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It is not the critic who counts: not
the man who points out how the
strong man stumbles or where the
doer of deeds could have done
better. The credit belongs to the
man who is actually in the arena,
whose face is marred by dust and
sweat and blood, who strives
valiantly, who errs and comes up
short again and again, because
there is no effort without error or
shortcoming, but who knows the
great enthusiasms, the great
devotions, who spends himself for
a worthy cause; who, at the best,
knows, in the end, the triumph of
high achievement, and who, at the
worst, if he fails, at least he fails
while daring greatly, so that his
place shall never be with those
cold and timid souls who knew
neither victory nor defeat . . .

Theodore Roosevelt 1910

iii



iv



Abstract

Fundamental tasks in multivariate and numerical analysis, such as sparse preci-
sion matrix estimation via graphical lasso and function approximation, are for-
mulated in ever-increasing dimensions. Consequently, this results in a significant
increase in the computational demand that quickly renders standard solution
methods intractable. With this motivation, we present two scalable algorithms
that mitigate the obstacles faced in high-dimensional settings. First, we build
on the current developments of second-order solution methods for the graphi-
cal lasso estimator and introduce a performant algorithm that exploits the spar-
sity and the block structure of the underlying computation. The algorithm is
then parallelized, taking advantage of both shared- and distributed-memory ar-
chitectures. For validation, we present large-scale test results for problems of
up to 10 million dimensions (or equivalently, random variables). Second, we
propose a highly efficient and generic function approximation framework that
leverages dimensional decomposition with adaptive sparse grids. The hallmark
of the proposed approach is the decomposition of a high-dimensional function
into a nested summation of low-dimensional component functions. We present
an efficient parallelization scheme that leverages the intrinsic separability of the
formulation. Finally, an economic case study is presented where the framework
is deployed on 1,024 nodes at the Swiss National Supercomputing Center.
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Chapter 1

Introduction
The prediction and modeling of complex, nonlinear, and noisy systems is a com-
putationally challenging task, with application fields that cross many disciplines.
These challenges have attracted increasing attention from researchers and practi-
tioners due to the theoretical and practical prospects. Following this trend, high-
performance computing (HPC) and advanced algorithmic solutions have become
an increasingly important topic. With the advancements in both numerical meth-
ods and computational hardware, it is now possible to consider problems of un-
precedented scale and complexity; see, e.g., [BWD+20; SB19; SHS+18]. Here
we focus on two distinct and ubiquitous problems in large-scale multivariate and
numerical analysis, namely, graphical lasso and function approximation.

A common approach for the estimation of sparse inverse covariance matri-
ces is the L1-regularized maximum likelihood approach, commonly referred to
as the graphical lasso; see, e.g., [FHT07; BGd08; YL07]. The inverse of the co-
variance matrix, referred to as the precision matrix, is fundamental in multi-
variate analysis. In many applications, for example, biological networks (see,
e.g., [KS17; YL12]), finance (see, e.g., [FFL08; LW03]), and pattern recognition
(see, e.g., [McL92; JDJ00]), precision matrices are often estimated as sparse,
meaning that many of the random variables are conditionally independent. In
a Gaussian setting, the sparse precision matrix encodes the graphical structure
of a Gaussian Markov Random Field (GMRF), which by itself is useful in elu-
cidating the association between random variables. For large-scale or equiva-
lently high-dimensional datasets, the estimation of precision matrices poses a
computational challenge as the pairwise relationship of random variables grows
quadratically. The surge of large-scale datasets has emphasized the importance
of scalable sparse precision matrix estimation methods, attracting attention and
progressing algorithmic and computational developments. Here we propose a
second-order algorithm for sparse precision matrix estimation, which leverages
the underlying sparsity for increased performance and scalability.
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Realistic models of complex systems require, by definition, a substantial level
of heterogeneity—that is to say, the model needs to have a potentially high-
dimensional state space. Having to approximate functions with a high-dimensional
continuous state space, for example, the policy and value functions in reinforce-
ment learning (see, e.g., [DALM+20; MG18] ), or in dynamic stochastic economic
models (DSE) (see, e.g., [SB19; BS17]), is a challenging task that is subject to
prohibitive obstacles referred to as the curse-of-dimensionality [Bel61]. Gen-
erally, this phenomenon manifests as an exponentially increasing demand for
the required computational resources with the growing dimensionality of the
state space. Although high-dimensional function approximation is a challenge
that touches many fields with similar problems, here, we focus our attention on
the so-called time iteration solution method (see, e.g., [Jud98]) for DSE models.
The solution to DSE models provides the optimal decision-rules for, in this case,
the economic agents. Such a solution is of interest when one is concerned with
economic questions regarding the effect of various policies (trade, budget, well-
fare, etc.). Model-based economics has addressed the issues of high-dimensional
models by either assuming less heterogeneity (see, e.g., [KK04]), effectively re-
verting the dimensionality of the model, or by solving the system around the
steady-state; see, e.g., [Uhl95]. These simplifications are unsatisfactory for cases
where one wishes to gain insight into the dynamics of complex economic models
that diverge from the steady-state. We present here a highly scalable solution
framework for solving high-dimensional DSE models using an adaptive sparse
grid (SG) in combination with dimensional decomposition (DD).

In both topics noted above, the development of scalable algorithms capable
of utilizing modern multicore machines and HPC facilities is necessary for ad-
vancing the state-of-the-art. We show that for both developments outlined in
this document, the introduced algorithm can scale efficiently on, for example,
the Piz Daint system at the Swiss National Supercomputing Center (CSCS) with
Cray XC50 supercomputers equipped with 1, 431 multicore nodes.

This document is broken into four parts. In Part I and II, we outline the mathe-
matical foundations of graphical lasso and function approximation in the context
of the proposed solution methods. Next, in part III, we provide the algorithmic
and computational considerations for the introduced implementations.

The author’s contribution regarding graphical lasso and function approxima-
tion are outlined in [BESS19; EBS18; EPB+21] and [ESS17], respectively. This
manuscript outlines these contributions but does not include all the numeri-
cal tests and case studies provided in the noted publications. The results in
Section 9.3.3, and the software package in Section 6.5, are associated with a
manuscript currently under review [ES20] and forthcoming article submission.



Part I

Scalable Precision Matrix Estimation
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Chapter 2

Background

When modeling many random variables, say hundreds of thousands, the joint
distribution is referred to as being high-dimensional. The necessity for model-
ing high-dimensional distributions directly reflects the complexity and scale of
modern data analytics. In many domains, such as engineering, statistics, and
physics, the Gaussian multivariate distribution is the most well-known and com-
monly assumed distribution. The Central Limit Theorem [Cam86], and the Max-
imum Entropy Principle [Jay57] are perhaps the most fundamental and general
theoretically based arguments for the normality assumption. As such, character-
ization of the mean, and in particular, the covariance matrix (or its inverse the
precision matrix), is a ubiquitous task. This chapter outlines the essential knowl-
edge used in the forthcoming chapters to propose a high-dimensional precision
matrix estimation method.

We begin in Section 2.1 by providing a review of the maximum likelihood
(ML) method. We then proceed in Section 2.2 to highlight the motivation and
implications of sparse precision matrices from both a computational and appli-
cation standpoint. The condition of sparsity in the precision matrix arises from
the conditional independence of random variables, which is discussed in Sec-
tion 2.3. The relationship, or lack thereof, between conditional independence
and (unconditioned) independence is outlined in Section 2.4. In a Gaussian set-
ting, precision matrices play a fundamental role in the theory of Gaussian Markov
Random Fields (GMRF), as such, in Section 2.5 we outline, at a high level, the
relevant concepts. Furthermore, numerical methods which induce sparsity in the
solution are a central topic in the estimation procedure, for which the Least Ab-
solute Shrinkage and Selection Operator (lasso), discussed in Section 2.6, is a
pervasive method and most well-known for regression-based problems. Finally,
in Section 2.7 we provide a brief overview of various existing methods for the
estimation of sparse precision matrices.

5



6 2.1 Maximum Likelihood Method

2.1 Maximum Likelihood Method

The ML method is a principal approach for estimating the parameters of a pre-
scribed model. Informally, it answers the question, for this model, what are the
parameters that make the set of sample observations most likely? see [FR22] for
original proposition. One key attraction of the ML approach is that, for a large
number of samples, the variance from the resulting estimate is equal to lower
bound (referred to as the Cramér-Rao lower bound) of minimum achievable vari-
ance for any unbiased estimator [Cra46; Rao45]. However, in practice, samples
are limited, and thus much of the theoretical guarantees cannot be satisfied. As
we will see, the ML estimator of the precision matrix is not a promising method
for estimation when only a limited number of samples are available. With this
said, the ML approach will form the backbone of the more advanced methods
discussed in the later sections.

Suppose that {y1, . . . , yn} are n observation of independent and identically
distributed continues random variables Y = {Y1, . . . , Yn}, each having a density
function f (yi;θ ), where θ is the model parameters. The likelihood-function is
the probability of observing the data

L(θ ; y1, . . . , yn) =
n!

i=1

f (yi;θ ). (2.1.1)

As the observations are fixed, it is common to drop these dependencies and use
the notation L(θ ). Notice that the likelihood function is not a probability density
function. It is a measure that indicates the degree to which the presented data
support the selection of a particular parameter — that is, if L(1θ ) > L(2θ ), that
we interpreted 1θ to be more plausible hypothesis than 2θ . The maximizer of the
likelihood function is the ML estimate. Before proceeding further, we make two
changes for the sake of convenience and convention. Firstly, it is mathematically
more convenient to work with the logarithm of the maximum likelihood, which
breaks the product into a summation.1 Second, in the field of optimization, the
optima of a function are always referred to as its minimum. Thus, from here
on we work wit the negative log-likelihood function L(θ ) := − log L(θ ). The ML
parameter estimation problem is defined as follows:

θ̂MLE := argmin
θ

{L(θ )}= argmin
θ

"
−

n#

i=1

log f (yi;θ )

$
. (2.1.2)

1Taking the logarithm of likelihood function does not affect the optimizer as the logarithm is
a monotonically increasing function.



