the l-th layer of a TCN defined in Equation 2.32 as:

h
(l+1)
t−T :t = ξ

(∑K

k=0
diagk(R)⊤h

(l)
t−T :tW

(l)
k

)
, (7.13)

where each W
(l)
k ∈ Rd×d is a matrix of learnable weights, ξ is an element-

wise activation function, and diagk(R) is the matrix obtained by zeroing all
entries of R except those on its k-th lower diagonal. This formulation reveals
the structural parallels between temporal and spatial message passing, both
conditioned on specialized operators (R and Ã, respectively) that encode the
underlying topology. This parallel sets the stage for analyzing temporal over-
squashing using tools similar to those developed for spatial propagation in
GNNs.

7.3.2 Temporal over-squashing

In TCNs, each processing layer not only increases the model’s expressivity
but also expands its temporal receptive field, enabling the model to capture
progressively longer-range dependencies in the input sequence. This hierarchical
processing creates an information flow pattern that can be precisely characterized
through the powers of the temporal topology matrix R. Specifically, for a stack
of L TCN layers (as defined in Equation 7.13) that share the same temporal
topology matrix R, the matrix power Rl represents the temporal receptive field
at the l-th layer. In fact, entry (Rl)pq counts the number of distinct paths by
which information from time step t− p can influence the representation at time
step t− q after l layers.

Analyzing how information flows along these paths is critical to understanding
whether the model can effectively leverage all temporal context, or whether
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such information vanishes. To formalize this, we study how the output repre-
sentations are influenced by perturbations in the input at preceding time steps.
The following theorem establishes a bound on this sensitivity, revealing how
the temporal topology governs information flow and drawing analogies with
the over-squashing behavior observed in the graph domain.

Theorem 7.1. Consider a TCN with LT successive TCN layers as in Equation 7.13, all
with kernel size K, and assume that

∥∥W (l)
k

∥∥ ≤ w for all k < K and l ≤ LT, and that
|σ′| ≤ cσ. For each nonnegative p, q < T , we have:∥∥∥∥∥

∂h
(LT)
t−q

∂h
(0)
t−p

∥∥∥∥∥ ≤ (cσw)
LT

︸ ︷︷ ︸
model

(
RLT

)
pq︸ ︷︷ ︸

temporal topology

.

Proof. We fix the number of stacked TCN layers to be l = LT and prove the
bound by induction on l.
Let h̃(1)

t be the pre-activation output of the TCN layer, such that h(1)
t =

σ
(
h̃

(1)
t

)
. Since R is lower-triangular and Toeplitz and has lower bandwidth

K − 1, i.e., (R)pq = rp−q for 0 ≤ p− q < K , for indices p, q ∈ [0, T ), we have

∂h̃
(1)
t−q

∂h
(0)
t−p

=

{
rp−qWp−q, 0 ≤ p− q < P,

0, otherwise.

Applying the chain rule through the pointwise non-linearity σ gives

∂h
(1)
t−q

∂h
(0)
t−p

= diag
(
σ′
(
h̃

(1)
t−q

))∂h̃(1)
t−q

∂h
(0)
t−p

.

Applying the sub-multiplicative property of the spectral norm together with
the bounds |σ′| ≤ cσ and ∥Wk∥ ≤ w yields

∥∥∥∥∥
∂h

(1)
t−q

∂h
(0)
t−p

∥∥∥∥∥ ≤
∥∥∥diag

(
σ′
(
h̃

(1)
t−q

))∥∥∥
∥∥∥∥∥
∂h̃

(1)
t−q

∂h
(0)
t−p

∥∥∥∥∥
≤ cσw|rp−q|
= cσw (R)pq , (7.1.1)

which proves the theorem for the base case l = 1.
Suppose the bound holds for l − 1:

∥∥∥∥∥
∂h

(l−1)
t−r

∂h
(0)
t−p

∥∥∥∥∥ ≤ (cσw)
l−1(Rl−1)pr ∀ p, r. (7.1.2)
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For l layers, the chain rule gives
∥∥∥∥∥
∂h

(l)
t−q

∂h
(0)
t−p

∥∥∥∥∥ =

∥∥∥∥∥
T−1∑

r=0

∂h
(l)
t−q

∂h
(l−1)
t−r

∂h
(l−1)
t−r

∂h
(0)
t−p

∥∥∥∥∥ ≤
T−1∑

k=0

∥∥∥∥∥
∂h

(l)
t−q

∂h
(l−1)
t−r

∥∥∥∥∥

∥∥∥∥∥
∂h

(l−1)
t−r

∂h
(0)
t−p

∥∥∥∥∥ ,

where the first factor is the base case of a single layer (7.1.1), and the second
one is the induction hypothesis (7.1.2). Substituting these bounds gives

∥∥∥∥∥
∂h

(l)
t−q

∂h
(0)
t−p

∥∥∥∥∥ ≤
T−1∑

r=0

(
(cσw)(R)rq(cσw)

l−1(Rl−1)pr
)

= (cσw)
l

T−1∑

r=0

(Rl−1)pr(R)rq

= (cσw)
l(Rl)pq,

which proves the induction.

As in the spatial case shown in Theorem C.1, the bound on sensitivity derived for
TCNs decomposes into two components: one dependent on model parameters
and another on the temporal topology, here encoded by R. However, unlike
spatial graphs – which may exhibit arbitrary and irregular connectivity – the
temporal structure has a fixed, well-defined form that lends itself to deeper
theoretical analysis. In particular, the lower-triangular Toeplitz structure of R
ensures that its powers Rl retain the same structural form [Krim et al., 2022].
Moreover, as l increases, the number of distinct paths from earlier time steps to a
given output grows significantly faster than those originating from more recent
steps. This results in a natural amplification of long-range temporal dependencies
in deeper layers, as formalized in the following proposition:

Proposition 7.2. Let R ∈ RT×T be a real, lower-triangular, Toeplitz band matrix with
lower bandwidth K − 1, i.e., with (R)pq = rp−q for 0 ≤ p − q < K, and K ≥ 2,

r1 ̸= 0, and r0 ̸= 0. Then for any p > q we have
∣∣∣∣
(Rl)

q0

(Rl)
p0

∣∣∣∣ → 0 as l → ∞. In fact
∣∣∣∣
(Rl)

q0

(Rl)
p0

∣∣∣∣ = O(l−(p−q)). Informally, this means that the final token receives considerably

more influence from tokens positioned earlier.
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Proof. Write R = r0I +N, where N = R − r0I is strictly lower-triangular.
Because I and N commute, the binomial expansion for commuting matrices
gives

Rl = rl0I +
T−1∑

τ=1

(
l

τ

)
rl−τ0 Nτ , l ∈ N,

the sum truncating at T − 1 since NT = 0. For a fixed row index p ≥ 1, the
strictly lower-triangular structure implies (Nτ )p0 = 0 whenever τ > p, thus

(Rl)p0 =

p∑

τ=1

(
l

τ

)
rl−τ0 (Nτ )p0.

With τ fixed,
(
l
τ

)
∼ lτ/τ ! as l → ∞ since liml→∞

( l
τ)
lτ

= 1
τ !

, so with some
abuse of notation

(Rl)p0 ∼
p∑

τ=1

lτ

τ !
rl−τ0 (Nτ )p0 = rl0

p∑

τ=1

lτ

τ !rτ0
(Nτ )p0, l → ∞.

Note that it is the product of rl0 and a degree p polynomial in l, therefore
in order to see the behaviour as l → ∞ it suffices to study the leading
term lp

p!rp0
(Np)p0 and the factor of rl0. Additionally, due to the strictly lower

triangular structure of N, we have (Np)p0 = rp1. This follows from the fact
that, in a directed acyclic graph as the one described by N, there exists a
unique directed path of length p from the p-th node to the sink node 0. Each
edge along this path contributes a multiplicative factor of r1, resulting in a
total weight of rp1 for the path. Applying the same reasoning with p replaced
by q < p, we can study the ratio

∣∣∣∣
(Rl)q0
(Rl)p0

∣∣∣∣ ∼
lq

q!
rl−q0 rq1

lp

p!
rl−p0 rp1

=
1

lp−q
p!rp−q0

q!rp−q1

= O
(

1

lp−q

)
−−−→
l→∞

0,

which proves the proposition.

Proposition 7.2 reveals a critical insight: causal convolutions progressively
diminish sensitivity to recent information while amplifying the influence
of temporally distant inputs. This creates a form of temporal over-squashing
that inverts the pattern observed in MPNNs, where distant nodes suffer from
reduced influence [Alon and Yahav, 2021]. When a model’s receptive field
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Figure 7.1. Evolution of temporal receptive field for standard (R), dilated (RD), and

row-normalized (RN ) convolutions. For R and RD, we observe a shift towards the

initial time step, while for RN we observe a shift to a uniform distribution on the

first column. Values normalized matrix-wise in [0, 1].

exceeds the sequence length, i.e., (K − 1)LT ≫ T , the earliest time step exerts
disproportionate influence on the final one compared to any intermediate time
step, mirroring the recently investigated attention sink effect in Transformers
[Xiao et al., 2024; Barbero et al., 2024a], as shown in Figure 7.1a.2. This behavior
directly undermines the locality bias that causal convolutions are designed
to enforce, particularly in time series applications, where recent observations
typically carry greater relevance. To achieve a more balanced receptive field
that preserves local information while incorporating broader context, we can
act by modifying R, effectively implementing temporal graph rewiring analogous
to techniques used to address over-squashing in MPNNs [Topping et al., 2022;
Di Giovanni et al., 2023a].