7 2.1 Maximum Likelihood Method

We now consider the ML method for estimating the parameters of Gaussian
distribution. Let {y1, . . . ,yn} ∈ !p be n independent and identically distributed
sample observation from N(µ,Σ), with parameters Σ ∈ !p×p and µ ∈ !p being
the positive-definite covariance matrix (i.e., Σ ≻ 0)2 and mean, respectively. The
Gaussian density is written as

f (yi;µ,Σ) = (2π)−
p
2 det(Σ)−

1
2 exp
%
−1

2
tr
&
Σ−1(yi −µ)(yi −µ)⊤

'(
, (2.1.3)

where here we use the trace operator to rearrange the quadratic term in the
exponent (referred to as the trace trick). This approach provides the subsequent
simplification. Ignoring constant additive and scaling terms, the negative log-
likelihood function for the Gaussian density is

L(µ,Σ) = log det(Σ) + tr

)
Σ−1 1

n

n#

i=1

(yi −µ)(yi −µ)⊤
*

. (2.1.4)

Solving the first-order conditions for the mean, we arrive at the ML estimate
µ̂ = µ̄, where µ̄ is the sample mean. Denote the precision matrix Θ := Σ−1 and
sample covariance matrix

S=
1
n

n#

i=1

(yi − µ̂)(yi − µ̂)⊤. (2.1.5)

By using µ̂ in (2.1.4), we can write the negative log-likelihood with respect to
the precision and sample covariance matrix

L(Θ) = − log det(Θ) + tr (ΘS) . (2.1.6)

In the case where n " p and where S ≻ 0, the first order optimality conditions
of (2.1.6) provides estimates Θ̂ = Σ̂

−1
= S−1. However, for low sample cases

n < p we have that S # 0 and thus the problem is ill-posed. Furthermore, it
is important to emphasize that even when n " p, the estimate is most likely
ill-conditioned [GZ17].

Before outline a solution method for cases where n < p, we first provide
some insight on the benefits of working with the precision matrix in place of the
covariance matrix. In particular, we will see that sparsity in the precision ma-
trix is of high importance as it encodes the conditional independence of random
variables. Furthermore, we argue that in high-dimensional datasets with many
random variables, sparsity in the precision matrix is a plausible property that is
noted to be intrinsic in many application domains.

2In general, the covariance matrix is symmetric positive semi-definite; however, it must be
positive-definite for the Gaussian probability density function to exist.
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2.2 Sparse Precision Matrices

Even though the information in the precision and covariance matrix are the same,
from an application perspective, it is more favorable to work with the precision
matrix as it can provide deeper insight on the underlying direct interactions be-
tween random variables [AKM16]. However, what remains to be said is if sparsity
in the precision matrix is a plausible assumption, that is, how common are con-
ditional independence (see Section 2.3 for definition) in real datasets? Indeed,
the degree of sparsity in the precision matrix, be it zero, is an attribute inher-
ent to the true underlying distribution, which is not known. With this said, in
many applications, it is assumed that only a few common, conditionally depen-
dant factors dictate the system’s overall dynamics; to name just a few, financial
returns depend on a few common risk factors [FFL08; FF93], similarly biolog-
ical and gene networks [BB21; YTC02] and even connections between regions
of a given brain [DSL+17; WKKG16]. The importance of precision matrices, and
their advantageous properties, has been long studied, dating back to [Dem72].
Thus capturing the salient dependencies among random variables is a motivating
factor for the assumption of sparse precision matrices.

2.2.1 Implications

The implications of sparsity in the precision matrix that parameterizes a high-
dimensional Gaussian density are two-fold. From an estimation standpoint, we
can limit the class of precision matrix models to those with a limited degree
of freedom. Furthermore, we can rely on well-established, high-performance,
scalable algorithms for sparse linear algebra computation.

When the number of random variables is greater than the number of available
samples, p > n, the estimation of the precision matrix is ill-posed because the
number of unknown parameters O(p2) is greater than the number of available
samples. In high-dimensions, when p≫ n, this problem is exaggerated further,
with the number of unknowns being significantly higher than the number of sam-
ples. Assuming a sparse precision matrix, we reduce the number of unknowns
significantly, thus paving a path for a well-posed problem. With regard to com-
putation, the sparsity in the precision matrix is highly important as it opens the
door to a plethora of research in high-performance algorithms for sparse linear
systems; see, e.g., [DRSL16] for survey dating back 50 years. Leveraging the
computational advantages of sparse precision matrices is a central topic of this
work and will be discussed in detail in Chapter 3.
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2.3 Conditional Independence

An essential notion in multivariate probability distributions is that of conditional
independence. Consider the random variables {Y1, Y2, Y3}, we state that Y1 and Y2

are conditionally independent given (or conditioned on) Y3 if

p(y1|y2, y3) = p(y1|y3). (2.3.1)

Because the probabilities are equal, Y2 is made redundant give Y3, implying that
by knowing Y3, knowledge about Y2 does not affect the probability of Y1. This
concept is of particular importance as it can reveal the relationship between ran-
dom variables without redundancy.

We begin by defining the conditional distribution of multivariate Gaussian.
Consider the partitioned random variables {YA, YB} where A ⊂ {1, 2, . . . p} and
B= {1, 2, . . . p} \A. The corresponding joint density is the following

+
YA

YB

,
∼N

-+
µA
µB

,
,

+
ΣAA ΣAB

Σ⊤
AB

ΣBB

,.
. (2.3.2)

The partitioned notation of the covariance matrix represents the matrix of covari-
ats corresponding to indices in A and B and the submatrixΣAB is of size |A|×|B|.
The conditional distribution of YA conditional on YB = c is also Gaussian, and
defined as (YA|YB = c)∼N(µA|B,ΣA|B) where

µA|B = µA −ΣABΣ
−1
BB
(c−µB) and ΣA|B = ΣAA −ΣABΣ

−1
BB
Σ⊤

AB
; (2.3.3)

see, e.g., [And03] for detailed derivation. The conditional covariance matrix
ΣA|B is the Schur compliment of the BB block of Σ in (2.3.2). The Schur com-
plement follows this equality3

(ΣA|B)
−1 = (Σ−1)AA = ΘAA (2.3.4)

Let Yi and Yj be pair random variables with A = {i, j} for i ∕= j, and B =
{1, 2, . . . p} \A. We can state that variable i and j are conditionally independent
if (ΣA|B)i j = (ΣA|B) ji = 0. If so, ΣA|B is diagonal, and so will ΘAA. Formally, the
necessary and sufficient conditions for conditional independence between a pair
of random variables (i, j) are as follows:

Θi j = 0 ⇐⇒ Cov
/
Yi, Yj|Y{1,2,...,p}\{i, j}

0
= 0. (2.3.5)

Thus, the conditional independence between a pair of variables corresponds to
a zero-entry in the precision matrix.

3Nice that the Schur compliment is ΣA|B ≻ 0 and thus invertible. This result can also be
seen directly from the observation: (Σ−1)AA will be the only quadratic term with respect to YA

in the conditional Gaussian density.
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2.4 Independence

The jointly distributed Gaussian random variables {Yi, Yj} are considered to be
unconditionally independent, or simply independent if they are uncorrelatedΣi j =
Σ ji = 0.4 In general uncorrelated does not imply independence; the covariance
(or correlation) is a linear measure of the dependence of jointly distributed ran-
dom variables; however, in a Gaussian setting, dependence is strictly linear.

If {Y1, Y2} are conditional independent, what can be said about indepen-
dence? To shed light on this idea, consider A = {i, j} for i ∕= j, and B =
{1, 2, . . . , p} \A. Let YA be conditionally independent, that is ΘAA is diagonal. It
follows from (2.3.3) and (2.3.4) that they are independent if

(ΣAA)i j = (ΣABΣ
−1
BB
Σ⊤

AB
)i j =
#

r,k∈B
(Σ−1

BB
)rk(ΣAB)ir(ΣAB) jk = 0. (2.4.1)

They are two scenarios for the condition above to hold: (i) the terms in the sum-
mation in (2.4.1) are not all zero but cancel out in the total, or (ii) every term
of the summation equals zero. For the terms to cancel out, it would imply some
intrinsic relationship unique to the distribution; see Remark 1 for a hypothetical
example. The other scenario would require {Yi, Yr}, and {Yj, Yk} to be uncor-
related for all r, k where (Σ−1

BB
)rk ∕= 0. As these conditions may or may not be

fulfilled, conditional independence does not imply independence (or vice versa).
In reality, most observations of random variables from a given system will

be correlated to some degree, and thus the covariance matrix will be dense. Al-
though the assumption of sparsity in the precision matrix does not transfer to
the covariance matrix, the covariates can be small in magnitude; thus, a sparse
approximation may be a valid approach; see Section 3.8 for further details.

Remark 1 ΣAB can be “designed" with respect to ΣBB such that the condition in
(2.4.1) is satisfied; ΣAB = 0 is a trivial example. A more contrived example, is
if ΣAB would be proportional to the eigenvectors of the ΣBB. The following is an
example of this with ΣBB being the bottom right block

Σ =

1
223

1 0 −0.5 0.5
0 1 0.5 0.5
−0.5 0.5 2 1

0.5 0.5 1 2

4
556 Θ =

1
223

2 0 1 −1
0 1.2 −0.2 −0.2
1 −0.2 1.2 −0.8
−1 −0.2 −0.8 1.2

4
556 . (2.4.2)

Here Σ⊤
AB
Σ−1

BB
ΣAB is diagonal. The pair Y1 and Y2 are uncorrelated and condition-

ally independent; but at the same time Y1 and Y2 are also correlated and condition-
ally dependent to Y3 and Y4.

4This only applies for jointly distributed Gaussian random variables.
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2.5 Gaussian Markov Random Fields

The precision matrix provides two levels of insight, conditional independence
corresponding to the zero values and the nonzero pattern. The nonzero pattern
of the precision matrix can be represented as a graphical model. In particular
the Gaussian random variable Y with a precision matrix Θ is GMRF with respect
to the labelled graph G(Θ) = (V,E) where

V= {1, 2, . . . , p} and E=
7
(i, j) : Θi j ∕= 0, i ∕= j

8
. (2.5.1)

Even if Θ is completely dense, Y is still GMRF, but then G(Θ) is a fully connected
graph; see, e.g., [RH05] for a comprehensive theoretical review and applications
of GMRF. However, much of the valuable properties of a GMRF are for the case
where Θ is sparse. The Markovian properties of GMRF come from the definition
of conditional independence, which is equivalent to pairwise, local, and global
Markov property [WKP13]. In Figure 2.1 we visualise the nonzero pattern of Θ,
which we define as

S(Θ)i j =

"
0 if Θi j = 0

1 if Θi j ∕= 0,
(2.5.2)

and the corresponding graph G(Θ). Notice that the adjacency matrix for G(Θ),
is S (Θ) if the diagonal values are ignored. This graph represents a simple au-
toregressive model of order-1 (AR(1)), where the realization yt = cyt−1 + ε and
ε independent and identically distributed Gaussian noise. Similarly, in an AR(k)
process, Θ would have k nonzero off-diagonals.

This graphical representation of Θ provides the infrastructure to utilize ba-
sic concepts from Graph theory [Bon08]. In Section 3.8, we highlight the re-
lationship between G(Θ) and G(Θinv), where Θinv is a sparse approximation of
Θ−1. This relationship will play central role in the computational efficiency of
the forthcoming algorithm for sparse precision matrix estimation.

S (Θ) =

1
223

1 1
1 1 1

1 1 1
1 1

4
556 G(Θ) = Y1 Y2 Y3 Y4

Figure 2.1: A visualization of the nonzero pattern of Θ, denoted as S (Θ) (left)
and labelled graph G(Θ) (right). The random variables {Yi, Yj} are conditionally
independent given all other random variables, if there is no edge between them.
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2.6 Least Absolute Shrinkage and Selection Operator

Let y ∈ !n, X ∈ !n×p, θ ∈ !p, and ε ∈ !p be the response vector, design matrix,
parameter vector, and independent and identically distributed zero-mean error
vector, respectively. For the classical linear regression model

y= Xθ + ε, (2.6.1)

if n" p the ordinary least-squares (OLS) solution θ̂OLS := (X⊤X)−1X⊤y is unique,
cnon-sparse solution. However, in the case of n < p, the problem is ill-posed,
and OLS will fail to produce an accurate or interpretable estimate.5

The lasso regression is equivalent to the L1-regularized OLS problem, for
which the estimator has an advantageous property in that it is sparse. For λ " 0,
referred to as the scalar tuning parameter, the lasso regression estimator is de-
fined as follows:

θ̂ := argmin
θ

{l(θ ) +λ+θ+1}, where l(θ ) =
1
2
+y−Xθ+22. (2.6.2)

If n " p , θ̂ is unique as (2.6.2) is strictly-convex; however, in the case of p < n
the solution is not unique, as is the case with OLS (when λ = 0). With this said,
given any y, X and a fixed λ > 0, any two solutions 1θ̂ and 2θ̂ will satisfy

1θ̂ i ·2 θ̂ i " 0 for i = 1, 2, . . . p. (2.6.3)

Thus the solution to any lasso regression will not alter the sign assigned to a given
variable [Tib13]. From an application perspective, this is particularly reassuring.
Even with a non-unique estimate, the lasso solution can provide some degree of
interpretability of the signs of the estimated parameters. Regardless of the p or
n, a sparse solution is inherent to the lasso method. The subgradient optimality
conditions of (2.6.2) are the following:

,l(θ̂ ) +λγ= 0, where γi =

"
sign
&
θ̂ i

'
if θ̂ i ∕= 0

∈ [−1, 1] if θ̂ i = 0
i = 1, 2, . . . p. (2.6.4)

In general, no explicit solution to the lasso regression exists (cf. below a
didactic example where an explicit does exist). With this said, much attention
has been devoted to solution methods for lasso regression. Amongst these are
quadratic programming, which was proposed in the original paper of lasso [Tib96],
iterative ridge [FL01], gradient ascent [Goe10], and coordinate decent [Fu98;
DDDM04]. The latter will be discussed in greater detail in Section 3.3.

5For n < p, the OLS estimate does not guarantee consistent coefficient signs, which renders
the crudest interpretation invalid.
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θ̂OLSθ̂ L1
θ̂OLSθ̂ L2

Figure 2.2: For a maximization problem, the visualised effect of L1- (left) and L2-
regularization (right) in comparison to the OLS estimate θ̂ OLS. The red lines repre-
sent the boundary of the 1- and 2-norms, while the dashed lines are the contours of
the OLS objective function. The estimate θ̂ L1

and θ̂ L2
are the maximal intersection

of OLS contour lines and boundary of the 1- and 2-norms, respectively.

An explicit solution exists in the exemplary case when X is orthonormal such
that X⊤X = I. This can serve to highlight the attributes of the lasso estimator.
Given X is orthonormal we have θ̂OLS = X⊤y. The lasso estimator

θ̂ i =

9
:;
:<

&
θ̂OLS

'
i
−λ if
&
θ̂OLS

'
i
> λ&

θ̂OLS

'
i
+λ if
&
θ̂OLS

'
i
< λ

0 if
==&θ̂OLS

'
i

==$ λ
(2.6.5)

= sign
&&
θ̂OLS

'
i

'
max
&&
θ̂OLS

'
i
−λ, 0
'

i = 1, 2, . . . p,

can be directly derived from the subgradient optimality conditions in (2.6.4);
see, e.g., [HTF09, Section 3.4] for a detailed analysis. The second, more compact
formulation in (2.6.5) is referred to as the soft-thresholding function which is a
common way for defining the lasso solution and will be used again in Section 3.3.
Consider now the solution to the L2-regularized version of (2.6.2) (referred to
as ridge regression, see, e.g., [van15] for further detailed), where in-place of
λ+θ+1, we have 1

2λ+θ+22. The solution here is straightforward θ̂ L2
= 1

1+λ θ̂OLS. As
visualised in Figure 2.2, the lasso solution θ̂ L1

shrinks the OLS estimates toward
zero, hence the name,6 while the ridge regression solution θ̂ L2

has a dampening
effect on OLS estimates. As opposed to the ridge, lasso regression performs both
regularization and variable selection.

6This attribute of the lasso estimator is not applicable for a general X; however, the regression
problem in (2.6.2) can always be transformed such that X is orthonormal.
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2.7 Existing Solution Methods

Here we present a (very) brief overview of the various sparse precision matrix
estimation methods. A list of available software packages and comparative per-
formance and accuracy results are outlined in Section 8.1 and 8.2, respectively.
Discussed below are two common approaches for estimating sparse precision
matrices: the ML and pseudo likelihood (PL) methods.

2.7.1 Maximum Likelihood Methods

The ML method is applicable in scenarios where n > p; see Section 2.1 for ad-
ditional details. However, this is rarely the case in practice, and thus the ML
estimator for the precision matrix does not exist. As such , we turn to regu-
larizing the likelihood function in (2.1.6), in particular with the 1-norm in a
similar fashion to the lasso regression; see Section 2.6 and 3.2 for further in-
formation. The resulting function is convex and thus there exist a larger num-
ber of optimization approaches which have been developed, to name a few, (in-
exact) interior point methods [YL07; LT10; CLL11], blockwise descent meth-
ods [BGd08; dBG08; FHT07; RBLZ08], iterative thresholding [RRG+12], alter-
nating linearization [SR10a], projected subgradients [DGK08], greedy-type de-
scent methods [SR10b] and, more recently, developed second-order methods
[DVR08; ONRO12; BK14]. Amongst the second-order methods, the one pro-
posed by [HSDR11], named QUadratic approximation for sparse Inverse Covari-
ance (QUIC), forms the basis of the proposed algorithm in Chapter 3.

2.7.2 Pseudo Likelihood Methods

An alternative approach to ML is PL-based methods, which utilize computation-
ally simpler objective functions in an attempt to achieve more efficient and direct
exploitation of the underlying graphical structure for improved performance and
accuracy [AKOR17]. Though the developments in PL methods have lagged in
comparisons with ML methods, recent theoretical and computational advance-
ments have led to the introduction of new algorithms with encouraging results;
see, for example, [PWZZ09; RZY08; FHT10; AKOR17; KOR15; ODKR14]. Con-
cerning high-dimensional applications HP-CONCORD is the state-of-the-art PL
method introduced in [KAA+18]. HP-CONCORD is available as a scalable and
performant software package.7

7A performance comparison between the proposed SQUIC algorithm (see Section 3.5 for
details) and HP-CONCORD is found in the case study presented in Section 8.3.



Chapter 3

High-Dimensional Graphical Lasso

Precision matrix estimation becomes especially difficult in high-dimensional sit-
uations, as the ML estimator is either ill-posed or ill-conditioned. The ML objec-
tive function may be regularized to produce a well-posed problem; particularly,
the 1-norm regularized negative log-likelihood will provide a sparse estimate
of the precision matrix for p ≫ n. This method is referred to as the graphi-
cal lasso, and as the name implies, it shares many characteristics of the lasso
method used in regression problems; see, Section 2.6 for further details. How-
ever, high-dimensional settings also present challenges due to the potentially
massive increases in computational costs as the number of random variables in-
crease. This chapter outlines the Sparse QUIC (SQUIC) algorithm that addresses
the computational challenges inherent to high-dimensional graphical lasso.

In Section 3.1 we provide a probabilistic interpretation of regularization in
the context of the ML method. This nexus between probability and optimization
theory draws on the Bayesian theoretical framework, for which an exposition
would go beyond the scope of this work. As such, we provide the necessities
in support of the arguments presented; see, e.g., [GCSR04] for an introductory
but comprehensive reference to Bayesian data analytics. Next, in Section 3.2 we
outline the objective function of the estimation (optimization) procedure, that is
the L1-regularized negative log-likelihood function. The second-order solution
method using quadratic approximation is discussed in Section 3.3. The compu-
tational challenges of the quadratic approximation method in high-dimensional
settings are highlighted in 3.4. In Section 3.5 we present the SQUIC algorithm.
Finally, in Sections 3.6, 3.7 and 3.8 we motivate the adopted numerical ap-
proaches: the sparse representation of the sample covariance matrix, sparse ma-
trix factorization, and approximate matrix inversion.