7.3.3 Temporal graph rewiring

The bottleneck highlighted in Proposition 7.2 stems from the structured pro-
cessing enforced by causal convolutions, which exploit the inherent locality
of temporal data. A natural way to mitigate this phenomenon is to relax the
underlying temporal topology, either by adopting alternative designs or by
learning a different temporal connectivity matrix. However, by significantly
altering the original connections, we might eliminate the inductive bias that
recent observations should prevail over those further back in time. The rewiring
strategies proposed in this section should therefore be viewed as controlled
modifications, aiming to alleviate over-squashing in favor of retaining, rather
than discarding, an appropriate notion of temporal locality. Notably, Proposi-
tion 7.2 outlines that the influence from recent time steps progressively vanishes
when the temporal topology (1) remains fixed across layers and (2) maintains
a lower-triangular Toeplitz structure. We propose two rewiring approaches
targeting these assumptions separately.
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Our first approach addresses the fixed topology assumption by employing
different matricesR(l) at each layer (each maintaining a lower-triangular Toeplitz
structure). This modifies the Jacobian bound in Theorem 7.1 to depend on∏LT

l=1R
(l) rather than RLT . Dilated convolutions naturally implement this

approach, applying filters with progressively increasing gaps δ(l) (dilation rates)
between elements [Oord et al., 2016]. These convolutions produce matrices
R

(l)
D with nonzero entries

(
R

(l)
D

)
pq

= rp−q only when p− q = kδ(l) for k ∈ [0, K).
When δ(l) = K l−1, the receptive field expands exponentially while ensuring(∏

l R
(l)
D

)
k0

= 1 for each k ≤ K l, hence distributing influence equally across all
time steps in the receptive field (Figure 7.1b.1). Thus, besides efficiency, dilated
convolutions have the advantage of preserving local information better than
standard convolutions. However, this strategy results in the trivial identity
R

(l)
D = IT for l > logK T , with deeper architectures required to reset the dilation

rate every m layers, i.e., δ(l) = K(l−1) mod m. While effective in practice, these
resets reintroduce over-squashing patterns, as shown in Figure 7.1b.2.

Our second approach targets the Toeplitz assumption by row-normalizing R

to create RN = diag(R1)−1R, where each entry (RN)pq is normalized by the
number of edges from time step t− p for any q. This normalization maintains
stronger influence from recent time steps while expanding the receptive field,
with

(
Rl

N

)
p0

converging to 1 for all p ∈ [0, T ) as l → ∞. We show this
graphically Figure 7.1c.1–2 and prove the claim in the following proposition.

Proposition 7.3. Let R ∈ RT×T
≥0 be a positive, real, lower–triangular Toeplitz band

matrix with lower bandwidth K−1, i.e., with (R)pq = rp−q for 0 ≤ p−q < K , and let
K ≥ 2, r1 ̸= 0, and r0 ̸= 0. We define RN = diag(R1)−1R to be the row–normalized
matrix R (1 is the all–ones vector). Then

lim
l→∞

Rl
N = 1e⊤0 ,

i.e. every row of Rl
N converges to e⊤0 = (1, 0, . . . , 0).

Proof. Since RN is a stochastic matrix (every row sum to 1 by construction),
we can interpret RN as the transition matrix of a Markov chain on the finite
state space {0, 1, . . . , T − 1}. Because R is lower-triangular, we have that
state 0 is absorbing, i.e. (RN)00 = r0/r0 = 1, hence once the chain reaches 0
it never leaves. Moreover, since r1 ̸= 0, for every p > 0 and q = p− 1 there
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is a positive probability of moving one step closer to 0, i.e.,

(RN)pq =
r1∑min{K−1,p}

k=0 rk
> 0,

hence all states 1, 2, . . . , T − 1 are transient. As shown in Theorem 11.3 of
Grinstead and Snell [2006], for a finite absorbing Markov chain with a single
absorbing state {0}, every state eventually reaches the absorbing state 0 with
probability 1. Thus,

lim
l→∞

Rl
N = 1e⊤0 ,

where the p-th row of the limit contains the absorption probabilities starting
from state p (i.e., time t− p) and are all equal to 1 for state 0 and to 0 for the
others.

While this normalization strategy violates the Toeplitz structure, it remains
computationally efficient: it can still be implemented as a temporal convolution
by simply scaling the input at time step t− p by min(p+1, K)−1.

Importantly, this normalization primarily enhances sensitivity at the final
time step, making it particularly well-suited for the architectural framework
considered (see Equation 7.4). In the following subsection, we empirically
validate the theoretical claims presented above and demonstrate how the
proposed rewiring schemes effectively mitigate the temporal over-squashing
phenomenon.

7.3.4 Empirical validation

To validate our claims and the effects of our proposed temporal convolution
modifications, we design two synthetic tasks specifically aimed at testing how
well different architectures preserve temporal information after processing:

CopyFirst We generate sequences xt−T :t consisting of T = 16 time steps
with values sampled uniformly from the [0, 1] interval. The objective is
to predict the first-observed element in the sequence, i.e., xt−T+1. We
generate 20,000 sequences for training, 320 for validation, and 500 for
testing. Since a constant prediction of 0.5 yields an MSE of approximately
0.083, we consider the task solved when the test MSE is below 0.001 and
use success rate across multiple runs as primary evaluation metric.