15
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3.1 Probabilistic Interpretation of Regularization

From a probabilistic perspective, regularization is equivalent to defining an a
priori density function for the model’s parameters. In doing so, the parame-
ters would be considered random variables – this is the Bayesian approach. The
equivalence between regularization, for example, in the lasso method (see, e.g.,
Section 2.6), and prior belief on the parameter distribution comes naturally from
Bayesian parameter estimation, referred to as Maximum a posteriori probability
(MAP) [Mur12]. Unlike the ML method discussed in Section 2.1, the MAP es-
timation includes a prior probability density that encapsulates the practitioners
beliefs. This approach has been proven to be a flexible form of parameter es-
timation (see, e.g., [Lor86]) as one can design or select a prior to represent
observed or desired dynamics that are not represented in the likelihood. The
selection criterion for an appropriate prior is dependent on the application; see,
e.g., [Gha20; RBA16; Win67] for a review.

Given a prior q on the random variables Θi j for i, j = 1, 2, . . . p, and the
likelihood-function L, the unnormalised posterior distribution is derived using
of Bayes’ Theorem. The posterior distribution is proportional to the product of
the likelihood, and prior1

f (Θ|y)∝ L(Y = y|Θ)q(Θ). (3.1.1)

The MAP parameter estimate is the realization of the parameters that maximize
the posterior distribution, or for the sake of convention, the minimizer of the
negative posterior distribution

Θ̂MAP = argmax
Θ
{ f (Θ|y)}= argmin

Θ
{L(Θ)− log q(Θ)}. (3.1.2)

Here we have taken the liberty, for algebraic connivance, to take the logarithm
of the posterior distribution. What becomes apparent is the difference between
the MAP and ML optimization problem is the log of the prior; see Section 2.1 for
comparison to the ML estimation approach.

We now show the equivalence of L1- and L2-regularization of the ML esti-
mator and the MAP estimator. Consider the priors 1q and 2q corresponding to
independent zero-mean Laplace and Gaussian distributions characterizing each
observation of the elements Θi j of Θ ∈ !p×p; see, e.g., [PS19] for a review of
different priors and their relation to regularization. For both priors, we denote
Λ ∈ !p×p

+ as a matrix of hyperparameter, such that each of the p2 distributions
are assigned a hyperparameter Λi j > 0.

1Here drop the divisor p(Y = y), referred to as the evidence, as it does not play a role MAP
estimate.
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Figure 3.1: The Laplace (left) and Gaussian (right) prior distributions are visual-
ized for varying hyperparameters Λi j. Both distributions have a mean of zero.

In Figure 3.1 the distributions are visualized for specific hyperparameters val-
ues. We can see that the Laplace prior

1q(Θ) =
!

i j

1
2
Λi j exp
7
−Λi j|Θi j|
8

(3.1.3)

∝ exp

"#

i j

Λi j|Θi j|
$
= exp {−+Λ⊙Θ+1} ,

is proportional to the exponentiated negative 1-norm. This can be written using
the element-wise product or Hadamard product, denoted as ⊙. More specifically,
+Λ⊙Θ+1 denotes the element-wise 1-norm scaled by the respective hyperparam-
eters Λi j. Similarly, if we consider the Gaussian prior

2q(Θ) =
!

i j

1/
2π
Λi j exp
>
−1

2
(Λi jΘi j)

2
?

(3.1.4)

∝ exp

"
−1

2

#

i j

(Λi jΘi j)
2

$
= exp
>
−1

2
+Λ⊙Θ+F
?

where here it is the exponentiated negative 2-norm scaled by 1
2Λi j. Reflecting

back on (3.1.2), the log q(Θ) reduces to an L1- and L2-regularization of L(Θ).
Notice that proportionality in (3.1.3) and (3.1.4) translate to a constant additive
term, not affecting minimization problem in (3.1.2). Finally, to complete the
analysis, the unregularized ML and MAP estimates are equal if the selected prior
is a uniform distribution. In such a case, the prior would translate to an additive
constant in (3.1.2).
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3.2 L1-Regularized Negative Log-Likelihood Function

Let S ∈ !p×p be the sample covariance matrix consisting of n sample realizations
from a p-dimensional Gaussian distribution characterized by a precision matrix
Θ ∈ !p×p and mean µ ∈ !p. Given a matrix tuning parameter Λ ∈ !p×p where
Λi j > 0, the negative L1-regularized log-likelihood function is defined as follows

f (Θ) := L(Θ) + +Λ⊙Θ+1 , where L(Θ) = − log det(Θ) + tr (ΘS) . (3.2.1)

For a scalar tuning parameter λ > 0, we recover the more familiar penalty term
λ+Θ+1 by setting Λi j = λ. Given Λ, the graphical lasso estimator is

Θ̂ := argmin
Θ≻0
{ f (Θ)} . (3.2.2)

The gradient and hessian of the smooth part of the objective function, that is
L(Θ) are defined as follows (see, e.g., [BV04] for derivation):

,L(Θ) = S−Θ−1 and ,2L(Θ) = Θ−1 ⊗Θ−1. (3.2.3)

Here ,2L(Θ) ∈ !p2×p2
, where ⊗ denotes the Kronecker product. Notice that

Θ ≻ 0 implies ,2L(Θ)≻ 0 and thus (3.2.1) is convex.2 As shown in [HSDR11],
(3.2.1) is indeed also strongly convex, thus Θ̂ is the unique minimizer.3 Unique-
ness of (3.2.2) is in contrast with the lasso problem in Section 2.6, where unique-
ness was not granted for rank deficient systems, n< p. The subgradient, denoted
by ∂ , optimialty conditions for (3.2.2) are the following

∂ f (Θ) =,L(Θ) +Λ⊙ Γ = 0, where Γ =

"
sign
&
Θi j

'
if Θi j ∕= 0

[−1, 1] if Θi j = 0
. (3.2.4)

A comparative glance at the lasso subgradient optimality condition in (2.6.4)
could be insightful.

Due to the sheer size, any computation involving the Hessian, for exam-
ple, computing the Newton Direction, is highly impractical for even a relatively
small p. As a result, first-order methods are more convenient and common in
high-dimensional settings, but they do not provide the quadratic convergence of
second-order methods; see, e.g., discussion in [HSDR11]. However, as we will
discuss in Section 3.3, the particular structure of the Hessian in (3.2.3) can be
used in computing the Newton direction in a relatively efficient manner.

2Let Aλ be the eigvenvalues of A, and Bλ for B; the eigenvalues of A⊗ B are AλB
i λ j ∀ i j; see

e.g., [BV04] for details.
3More specifically, the solution is unique for Λi j > 0 for i ∕= j and Λ ! 0.
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3.3 Quadratic Approximation Method

Applying Newton’s method, we can generate a piecewise quadratic model us-
ing first and second derivative information. Similarly, for composite objective
functions (i.e., functions with continuously differentiable and non-differentiable
components), this approach is known as a proximal Newton-type method; see,
e.g., [LSS12; LSS14], and [Sch10] for empirically studies. The QUIC algorithm
is a proximal Newton-type method that provides multiple computational advan-
tages attributes [HSDR11]. Firstly, as a second-order method, QUIC provides
quadratic convergence rates, which significantly reduces the number of required
iterations.4 Second, as an inherited attribute of the lasso method, only a sub-
set of the elements of the estimated precision matrix will need to be updated,
which may be much less than p2. Finally, the coordinate descent strategy (see,
e.g., [TYTY09]) for determining the Newton direction takes advantage of the
symmetry inherent in the Hessian in (3.2.3) to reduce the computational cost
significantly. With this said, the QUIC algorithm is not a scalable method for
high-dimensional settings due to multiple reasons discussed in Section 3.4; how-
ever, it serves as the basis of the highly optimized SQUIC algorithm, which we
will discuss in detail in Section 3.5.

Let t denote the iteration, and gt(∆) ≈ L(Θ t +∆) to be the second-order
Taylor expansion of L around Θ t for some a perturbation ∆ ∈ !p×p. Up to the
constant L(Θ t), we have

gt(∆) := vec(,L(Θ t))
⊤vec(∆) +

1
2

vec(∆)⊤(,2L(Θ t)vec(∆), (3.3.1)

where vec denotes the vectorization of a matrix such that vec(Θ) ∈ !p2
. At

a given iteration, the Newton direction Dt ∈ !p×p of the composite objective
function in (3.2.1) can be written as

Dt = argmin
∆

@
gt(∆) + +Λ⊙ (Θ t +∆)+1

A
. (3.3.2)

The equation above can be written as the standard lasso regression problem in
Section 2.6. For At = −(,2L(Θ t))

1
2 and bt = (,2L(Θ t))−

1
2 vec(,tL(Θ t)) we can

write (3.3.2) as

Dt = argmin
∆

>
1
2
+bt −At vec(∆)+22 + +Λ⊙ (Θ t +∆)+1

?
. (3.3.3)

4This difference between the required number of iterations for first- and second-order solu-
tion methods is highlighted in the case studies presented in Section 8.3 for the fMRI dataset.
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The explicit solution of (3.3.3) would require computing the gradient, which will
result in the evaluation of a potentially huge Hessian matrix ,2L(Θ t). The size
of the Hessian is a common problem with Newton-like methods, and of course,
is not a viable solution for a moderately sized problem as it would take time
(and memory) of O(p4). However, as we will discuss in Section 3.3.2, this can
be reduced significantly due to the special form Hessian.

A caveat to consider is the possibility of a semi-definite estimate of Θ t . Notice
that in (3.2.1), the log-determinant acts as a barrier function, highly penalizing
the objective when the optimizer approaches semi-definiteness. In the piecewise
quadratic model, positive-definiteness of Θ t+1 ← Θ t +Dt is not granted, and as
discussed in Section 3.3.3, positive-definiteness must be enforced.