CopyLast This task mirrors the CopyFirst setup, but the target is instead the
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Figure 7.2. Success rate (%) on the tasks of copying the first or last observed value

across different temporal topologies and number of layers LT.

last element in the sequence, i.e., xt. This shift in objective allows us to
test whether models can retain recent inputs after processing.

We compare three TCNs variants, each composed of LT temporal layers but
differing in the design of the convolution operation:

R A standard causal convolution with receptive field size K = 4.

RN A row-normalized version of the above, defined as RN = diag(R1)−1R,
also with K = 4.

RD A dilated convolution with K = 2 and dilation rate δ(l) = K(l−1) mod m,
using a reset cap of m = 4 to control dilation growth.

We vary the number of temporal layers LT from 1 to 20 and report results in
Figure 7.2, which shows the success rate for both tasks as a function of model
depth and temporal topology. For small LT, performance on CopyFirst remains
poor, as the target lies outside the receptive field, due to under-reaching (see
Section 2.3.1). In contrast, models generally succeed on CopyLast at shallow
depths, reflecting the natural bias of causal convolutions toward recent inputs.
However, as the number of layers increases, standard causal convolutions begin
to fail on CopyLast, particularly beyond LT > 5. This failure is ascribable to
the sink effect, where the repeated causal convolutions over-emphasizes older
time steps and attenuates recent inputs, a direct manifestation of temporal
over-squashing.
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Conversely, performance on CopyFirst improves with depth, in particular for
the standard causal convolution, reinforcing the idea that deeper models favor
inputs distant in time. While this behavior may be beneficial in some tasks, it
reveals a structural bias that can hinder learning in general-purpose forecasting
scenarios. Normalization (RN ) and dilated convolutions (RD) partially mitigate
this effect, especially in preserving sensitivity to recent inputs. Overall, these
findings empirically confirm the theoretical observations of the previous section.

7.4 Over-squashing in MPTCNs

Having analyzed over-squashing in the temporal domain, and relying on previ-
ous results on the spatial domain, we now integrate these insights to investigate
information flow in MPTCNs, in which temporal and spatial processing are
interleaved across layers. For our analysis, we consider the same class of
message-passing functions employed by Di Giovanni et al. [2024] (defined in
Equation 7.2) for which Theorem C.1 holds.

Following the space-time factorization established in Equation 7.9, we observe
that within a single layer, the sensitivity is simply the product of the spatial
bound from Theorem C.1 and the temporal bound from Theorem 7.1. For TTS
architectures with L = 1, this yields:

∥∥∥∇j
p
h

i(L)
t

∥∥∥ ≤ (cξθm)
LS
(
SLS
)
ji︸ ︷︷ ︸

space

(cσw)
LT
(
RLT

)
p0︸ ︷︷ ︸

time

, (7.14)

This bound directly measures how input features influence the final repre-
sentations used by the readout layer. However, this result only addresses
the case where L = 1 (the TTS approach). The question remains: how does
information propagate when temporal and spatial processing alternate multiple
times (L > 1) as in the T&S approach? To answer this question, we derive
the following theorem that characterizes sensitivity across MPTCNs with any
number of alternating processing blocks.

Theorem 7.4. Consider an MPTCN with L STMP layers, each consisting of LT

temporal (TMP) and LS spatial (MP) layers as defined in Equations 2.39 to 2.40.
Assume that each TMP layer satisfies the conditions of Theorem 7.1, and each MP layer
satisfies the assumptions in Theorem C.1. Then, for any i, j ∈ V and p, q ∈ [0, T ), the
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following holds:∥∥∥∥∥
∂h

i(L)
t−q

∂h
j(0)
t−p

∥∥∥∥∥ ≤ (cξθm)
LLS (cσw)

LLT

︸ ︷︷ ︸
model

(
SLLS

)
ji

(
RLLT

)
pq︸ ︷︷ ︸

spatiotemporal topology

.

Proof. We fix i, j ∈ V , p, q ∈ [0, T ), and the number of STMP layers to be
l = L and prove the bound by induction on l.
For the base case l = 1, one STMP layer first applies the LT TMP layers
node–wise, and then the LS MP layers time-wise. Thus, for the chain rule,
we have

∂h
i(1)
t−q

∂h
j(0)
t−p

=
∑

w∈V

T−1∑

τ=0

∂h
i(1)
t−q

∂z
w(LT)
t−τ

∂z
w(LT)
t−τ

∂h
j(0)
t−p

. (7.4.1)

EveryMP layer processes each time step separately, hence ∂hi(1)
t−q/∂z

w(LT)
t−τ = 0

unless τ = q. Similarly, every TMP layer processes each node separately,
hence ∂z

w(LT)
t−q /∂h

j(0)
t−p = 0 unless w = j. Both sums in Equation 7.4.1

therefore collapse, giving

∂h
i(1)
t−q

∂h
j(0)
t−p

=
∂h

i(1)
t−q

∂z
j(LT)
t−q

∂z
j(LT)
t−q

∂h
j(0)
t−p

.