3.3.1 Variable Selection

From here on we omit the subscript t and refer to Θ for the value at a given
iteration. Consider the optimal update ∆∗ for the L1-regularized negative log-
likelihood function, that is ∂ f (Θ +∆∗) = 0; see Section 3.2 for further details.
The corresponding stationarity conditions must satisfy

,L(Θ+∆∗) =

9
:;
:<

−Λi j if Θi j +∆∗i j > 0

Λi j if Θi j +∆∗i j < 0

∈ [−Λi j,Λi j] if Θi j +∆∗i j = 0

. (3.3.4)

It follows that ∆∗i j = 0 if and only if |,L(Θ)|i j $ Λi j. Noting that ,L(Θ) =
S−Θ−1 we define the two disjoint sets

Ifixed :=
@
(i, j) : |Si j −Θ−1

i j |$ Λi j and Θi j = 0
A

,

Ifree :=
@
(i, j) : |Si j −Θ−1

i j |> Λi j or Θi j ∕= 0
A

. (3.3.5)

We can see that Θi j = 0 is optimal for (i, j) ∈ Ifixed, which is also its original value
and thus no update would occur. In other words, the Newton direction Di j for
(i, j) ∈ Ifixed does not need to be computed. A computational advantages can
be expected if |Ifree|≪ p2; this however, is deponent on Λi j and the underlying
sparsity of the true precision matrix. Of course, for this approach to be practical,
the current iteration value of the precision matrix should be sparse; otherwise,
most elements would not satisfy the conditions of Ifree.

Notice that the inversion of the precision matrix is required in (3.3.5) for
which Θ−1 will most likely be dense. This can be particularly challenging for
large p. This concern is addressed in detail in Section 3.8.
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3.3.2 Newton Direction via Coordinate Descent

The quadratic surrogate for the negative log-likelihood function in (3.3.1) can
be reformulated as5

g(∆) = tr
&
(S−Θ−1)∆
'
+

1
2

tr
&
Θ−1∆Θ−1∆
'

. (3.3.6)

Let u be the update value of an element of the Newton direction Di j = D ji; see
also (3.3.2), or equivalently (3.3.3), for the general formulation of the Newton
direction. The coordinate descent procedure is then a symmetric univariate op-
timization problem

D′i j ← Di j + argmin
u

@
g
B
Di j + u(eie

⊤
j + e je

⊤
i )
C
+ 2Λi j

==Θi j +Di j + u
==A , (3.3.7)

where ei is the unit vector with 1 in the i-th position. Notice, after substitution
of Di j + u(eie

⊤
j + e je

⊤
i ) in (3.3.6), the only the quadratic term with respect to D,

is tr
&
Θ−1DΘ−1D
'
. The coordinate descent update as the closed form solution

u= −c + S(c − b/a,Λi j/a) (3.3.8)

where S(z, r) = sign (z)max(|z|− r, 0) is the soft-thresholding function (see Sec-
tion 2.6 for comparison to lasso regression), and the scalar values a, b and c (see
[HSDR11] for detailed derivation) are defined as follows:

a = (Θ−1
ii )

2 +Θ−1
ii Θ
−1
j j , (3.3.9)

b = Si j −Θ−1
i j +Θ

−⊤
:i DΘ−1

: j , and

c = Θi j +Di j.

As shown in [FHT07] and [WL08] coordinate descent is an efficient approach
for solving lasso type problems. Notice that for the update value u for each index
(i, j), the key arithmetic operation is to evaluation Θ−⊤:i DΘ−1

: j which is O(p2)
and thus O(p4) for all element of D. To efficiently compute this quantity, an
intermediary buffer U = DΘ−1 is introduced, and by leverage the symmetry in
this computation, U is maintained based on updates in (3.3.7), rather than being
recomputed. In doing so, the quadratic operation can be written as Θ⊤:i U: j which
is O(p) for single update and O(p3) for all elements in D.

5The reformulation of the quadratic surrogate is based on the following equality
tr
!
A⊤BCD⊤
"
= vec(A)⊤(D⊗ B)vec(C) [Lau04, Chapter 13].
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3.3.3 Estimation Procedure

The QUIC algorithm [HSDR11] can be described in five simplified steps:

1. Compute the sample covariance matrix S; see (2.1.5).

2. Start with an initial guess (i.e., a symmetric positive-definite matrix) or
current estimate Θ, and compute the terms in the local quadratic model of
the smooth part of the objective f ; see (3.3.6) for details.

3. Solve the sub-optimzation problem (i.e., the Newton direction D) using
coordinate descent for selected elements {i, j} ∈ Ifree; see Section 3.3.1
and 3.3.2 for details.

4. Perform a line-search procedure, where we update the current estimate
using the Newton direction Θ′ ← Θ + αD, with the step-size α ∈ (0, 1]
selected such that (i) Θ′ ≻ 0 and (ii) the update sufficiently decrease the
objective function; i.e., an Armijo-type criterion , more on this below.

5. Repeat (2 to 4) until convergence.

The updated precision matrix is checked for positive-definiteness using a Cholesky
factor decomposition Θ′ = LL⊤, which only exists if Θ′ ≻ 0. Furthermore, the
updated Θ′ is required to satisfy a generalized version of Armijo line-search rule
for L1-regularized problems,

f (Θ′)$ f (Θ) +α c tr (D,L(Θ)) + +Λ⊙ (Θ+D)+1 − +Λ⊙ (Θ)+1 (3.3.10)

where c ∈ (0, .5) (see, e.g., [TYTY09; YTYT11] for further details).6 This rule
ensures a sufficient decrease in the objective function value, which in turn guar-
antees convergence to the global optima [HSDR11].

The QUIC algorithm is not applicable for high-dimensional settings as most
computational operations noted above are dense. Because of this, the runtimes of
the algorithm become exorbitant for even mildly high-dimensional problems and
can be considered uncomputable for p ∼ 105. The BigQUIC algorithm [HSD+13]
has been developed to address the performance and scalability issues of QUIC
in high-dimensional applications. While BigQUIC improves scalability, it is still
highly impractical as the runtimes can exceed a day in high-dimensional set-
tings [BESS19]. For further discussion and comparison of the various package,
see [EPB+21] and Section 8.2.3.

6In the context of the SQUIC algorithm described in Section 3.5 we have c = 0.001.
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3.4 Key Computational Challenges

In high-dimensional settings, sparse precision matrix estimation becomes espe-
cially challenging due to the superlinear increase in computational resources with
the increasing number of random variables. In such scenarios, QUIC and most
other methods for precision matrix estimation are no longer applicable as the
runtimes become exceedingly long. The key operations in the QUIC estimation
procedures in Section 3.3.3 are:

1. Sample Covariance Matrix: The kernel operation for computing S is matrix-
matrix multiplication taking time O(np2). This operation would only be
required once at the start of the algorithm.

2. Cholesky Factorization: On every iteration of the algorithm, there are
potentially multiple line-search iterations, for each a Cholesky factorization
is required taking time of O(p3).

3. Matrix Inversion: The inverse of the precision matrix is required on ev-
ery iteration of the algorithm, which is required for computing Ifree and
coordinate decent update, see Section 3.3.1 and 3.3.2, respectively. The
inversion of a matrix takes time O(p3).

In all the aforementioned computations, the memory footprint is at a minimum
of O(p2). It is worth noting that the coordinate descent update will also pose a
computational challenge, but this is a function of the |Ifree| and not necessarily the
dimensionality. We discuss this in further detail in Section 6.2. In the following
sections, we outlined the SQUIC algorithm, which addresses the computational
challenges noted above.

3.5 SQUIC Algorithm

The SQUIC algorithm [BESS19; EBS18; EPB+21] is similar to the QUIC algo-
rithm, but it leverages the sparsity in the computational for increased perfor-
mance and scalability. The computational steps of SQUIC are shown in Algo-
rithm 2. The inputs of the algorithm are Y, Λ, T , τ, Θ and Θ−1 corresponding
to the realised samples Y = {y1,y2, . . . ,yn}, matrix tuning parameter, maximum
iterations, convergence tolerance, initial guess of the estimated precision ma-
trix and its inverse (covariance matrix), respectively. The initial guess for the
precision matrix can be any sparse symmetric positive-definite matrix; in most
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cases, this will be identity. In step (1) we compute a sparse representation of
the sample covariance matrix S (see Section (3.6)). Entering the core iterative
portion of the algorithm in step (2), we begin in step (3) by computing Ifree as
discussed in Section 3.3.1. In step (4), the objective function is computed for the
current value of Θ. Notice that the Cholesky factor is available from the previous
iteration (or computed in the first iteration); as such, the log-determinant term
can be evaluated as described in Section 3.7. In step (5) the Newton direction
Di j is computed for the indices in Ifree using coordinate descent update method
outlined in Section 3.3.2. The line-search procedure takes place in steps (6) to
(12) where the current iterate Θ is updated by selecting α ∈ [0, 1) such that the
updated optimizer is positive-definite (checked using sparse Cholesky factoriza-
tion discussed in Section 3.7) and passes an Armijo-type criterion, denoted as AC
(see Section 3.3.3 for details). Next, convergence is checked in steps (13) to (15)
by computing the objective function at the updated Θ. In step (16), using the
Cholesky factors computed in step (8), the approximate matrix inversion routine
computes the sparse approximate inverse Θinv to be used in the next iteration
(see Section 3.8). Steps (2) to (16) are repeated until convergence.

Algorithm 1 Sparse QUIC (SQUIC)

Require: Y,Λ, T,τ,Θ,Θ−1

1: S← sparse_cov(Y)
2: for t = 1 to T do
3: compute : Ifree

4: obj← f (Θ)
5: compute : Di j ∀ (i, j) ∈ Ifree given : Θinv

6: for r = 0 to . . . do
7: α← 0.5r

8: if Θ+αD≻ 0 and AC(Θ,D,α) then
9: Θ← Θ+αD

10: break
11: end if
12: end for
13: if |obj− f (Θ)|/obj< τ then
14: break
15: end if
16: Θinv← approx_inv(Θ)
17: end for
18: return Θ̂, Θ̂

inv
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3.6 Sample Covariance Matrix

The sample covariance matrix S is dense, and thus for large p, it poses a com-
putational challenge. As we will see, many elements of S may have no influence
on the overall computation. With this motivation in mind, here we describe an
approach for a sparse representation of S.

3.6.1 Redundancy

We require S to compute Ifree, the Newton direction and objective function; see
Section 3.2 and 3.3 for details on the L1-regularized negative log-likelihood func-
tion and the quadratic approximation methods, respectively. At each iteration,
Ifree is updated such that

Ifree =
@
(i, j) : |Si j −Θ−1

i j |> Λi j or Θi j ∕= 0
A

. (3.6.1)

Next, for or each index (i, j) ∈ Ifree the Newton direction is computed using a
coordinate descent update, where we require S to compute the b term in (3.3.9).
However, the objective function’s value is only dependent on S via the trace term

tr (ΘS) =
p#

i, j=1

Θi jSi j =
#

(i, j)∈Ifree

Θi jSi j, (3.6.2)

where the summation is only required over (i, j) ∈ Ifree, as for (i, j) /∈ Ifree we
will have Θi j = 0.7 As such, for Θi j ∕= 0, we need the corresponding value Si j. In
contrast, consider the set of redundant indices

R=
@
(i, j) : |Si j|$ Λi j and Θi j = Θ

−1
i j = 0
A

. (3.6.3)

Notice that the conditions of (3.6.1) will not be satisfied for any index (i, j) ∈ R,
that isR∩Ifree = 6. This implies that for (i, j) ∈ R the element Si j are redundant in
that they will not affect the computation of Ifree, coordinate descent, and nor the
objective function. However, R will change during the runtime of the algorithm
as the nonzero pattern of both Θ and Θ−1 could change at each iteration. With
this motivation, we describe a sparse representation of S that eliminates such
redundant computations.

7Or equivalently, for (i, j) ∈ Ifixed we will have Θi j = 0.
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3.6.2 Sparse Representation

We can maintain an error-free procedure by only computing a subset of the el-
ements of S, and updating missing values during the runtime of the algorithm.
A sparse representation of S is constructed by storing only the values of indices
(i, j), such that

Λi j < |Si j|$
D

SiiS j j , or i = j. (3.6.4)

Notice that the diagonal elements of S are always computed, thus the Cauchy-
Schwarz upper bound can be used as a computationally cheap initial check of
|Si j|. During the runtime of the algorithm we compute the missing values of Si j

for every Θi j ∕= 0 or Θ−1
i j ∕= 0. Therefore, we enforce the nonzero pattern of S to

contain the nonzero pattern of both Θ and Θ−1, that is

G(Θ)∪ G(Θ−1) ⊆ G(S). (3.6.5)

In section 3.8 we will compute a sparse approximate of Θ−1. Furthermore, we
highlight a direct relationship between the nonzero pattern of the Θ and its ap-
proximated inverse. Notice that this approach will still require time O(np2), as
almost all values of S will need to be computed to evaluate the condition in
(3.6.4); however, the memory footprint can be reduced significantly.

Another strategy is to compute the required element of S all on that fly, that is,
during the runtime of the algorithm; e.g., see the BigQUIC algorithm [HSD+13]
for such an implementation. This approach will lead to cache inefficiencies and
decreased performance; see Section 6.2 for detailed discussion. On the other
hand, precomputing S in full may be cache efficient, but it will not be possible
for large p. Here a hybrid approach is taken by partially computing S as per
(3.6.4) and updating missing values on the fly, such that (3.6.5) is satisfied.

3.7 Cholesky Factorization

Cholesky factorization is a critical operation in the overall SQUIC algorithm. The
line-search procedure may require multiple iterations, and for each, we need to
perform the Cholesky factorization. By performing this factorization, we can
(i) validate the positive-definiteness of the updated Θ and (ii) simplify both the
evaluation of log-determinant term in the objective function and (iii) the matrix
inversion. Here we look to utilizing a sparse Cholesky factorization routine that
can provide significant performance improvements when Θ is sparse.
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3.7.1 Sparse Cholesky Factorization

There has been significant work put into developing high-performance sparse
Cholesky factorization routines as they play a critical role in direct solvers for
systems of linear equations [DRSL16]. One well-known attribute of the Cholesky
decomposition is the difference between the nonzero structure of the sparse ma-
trix Θ and its respective factor L. The nonzero elements that appear in L but
not in Θ are called fill-in. Reducing the fill-in is a necessity for large-scale direct
solvers as problems with millions of variables are common. The mechanism and
theory of fill-in reduction are beyond the scope of this work, and we refer the
interested reader to [KKUD14; Dav06].

Reduced fill-in matrix factorization routines are well suited for the case of
sparse precision matrix estimation as they will be memory efficient and perfor-
mant for large sparse matrices. The software package used in SQUIC is CHOLMOD
[CDH+08]; however, many other high-performance sparse direct solvers pack-
ages can be used [HRR02; IST04; PRAL01; SG04]. We use a slightly different
form of the Cholesky decomposition, its variant, the LDL decomposition,

Θ = PLDL⊤P⊤, (3.7.1)

where P is the permutation matrix, D a diagonal matrix (not to be confused with
the Newton Direction) with strictly positive values, and L is a lower triangular
matrix with identity as its diagonal. The presumption here is that Θ is sparse,
and thus we expect the fill-in of L to be low; that is, we expect L to also be sparse.

3.7.2 Computational Simplifications

Using the factor in (3.7.1), it is easy to confirm the log-determinant and the
inverse can be written as follows:

log det(Θ) =
p#

i=1

logDii (3.7.2)

Θ−1 = PL−⊤D−1L−1P⊤. (3.7.3)

To compute Θ−1, the inversion of D can be carried out straightforwardly, but the
inversion of the factor L will pose a problem, as it will be dense. In most cases Θ
will have a high condition number, in contrast L will have a condition number of 1
make it ideal in-terms of numerical stability.8 This motivates the section to follow,
where we will describe a sparse approximation scheme for matrix inversion.

8This is the attribute of the LDL decomposition, all eigenvalues of L are equal to 1.
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3.8 Approximate Matrix Inversion

Unlike the sparse Cholesky factorization or the sparse representation of S, for
which one can expect some degree of sparsity, the matrix inversion operation
poses a major computational challenge as Θ−1 will be dense even if Θ is sparse.
To address this issue, the Neumann Series is used to compute a sparse approxi-
mation Θinv ≈ Θ−1.

3.8.1 Neumann Series

Let A,K ∈ !p×p be an invertible and a diagonal matrix, respectively. The Neu-
mann series is a method for matrix inversion expressed as infinite summation

A−1 =
∞#

k=0

(I−KA)kK , s.t. lim
k→∞
(I−KA)k = 0. (3.8.1)

For the summation to be convergent, K must be selected such ρ(I − KA) < 1,
where ρ is the spectral radius. For the case of computing Θinv, we set A = L
as described in (3.7.2). As I − L is nilpotent, the series is convergent, and thus
we have K = I. Furthermore, as property of the nilpotency, only the terms in
the summation, which are exponentiated to k < p will have nonzero values. All
higher-order terms k " p will not contribute to the summation in (3.8.1), and
thus truncation at k = p is exact.

3.8.2 Sparsity in the Covariance Matrix

Let A be a sparse invertible matrix, where, without loss of generality, K = I given
that ρ(I − A) < 1. From (3.8.1) we can see that A−1 can be expressed as an
infinite summation of the powers of G = I − A. Assume that up to machine
precision, the terms in the Neumann series do not cancel out in both the matrix-
matrix multiplication and the summation. This assumption follows the approach
of [Huc99], and is relevant to the numerical representation of sparse matrices.
In particular, we are assuming that if at any point in the computation of the
Neumann series, a zero element in a sparse matrix is changed to a nonzero, it
will remain nonzero up to machine precision for the remaining computation.
More formally, we can state that for the matrix-matrix multiplication

(Gk)i j = 0 ⇐⇒ (Gk−1)iqGq j = 0 ∀q = 1, 2, . . . p, (3.8.2)
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and for the infinite summation across every element of G we have that

∞#

k=0

(Gk)i j = 0 ⇐⇒ (Gk)i j = 0 ∀k = 1, 2, . . .∞. (3.8.3)

A well known results is that for G(A) the number of paths from node i to node j,
for i ∕= j, in k steps is (S (A)k)i j; see e.g., [Bon08] for further details. Similarly,
this result can be expressed slightly differently, where S

&
Ak
'

i j
∕= 0 characterizes

the existence of a path from i to j in k steps. Noting that G(A) = G(G), it follows
that the nonzero pattern of the inverse

S
&
A−1
'
= S

) ∞#

k=0

Gk

*
= S

) ∞#

k=0

S
&
Gk
'*
= S

) ∞#

k=0

S
&
Ak
'*

, (3.8.4)

is nonzero at index (i, j) if there exists a path of any number of step k. Let A−1
k

denote the approximate inverse at the kth term of the Neumann series. We can
write the following hierarchical order

G(A) = G(A−1
1 ) ⊆ G(A−1

2 ) ⊆ G(A−1
3 ) . . . ⊆ G(A−1) (3.8.5)

Notice that for fully connected G(A), A−1 will become full after evaluating k =
p− 1 terms in the Neumann series.

With regard to computing Θinv, say for small k < p − 1, using the above
analysis and those outlined for the sparse representation S in Section 3.6, we
have the following relationship

G(Θ) ⊆ G(Θ−1) ⊆ G(S). (3.8.6)

This implies that the nonzero pattern of S is only required to overlap Θinv and
thus sparsity in Θinv will reduce the required computation of S.