Using sub-multiplicativity of the spectral norm, and considering the bounds
from Theorem C.1 for MP layers and Theorem 7.1 for TCN layers, we have

∥∥∥∥∥
∂h

i(1)
t−q

∂h
j(0)
t−p

∥∥∥∥∥ ≤
∥∥∥∥∥
∂h

i(1)
t−q

∂z
j(LT)
t−q

∥∥∥∥∥

∥∥∥∥∥
∂z

j(LT)
t−q

∂h
j(0)
t−p

∥∥∥∥∥
≤ (cξθm)

LS
(
SLS
)
ji
(cσw)

LT
(
RLT

)
pq
, (7.4.2)

which proves the bound for l = 1.
We assume the bound holds for l − 1 stacked STMP blocks, for all j, w ∈ V
and p, τ ∈ [0, T ):
∥∥∥∥∥
∂h

w(l−1)
t−τ

∂h
j(0)
t−p

∥∥∥∥∥ ≤ (cξθm)
(l−1)LS (cσw)

(l−1)LT
(
S(l−1)LS

)
jw

(
R(l−1)LT

)
pk
. (7.4.3)

For the l-th layer, we apply the chain rule, the triangle inequality, and
sub-multiplicativity:
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The first term is the base case of a single outer layer (7.4.2), and the right
term is our induction hypothesis (7.4.3), which combined with the triangular
inequality proves the induction:
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Induction on l establishes the inequality for every l ≤ L; in particular, for
l = L, which is exactly the claimed bound.

This result bounds the influence of input features hj(0)
t−p on output representation

h
i(L)
t−q , revealing a clean separation between model parameters and topologi-

cal factors, as well as between spatial and temporal components. Two key
implications emerge from this factorization.

First, the bound’s multiplicative structure across space and time dimensions
persists regardless of how many STMP layers are used. This means that
redistributing the computational budget among outer layers L and inner layers
LT and LS does not alter the bound’s characteristics. Therefore, from the
perspective of information propagation, TTS architectures (L = 1) are not
limited compared to T&S architectures (L > 1). While this does not guarantee
equivalence in expressivity or optimization dynamics, it provides a principled
justification for adopting more computationally efficient TTS designs without
compromising how information flows.

Second, the theorem reveals that spatiotemporal over-squashing in MPTCNs
arises from the combined effects of spatial and temporal over-squashing. This
is evident in the spatiotemporal topology component, where both the spatial
distance between nodes j and i and the temporal distance between time steps
t− p and t− q contribute equally to potential bottlenecks. This insight carries
significant practical implications: addressing over-squashing effectively requires
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(a) Ring (b) Lollipop

Figure 7.3. Ring and Lollipop graphs used in the synthetic experiments. We

highlight in green the target node , and show an example of a source node

when the spatial distance d is equal to the graph diameter.

targeting both dimensions simultaneously. Improving only one component,
through either spatial or temporal graph rewiring alone, will prove insufficient
if bottlenecks persist in the other dimension. In the following subsection, we
empirically assess these claims in both a controlled environment and real-world
benchmarks.

7.4.1 Empirical validation

Controlled environment

For this empirical analysis, we introduce a new synthetic benchmark specifically
designed to test both spatial and temporal over-squashing in STGNNs:

RocketMan We construct a graph with a fixed topology and N = 16 nodes.
Each node is associated with a sequence of T = 9 time steps, where
values are sampled uniformly from the [0, 1] interval. The prediction task
is designed to test long-range spatiotemporal propagation. For a given
target node i, the model must predict the average of the values at time
step t− p for all nodes located exactly d hops away from i. More formally,
let Nd(i) denote the set of nodes at shortest-path distance d from i, with
N0(i) = {i}. The label for node i is defined as:

yi
t =

1

|Nd(i)|
∑

j∈Nd(i)

xj
t−p,

while labels for all other nodes are masked out. The task thus requires
information to travel both d hops in space and p steps in time to reach
the decoder at node i. As in previous synthetic benchmarks, we generate
20,000 training samples, 320 for validation, and 500 for testing. To evaluate
the effect of spatial over-squashing, we use two graph topologies with
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Figure 7.4. Success rate (%) of MPTCNs on the RocketMan dataset. The tasks vary

for the type of graph used (Ring or Lollipop) and kernel size K (2 or 3). The plot

axes show the source neighbors distance d and the temporal distance p.

different properties: the Ring and the Lollipop graphs, both visualized in
Figure 7.3.

We evaluate both TTS and T&S variants of MPTCNs, equipping them with
just enough temporal and spatial layers to span the entire input domain (i.e.,
full spatial and temporal coverage). The success rate across multiple random
seeds is reported in Figure 7.4, with separate plots for TTS (7.4a) and T&S (7.4b)
models.