3.8.3 Neumann Series Using Horner’s Scheme

The sparse approximate inverse matrix Θinv is computed in two steps: the first
is to compute Linv ≈ L−1, and the second is to compute the product of the terms
in (3.7.3). To compute Linv, the summation of the terms in (3.8.1) are succes-
sively approximated via Horner’s scheme

Linv
k+1 = Linv

k (I− L) + I , for k = 0, 2 . . . , p− 1, (3.8.7)

where Linv
0 := I. Given a inversion tolerance τinv > 0, we stop the iteration

process when|(Linv
k+1)i j − (Linv

k )i j| $ τinv is fulfilled. To prevent the computation
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from increased error propagation in the values of Linv
k+1 we use a scaling factor

c ∈ (0, 1) to reduce the approximate inversion tolerance such that only |(Linv
k+1)i j−

(Linv
k )i j| > cτinv are updated.9 As soon as the iteration stops the final Linv will be

sparsified according to τinv and Θ̂
inv

is computed as per (3.7.3) accompanied by
a final sparsification thresholding

(Θinv
i j )

2 > τ2
invΘ

inv
ii Θ

inv
j j . (3.8.8)

For adequate computational performance, we need to assume, first, that the
number of iterations k in (3.8.7) is small and, second, that both matrices L−1 and
Θ−1 are, or can be, approximated as sparse. We emphasis that, sparsity in Linv is
not necessarily sufficient to yield a sparse Θinv, hence the final sparsification in
(3.8.8). Though these assumptions are problem dependent, in test results out-
lined in Section 8.2, it is observed that the approximate matrix inversion scheme
performed well. Furthermore, in Section 6.2 we outline a blocking strategy that
provides significant performance advantages in scenarios where L−1 and or Θ−1

exhibit reduced sparsity.

9In practice we use c = 0.1.
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Chapter 4

Background

Features such as heterogeneity, interconnectedness, and uncertainty have be-
come vital ingredients for capturing the salient features in contemporary DSE
models. To address today’s critical questions in economics quantitatively, one
quickly ends up with an intricate formal structure that relies on considering
so-called recursive equilibria [SLP89; LS04]. In such equilibria, the potentially
high-dimensional state variable represents the state of the economy, and a time-
invariant optimal policy function, the desired unknown, captures the model dy-
namics. Solving for global solutions1 to models with substantial heterogeneity
and strong nonlinearities are very costly: the computational demands increase
exponentially with the amount of heterogeneity—that is to say, with the number
of states and thus the model’s dimensionality. This chapter serves as the founda-
tion for developing a solution framework for high-dimensional or equivalently
large-scale DSE models.

In Section 4.1 we begin with a general definition of DSE models. The de-
tails of the International Real Business Cycle (IRBC), which will form a scalable
test case for evaluating the proposed solution framework, can be found in Ap-
pendix B.2 Next, in Section 4.2, we describe the time-iteration algorithm, a stan-
dard and non-model-specific solution method of DSE models. In Section 4.3,
we discuss the curse-of-dimensionality in the context of function approximation.
Addressing or mitigating the computational challenges that arise from the curse-
of-dimensionality is the focal point of this work, which we shall return to in the
later chapters. Finally, in Section 4.4 existing solution methods are described.

1A global solution adheres to the model equilibrium conditions throughout the entire state
space (i.e., computational domain). In contrast, a local solution is only concerned with the local
approximation around a steady state.

2The IRBC model is a de facto standard used for testing algorithms for solving large-scale
economic problems [DHJJ11; KMMP11];and references therein.
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4.1 Dynamic Stochastic Economic Models

Here we provide a general description of DSE models. The two types of IRBC
models using for numerical testing are based on the same generalized descrip-
tion; see Appendix B for details.

From an abstract perspective, economic phenomena can be described by mod-
els that are typically equipped with multiple different economic agents who choose
their optimal action given their objectives, such as maximizing lifetime consump-
tion. Agents typically represent specific subgroups of a population, countries, or
other characteristics. Moreover, if the economic model is dynamic, one has to
consider recursive equilibria [LS04; SLP89]. When looking at such recursive
equilibria, the state of the economy can be summarized by a so-called state vari-
able. Furthermore, the dynamics of the economy can be captured by a time-
invariant function of this state. In many models, the state variable contains
agents’ characteristics, for instance, their accumulated assets. When multiple
agents or several of their relevant characteristics are included, the state of the
economy quickly becomes large, that is, high-dimensional. As the state influ-
ences agents’ behavior and thereby the dynamics of the economic model, it is a
crucial challenge for numerical solution methods to capture the dynamics if the
state space is high-dimensional.

Denote xt ∈ X ⊂ !d as the state of the economy at discrete time t. The actions
of all agents can be defined by the policy function p : X→ Y, where Y ∈ !m is the
space of possible policies with m degrees of freedom. Furthermore, the transition
of the current state of the economy xt from period t to t + 1 is described by

xt+1 ∼ P (·|xt , p(xt)) , (4.1.1)

where the distribution P is model-specific. What we wish to solve for is the op-
timal policy function p, which must satisfy period-to-period equilibrium condi-
tions [LS04]. The said conditions typically include agents’ first-order optimality
conditions (see, e.g., Sections B.2 and B.3 below). The optimal policy is time-
invariant, such that

% [E(xt ,xt+1, p(xt), p(xt+1))|xt , p(xt)] = 0 ∀t, (4.1.2)

where the expectation operator is with respect to the predefined distribution
in (4.1.1), and where the function E represents the period-to-period equilibrium
conditions of the model. The following section outlines an iterative solution
method for the optimal policy function p.
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4.2 Global Solutions by Time-Iteration

The time-invariant policy function p can be determined numerically by iterating
on (4.1.2), namely, via the time-iteration algorithm; see, e.g., [Jud98], Section
17.8. The approach heavily relies on the repeated function approximation and in-
terpolation of, potentially, very high-dimensional economic functions. Classical
implementations of such an approach do not scale for high-dimensional mod-
els as the computational costs of approximating a d-dimension function requires
time O(2d); see, e.g., Section 4.3 for the curse-of-dimensionality. Addressing this
challenge is the focal point of this work. By using the methods outlined in Chap-
ter 5 we can approximate the optimal policy function in such a way that exposes
a high degree of computational parallelism while at the same time significantly
alleviating the exponential increase in computational costs.

The sequential version of this procedure summarized in Algorithm 2 with the
following operation iterated until the desired convergence: solve the equilibrium
conditions for current policy p at M grid points on X, given an initial guess for
the function that represents next period’s policy, pnex t; then, use p to update the
guess for pnex t and iterate the procedure until desired numerical convergence.
The fundamental operations of Algorithm 2, which become computationally re-
strictive in a high-dimensional setting, are (i) generating the approximate policy
function and (ii) interpolation from a policy function for solving the system of
nonlinear equations. Notice that the policy function we are interested in is high-
dimensional and multivariate. In addition, due to the concavity assumptions on
utility and production functions (see, e.g.,[BMSS15]), the optimal policy p will
also be nonlinear; see, e.g., Section B for details. Hence, a local approximation
is not reliable and will most likely provide misleading results. For such applica-
tions, we, therefore, need a global solution; that is, we need to approximate p
over the entire state space X. To do this efficiently, we will employ below func-
tion approximation technique outlined in Chapter 5 in combination with a hybrid
parallelization scheme in Chapter 7.

Algorithm 2 Time-Iteration Algorithm

Require: p τ
1: repeat
2: pnex t ← p
3: approximate p on X by solving (4.1.2) at M grid points given pnex t .
4: until +p− pnex t+< tol
5: return p
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4.3 Curse-of-Dimensionality

The time-iteration algorithm outline in Section 4.2 poses multiple computational
challenges as it requires repeated function approximations and interpolation of
a potentially high-dimensional policy function. These challenges are a result
of the curse-of-dimensionality, originally proposed by [Bel61], which states that
the number of samples required to estimate an arbitrary function with a certain
degree of accuracy increases exponentially with the dimension of the function
input. Here we show a synopsis of the reasoning behind this phenomenon.

Let x ∈ !d be a sample from a uniformly distributed random variable in a unit
d-sphere centred at a grid point x0. We refer to x as being far from x0, if it falls
outside the concentric sphere of radius r < 1, or equivalently if +x− x0+2 > r;
otherwise, x is close to x0. The probability that x will be far from x0 is

p
&
+x− x0+2 > r
'
= 1− rd , (4.3.1)

which is equal to the relative difference between the volume of the spheres; see,
e.g., [HTF09] for a similar argument. With increasing dimensions, x will almost
surely be far from x0, regardless of the value of r. This analysis is visualized in
Figure 4.1. In general, a sample point should be close to a grid point to approxi-
mate a function accurately in the domain. The farther a random sample point is
away from a grid point, the higher the possibility of errors. In a high-dimensional
space, the probability of the random point being near to a given grid point expo-
nentially decays to zero with increasing dimension. To retain sufficient accuracy
in such a setting, the number of grid points must increase exponentially [VF05].

x0

1

r

Relative Difference in Volume = 1− rd

*x− x0*2 ! r

Figure 4.1: A sketch of a unit d-sphere and a concentric sphere with radius r (left),
and a plot of the probability that a random point +x+2 $ 1 will fall outside r (right).
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4.4 Existing Solution Methods

Existing solution methods for solving high-dimensional DSE models are, gener-
ally speaking, susceptible to the cruse-of-dimensionality. A Cartesian grid repre-
sentation of a high-dimensional policy function, or any function for that matter,
is not a viable solution, as they quickly become computationally intractable.

A successful approach has been to use a sparse grid (SG) to represent the
policy function in the time-iteration algorithm; in particular, in [BS17; BMSS15]
the authors use adaptive SG for solving high-dimensional DSE models. As shown
in Figure 4.2, this approach can be limiting as the number of grid points in the
SG increases substantially with the approximation quality or, equivalently, with
the resolution of the SG. In addition, there has been substantial progress in solv-
ing large-scale economic models globally with grid-free methods from the ma-
chine learning literature. [SB19] and [KS19] for instance combine active sub-
spaces [Con15] with Gaussian process regression. However, this combination of
methods typically cannot deal with real or financial frictions such as borrowing
constraints or the irreversibility of investment, which are two key ingredients of
the model classes being considered; see Appendix B for details. Other research
(see, e.g., [AGS19; VV18; Dua18], and references therein) in computational eco-
nomics started to experiment with deep neural networks to compute global solu-
tions to stochastic models. While these methods could potentially be considered
to be an alternative to the work presented here, they still suffer from several
drawbacks that limit their general applicability in that they sometimes rely on
strong modeling assumptions [MD19].