The results show several trends consistent with our theory. First, the task is
consistently more difficult on the Lollipop graph than on the Ring, despite both
having similar size. This aligns with prior findings on spatial over-squashing,
where Lollipop graphs are known to promote over-squashing due to their highly
unbalanced topology [Di Giovanni et al., 2024]. Second, the impact of temporal
over-squashing becomes apparent as we vary the convolutional filter size K . For
small temporal distances (i.e., low p), performance deteriorates with increasing
K. This confirms our theoretical claim that deeper stacks of convolutions favor
early inputs, making it harder to recover information from more recent time
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Table 7.1. Forecasting error (MAE) of MPTCNs with fixed budget in real-world

benchmarks.

Models L METR-LA PEMS-BAY EngRAD

M
P
T
C
N

R

6 3.19±0.02 1.66±0.00 44.43±0.41

3 3.19±0.01 1.65±0.01 43.83±0.03

1 3.14±0.02 1.63±0.01 44.47±0.42

RN

6 3.17±0.02 1.65±0.01 41.82±0.38

3 3.17±0.01 1.65±0.00 41.78±0.09

1 3.16±0.01 1.65±0.01 40.38±0.08

Graph WaveNet (orig.) 3.02±0.02 1.55±0.01 40.50±0.27

Graph WaveNet (TTS) 3.00±0.01 1.57±0.00 40.64±0.29

steps. Interestingly, this effect is visible in both TTS and T&S architectures,
although it is more pronounced in the latter.

Forecasting benchmarks

To verify that our theoretical insights extend to practical applications, we
evaluated various MPTCNs of fixed spatial and temporal budgets LLS and
LLT, respectively, on three standard spatiotemporal forecasting benchmarks,
namely METR-LA, PEMS-BAY, and EngRAD (see Section 2.6). We follow the
same experimental setup of Section 5.6 and report forecasting error measured
by MAE in Table 7.1.

The results offer several insights that support our theoretical analysis. First,
T&S and TTS approaches perform comparably on average, with the more
efficient TTS models outperforming in the majority of cases. This empirical
finding supports our theoretical conclusion that the TTS design is not inherently
limited from an information propagation perspective, although additional
factors may also influence comparative performance. Second, in the EngRAD
dataset, which requires larger filter sizes to cover the input sequence, the row-
normalization approach consistently improves performance. This hints that
temporal over-squashing affects standard convolutional models in practical
scenarios where longer temporal contexts are needed, as our theory suggests.
Finally, we compare Graph WaveNet [Wu et al., 2019] – a widely-used and more
complex T&S architecture – against its TTS counterpart. Results show that our
findings remain valid even when more sophisticated architectural components
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are involved.

7.5 Related work

The issue of over-squashing in GNNs was first highlighted by Alon and Yahav
[2021], who showed that GNNs struggle to capture long-range dependencies
in graphs with structural bottlenecks. Building on this, Topping et al. [2022]
introduced a sensitivity-based framework to identify over-squashing, extended
in following works [Di Giovanni et al., 2023a; Di Giovanni et al., 2024]. Two
main strategies have emerged to alleviate this problem: graph re-wiring to
enhance connectivity [Gasteiger et al., 2019; Topping et al., 2022; Karhadkar
et al., 2023; Barbero et al., 2024b], and architectural modifications to stabilize
gradients [Chen et al., 2020a; Tortorella and Micheli, 2022; Gravina et al., 2023;
Gravina et al., 2024a; Gravina et al., 2025]. Models such as graph transformers
[Ying et al., 2021; Müller et al., 2024] or those based on virtual nodes [Southern
et al., 2025] use global mechanisms that enable modeling long-range interactions
directly, bypassing the topological bottleneck. Notably, these efforts largely
overlook the role of time-evolving node features.

Similar challenges in modeling long-range dependencies have been studied in
temporal architectures like RNNs, where vanishing and exploding gradients
hinder effective learning [Bengio et al., 1994; Pascanu et al., 2013]. Solutions
include enforcing orthogonality [Vorontsov et al., 2017] or antisymmetry [Chang
et al., 2021] in weight matrices, as well as designing specialized stable architec-
tures [Rusch and Mishra, 2021]. Recently, the attention sink effect [Xiao et al.,
2024] has revealed a bias in Transformers towards early tokens [Wu et al., 2025],
with Barbero et al. [2024a] linking this phenomenon to over-squashing in lan-
guage models. None of these approaches, however, consider the compounding
challenge proper of graph-based sequence processing operators.

In the spatiotemporal domain, Gao and Ribeiro [2022] analyzed the expressive
power of STGNNs, offering theoretical insights into their ability to distinguish
non-isomorphic graphs in both T&S and TTS paradigms. Interestingly, they
proved that TTS architectures are more expressive than T&S counterparts. Yet, to
our knowledge, no prior work has directly tackled the problem of spatiotemporal
over-squashing in STGNNs, where the interaction between spatial and temporal
dimensions introduces unique challenges for information propagation.
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7.6 Discussion and future directions

In this chapter, we have formally characterized spatiotemporal over-squashing
in STGNNs, demonstrating its distinctions from the static case. Our analy-
sis reveals that convolutional STGNNs counterintuitively favor information
propagation from temporally distant points, offering key insights into their
behavior. Despite their structural differences, we proved that both T&S and
TTS paradigms equally suffer from this phenomenon, providing theoretical
justification for computationally efficient implementations. Experiments on
synthetic and real-world datasets confirm our theoretical framework’s practical
relevance. The insights from this study directly impact the design of effective
spatiotemporal architectures. By bridging theory and practice, we contribute to
a deeper understanding of STGNNs and provide principled guidance for their
implementation.

Our focus on factorized convolutional approaches aligns with established
GNN research while extending existing theoretical results to the spatiotemporal
domain. While this choice reflects popular design patterns, our analysis does not
directly include recurrent architectures or models with joint space-time filters,
which present opportunities for future work. Finally, our sensitivity bounds
are worst-case and therefore potentially conservative; deriving tighter, data-
dependent estimates and validating them empirically remain open directions.





Chapter 8

Conclusion

8.1 Summary of contributions

This thesis advanced the field of graph deep learning for irregular spatiotemporal
data by developing novel methodologies and theoretical insights, with a focus
on the practically relevant tasks of imputation and prediction. We summarize
the main contributions below.

In the first part of the thesis, we focused on missing-data imputation in spa-
tiotemporal settings by leveraging the relational inductive biases offered by
graph neural networks. We introduced the GRIN [Cini, Marisca, et al., 2022]
architecture (Chapter 3), a bidirectional message-passing recurrent neural net-
work that integrates spatial dependencies via graph convolutions within an
RNN. Thanks to its inductive biases, GRIN promotes imputations that are
consistent with the spatiotemporal context and yields smoothed reconstructions
as a byproduct, thereby also serving as a filtering model. We extended this ap-
proach to regimes with high data sparsity in Chapter 4, where we proposed the
SPIN model [Marisca et al., 2022]. SPIN employs a novel sparse spatiotemporal
attention mechanism, avoiding autoregressive processing and directly gather-
ing available observations across both dimensions. The model demonstrates
strong performance in settings with extremely sparse observations, where
autoregressive models fail.

In the second part of the thesis, we addressed the task of forecasting future values
from irregularly sampled spatiotemporal inputs. We began by considering the
simpler case with only spatial irregularity while assuming temporally complete

159
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sequences (Chapter 5). We formalized the design space of spatiotemporal graph
neural networks for forecasting, contrasting different processing paradigms –
including the time-and-space (T&S) and time-then-space (TTS) approaches [Cini,
Marisca, et al., 2025]. We introduced global-local forecasting architectures [Cini,
Marisca, et al., 2023b] that combine node-specific embeddings with shared
spatiotemporal message-passing layers, balancing specialization and general-
ization to improve prediction accuracy. To address the scalability challenge,
we developed the SGP model [Cini, Marisca, et al., 2023a], which decouples
encoding and decoding via randomized spatiotemporal embeddings using echo
state networks and precomputed graph propagation. SGP achieves competitive
forecasting performance while drastically reducing training and inference cost.

In Chapter 6, we addressed the more general setting where data are incomplete
and irregular across both space and time, and developed architectures that
directly predict future values from partial inputs. We introduced a framework
based on spatiotemporal hierarchical downsampling, HD-TTS [Marisca et al.,
2024], that extracts representations at multiple spatiotemporal resolutions via
interleaved downsampling and message passing over both space and time
dimensions. By adaptively combining representations across scales, the model
learns to route attention away from regions with missing observations while
preserving local information where available. We showed that HD-TTS not
only achieves state-of-the-art forecasting accuracy under varying missing data
patterns but also enables interpretable analysis of model behavior through the
attention scores.

A key theoretical contribution of this thesis is the formalization and study of
spatiotemporal over-squashing [Marisca et al., 2025] – a phenomenon where
information struggles to propagate between two points due to graph and tem-
poral structure, limiting the power of STGNN models (Chapter 7). We extended
the concept of over-squashing from static graphs to the spatiotemporal domain,
showing that both temporal and spatial topologies can restrict information prop-
agation. We demonstrated analytically and empirically that in convolutional
STGNNs recent information is unexpectedly attenuated in favor of information
distant in time. Moreover, we observe that this behavior equally affects TTS and
T&S models, supporting the adoption of computationally efficient implementa-
tions with theoretical results. We provided design guidelines to mitigate this
form of over-squashing via temporal graph rewiring, offering new directions
for robust long-range propagation in (spatio)temporal networks.

Together, these contributions establish a general-purpose, theoretically grounded,
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and empirically validated framework for graph-based modeling of irregular
spatiotemporal data. Each component is designed to handle key real-world
challenges such as irregular sampling, sparsity, and scalability, contributing to
the development of more effective and efficient learning systems.

8.2 Future directions

Several promising research directions remain open. Most models in this thesis
assume the spatial graph structure to be fixed or slowly evolving. While this
assumption is valid in many real-world scenarios, it may become limiting in
applications where the topology changes rapidly – such as social or commu-
nication networks. Learning dynamic or task-specific topologies end-to-end
remains an open challenge, particularly under irregular or sparse observations.
Recent advances in both discrete and continuous graph structure learning offer
promising tools, and active research is ongoing in this area [Dong et al., 2019;
Franceschi et al., 2019; Shang et al., 2021; Cini et al., 2023c; Manenti et al., 2025].
In addition, continuous-time modeling of dynamic graphs [Rubanova et al.,
2019; Chamberlain et al., 2021; Gravina et al., 2024a; Gravina et al., 2024b] is
well-aligned with the irregular settings addressed in this thesis and offers an
interesting extension for future work.

The global-local STGNNs introduced in this thesis demonstrate strong perfor-
mance by balancing generalization and specialization. However, extending
these architectures to dynamic or inductive scenarios – where new nodes, edges,
or subgraphs may appear at test time – remains a challenging problem. How
to effectively specialize and adapt learned representations in such evolving
environments is still an open question. Promising directions include local
fine-tuning, meta-learning approaches, and embedding space regularization
[Yin et al., 2022; Butera et al., 2025].

Despite growing empirical progress, the theoretical foundations of STGNNs
– particularly under irregular sampling – still remain underdeveloped. While
this thesis analyzed spatiotemporal over-squashing as a key limitation, other
important aspects such as model expressivity [Gao and Ribeiro, 2022] and
stability to missing data still require in-depth investigation. Bridging the gap
between theoretical understanding and practical model design is crucial for
advancing the field and designing more robust architectures.
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8.3 Final remarks

This thesis explored the intersection of graph deep learning and irregular
spatiotemporal data, contributing a principled and flexible methodological
framework that combines task-specific design with theoretical insight. From
reconstructing sparse observations to forecasting future values under incomplete
data, the work presented here consistently demonstrates the power of graph-
based representations for modeling complex, real-world phenomena. By
explicitly incorporating spatial and temporal structure throughout the modeling
pipeline, the presented results showed that it is possible to move beyond the
assumptions of regular sampling and complete data, a critical step toward
making machine learning models more aligned with how data is actually
acquired in practice.

Looking ahead, the growing availability of distributed sensor networks – and
spatiotemporal data in general – calls for models that are not only accurate
but also efficient, scalable, and robust to irregular inputs. With data-driven
approaches becoming increasingly central to modern scientific workflows, I hope
the ideas and tools developed in this thesis can support and accelerate discovery,
especially in fields like climate science and healthcare, where dealing with
incomplete yet structured data is common, and where progress can ultimately
lead to meaningful benefits for society.
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from 358 sensors in the third district in California over 3 months.

PEMS04 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Traffic flow dataset from Guo et al. [2022], contains 5-minute readings
from 307 sensors in the fourth district in California over 2 months.

PEMS07 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Traffic flow dataset from Guo et al. [2022], contains 5-minute readings
from 883 sensors in the seventh district in California over 4 months.

PEMS08 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Traffic flow dataset from Guo et al. [2022], contains 5-minute readings
from 170 sensors in the eighth district in California over 2 months.

Point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
The point missing data pattern.

PV-US . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
Simulated solar energy production dataset from the National Renewable
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Energy Laboratory (NREL) [Hummon et al., 2012], contains 10-minute
resolution data for the year 2006 from 5,016 solar plants across the United
States.

Pytorch Geometric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
An open-source Python library built upon PyTorch to implement and
train Graph Neural Networks [Fey and Lenssen, 2019].

https://pytorch-geometric.readthedocs.io/

SPIN-H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
The hierarchical variant of SPIN by Marisca et al. [2022] for reduced
computational complexity.

T&S-AMP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
The time-and-space recurrent architecture with anisotropic message pass-
ing by Cini, Marisca, et al. [2023b].

T&S-IMP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
The time-and-space recurrent architecture with isotropic message passing
by Cini, Marisca, et al. [2023b].

Torch Geometric Pool . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
An open-source Python library providing a suite of graph pooling opera-
tors compatible with Pytorch Geometric [Bianchi and Marisca, 2025].

https://torch-geometric-pool.readthedocs.io/

Torch Spatiotemporal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
An open-source Python library based on PyTorch for deep learning on
spatiotemporal data [Cini and Marisca, 2022].

https://torch-spatiotemporal.readthedocs.io/

TTS-AMP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
The time-then-space recurrent architecture with anisotropic message
passing by Cini, Marisca, et al. [2023b].

TTS-IMP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
The time-then-space recurrent architecture with isotropic message passing
by Cini, Marisca, et al. [2023b].

https://pytorch-geometric.readthedocs.io/
https://torch-geometric-pool.readthedocs.io/
https://torch-spatiotemporal.readthedocs.io/
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