Figure 4.2: A plot of the number of grid points of a Cartesian grid (CG) and a
sparse grid (SG) on a hypercube of unit length, at a varying maximum refinement
level ℓ (i.e., grid spacing h= 2−ℓ) with respect to dimension d.
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Chapter 5

High-Dimensional Function
Approximation

The time-iteration algorithm poses multiple computational challenges. In par-
ticular, at each step of the time-iteration algorithm, the global approximation of
a high-dimensional policy, a multivariate nonlinear function, is required. Fur-
thermore, at each grid point, a system of nonlinear equations, that is, the first-
order conditions of the IRBC models, must be solved; see Appendix B for de-
tails. As the solution to the first-order conditions depends on the previous policy,
there is an intricate dependency that demands performance in both approxima-
tion and interpolation. The noted challenges are a direct cause of the curse-of-
dimensionality, resulting in an exponential increase in the time-to-solution with
increasing dimensionality [BMSS15]. This chapter introduces an approach that
targets these challenges directly by decomposing the policy function into a series
of lower-dimensional functions.

In Section 5.1 we provide a brief overview of classical SG [Smo63] and adap-
tive SG [PPB10]. While the adaptive SG approach has shown to be relatively
successful for high-dimensions DSE models, it becomes limiting when the policy
functions exhibit high gradients, such as those in the non-smooth IRBC model
[BS17]. In these scenarios, the adaptive SG technique will require higher refine-
ment levels to adequately represent a non-smooth policy function, which sub-
stantially increases the number of grid points. Next, in Section 5.2 we provide
a detailed account of the DD [Hoe48] technique in the context of function ap-
proximation. The DDSG function approximation approach using both DD and
adaptive SG is outlined in Section 5.3. Unlike adaptive SG, the DDSG approach
allows for high refinement levels in a lower-dimensional subspace, drastically
reducing the required number of grid points.
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5.1 Sparse Grids

Let f : x→ !n where x ∈ [0, 1]d and d in our case is the number of continuous
state variables in the economic model of interest, a potentially large number. For
the sake of brevity, we assume that the function value is zero on the domain’s
boundary. This is not a necessary condition, and it can be easily changed by
augmenting the basis function; see, e.g., [ESS17; BS17] for a nonzero boundary
basis functions.

Consider a one-dimensional domain, discretized with grid spacing hl = 2−l .
The grid points are located at x l,i = ihl , where i ∈ {1, . . . , 2l} and l ∈ &+ are
the grid point indices and refinement level, respectively. Using the standard hat
function as a prototype, we define the family of univariate basis functions

φl,i(x) :=max
%

1− 1
hl
|x − x l,i|, 0
(

, (5.1.1)

with support [x l,i−hl , x l,i+hl]. We note that different basis functions, including
nonlinear ones, have been proposed; see, e.g., [GP12] for a detailed account.
We can extend the one-dimensional basis functions to a d-dimensional domain
by introducing the multi-indices i = (i1, . . . , id) ∈ &d

+ and l = (l1, . . . , ld) ∈ &d
+.

The grid points are now denoted as xl,i = (x l1,i1 , . . . , x ld ,id ) and corresponding
d-linear hierarchical basis function is constructed by a tensor approach

φl,i(x) =
d!

j=1

φl j ,i j
(x j). (5.1.2)

We can now introduce the multivariate hierarchical index-set Il and correspond-
ing hierarchical subspace Wl, which are defined as follows:

Il = {i : 0< i j < 2l j , i j odd, 1$ j $ d}, Wl = span
7
φl,i(x) : i ∈ Il

8
. (5.1.3)

Notice the odd increments of i j result in the mutually disjoint support of the basis
functions covering the entire domain. The space of piecewise d-linear functions

Vℓ =
E

*l*∞!ℓ
Wl, (5.1.4)

will have equidistant grid point spacing hℓ = 2−ℓ in each dimension, where ℓ
denotes the maximum refinement level. This full grid will have an asymptotic error
O(h2

ℓ
), for which the number of grid points are O(h−d

ℓ
). The full grid encounters

the curse-of-dimensionality as it is not a viable approach for high-dimensional
function approximation.
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Figure 5.1: A plot of for 1-dimensional SG (left) and its linear basis function,
followed by a 2 and 3-dimensions SG (center and right, respectively). All SGs are
at maximum refinement level ℓ= 3 with zero boundary discretization.

The SG space is constructed by elimination specific subspace Wl from the full
grid space Vℓ in (5.1.4). If f has bounded second-order mixed derivatives, a SG is
optimal for the cost-benefit ratio of the number of grid points and the reduction
in error with respect to L2- and or L∞-norm. The SG piecewise linear functions
space is defined as follows:

V SG
ℓ
=
E

*l*1!ℓ+d−1

Wl. (5.1.5)

The asymptotic error and number of grid points is of O(h2
ℓ
log(h−1

ℓ
)d−1) and

O(h−1
ℓ
(log h−1

ℓ
)d−1), respectively [BG04]. In contrast to the full grid, the SG error

has slightly deteriorated; however, the number of grid points is significantly less.1

The SG interpolate of f at point x, for a maximum refinement level ℓ can be
uniquely expressed as

Iℓ f (x) =
#

*l*1!ℓ+d−1

#

i∈Il

αl,iφl,i(x), (5.1.6)

where the coefficients αl,i ∈ ! are commonly referred to as the hierarchical sur-
pluses which can be sequentially computed as the difference between f (xl,i) and
the interpolant value at the previous refinement level; see e.g., [BD03] for further
details. With the SG interpolation defined, quadrature

Qℓ f =
#

*l*1!ℓ+d−1

#

i∈Il

αl,i

F
φl,i(x)dx, (5.1.7)

can be readily evaluated by integrating the basis functions in (5.1.2). A visual-
ization of SGs at varying dimensions is shown in Figure 5.1.

1The number of SG grid points increases exponentially with respect to both ℓ and d, signifying
potential computational issues if we require high maximum refinement levels in high dimensions.
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5.1.1 Adaptive Sparse Grids

In the cases where f does not meet the smoothness requirements, such as the
distinctive local features in the non-smooth IRBC model described in section B.3,
adaptive SG can be used. Unlike classical SG, which has an a priori selection of
grid points, adaptive SGs utilize an a posteriori refinement, which, based on a
local error estimator, selects which grid points in the SG structure to be refined
further. For a predefined threshold εγ ∈ !+ and

γ :=
GGαl,i

GG
∞ , (5.1.8)

we deem a grid point to be significant if γ " εγ. The refinement choice is
governed by (5.1.8); however, depending on the application, more sophisti-
cated criteria may need to be imposed for an efficient approximation; see, e.g.,
[PPB10; MZ09; BS17] for different SG adaptivity criteria. If a grid point is not
accepted, all grid points that fall in its support will not be computed in the higher
refinement levels. This approach is visualized Figure 5.2.

Although a parallel implementation of adaptive SGs is a computationally effi-
cient way to tackle highly nonlinear economic models of moderately high dimen-
sions, say d $ 100 in the smooth IRBC models, or d $ 20 in the non-smooth IRBC
model. However, when working with models of very high complexity, for exam-
ple, with state-space dimensions> 100, adaptive SGs are no longer effective due
to the substantial increase in grid points with increasing refinement levels.

Figure 5.2: A visualized 2-dimensional adaptive SG using maximum refinement
level ℓ = 3 at refinement level 1, 2and 3 (left, centre and right, respectively). The
solid red squares and black circles are computed grid points that are deemed signifi-
cant and insignificant, respectively. The empty red squares are grid points that have
not been computed.



43 5.2 Dimensional Decomposition

5.2 Dimensional Decomposition

In this section, we outline the DD approach that targets the curse-of-dimensionality
directly by attempting to model the input-output behavior of a high-dimensional
function with a sum of low-dimensional functions [Hoe48; Rah14]. As in the
previous sections, we consider f : x → !, where x ∈ [0, 1]d where d is large.
Denote u ⊆ S = {1, 2, . . . , d} as the component index, and fu : xu → ! as the
component function, where xu is the vector comprising of the values xi for i ∈ u.
The function f (x) can be expressed as the hierarchal expansion

f (x) = f+ +
#

1!i!d

fi(xi) +
#

1!i< j!d

fi j(xi,xi) + . . .+ f12...d(x1,x2, . . . ,xd) (5.2.1)

where f+ is a constant, fi(xi) models the independent contribution, fi j(xi,x j) the
pairwise dependent contribution, and so on, up to the last term f12...d(x1,x2, . . . ,xd),
which accounts for the residual contributions. In its full form, the summation in
(5.2.1) is exact, as the last term accounts for all contributions of all the input
variables. This representation is referred to as High-Dimensional Model Repre-
sentation (HDMR) and is a general method for model assessment and an anal-
ysis tool for capturing high-dimensional input-output system behavior [RA99;
LRR01; Hoo07; LR12]. The summation in (5.2.1) can be compactly written as

f (x) =
#

u⊆S
fu(xu). (5.2.2)

The terms in the summation in (5.2.2) are categorized by the expansion order
k = |u| or equivalently by the dimension of xu. Suppose this summation can be
truncated to some maximum expansion order K≪ d without significant degra-
dation in the approximation quality. In that case, one can reduce the overall
dimensionality of the function. For example, if we consider a 100-dimensional
function, its first-order expansion k = 1, will result in 100 1-dimensional func-
tions. With this said, selecting the appropriate K for the decomposition will
undoubtedly depend on f .

There are two types HDMR, cut- and ANOVA-HDMR [RASS99; LRR01].2 In
Section 5.2.1 we define the component function for both types of HDMR but our
focus will be on cut-HDMR. As we will see the cut-HDMR approach is more fitting
approach for function approximation.

2See [LR12] for a high-level review of variation cut-HDMR such RS-HDMR, mp-cut-HDMR,
Mulitcut-HDMR, and lp-RS-hDMR
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5.2.1 Component Functions

A desirable property of the HDMR component functions (both cut- and ANOVA-
HDMR) is that they follow a mutually orthogonal construction such that any two
component function fu and fv for u,v ⊆ S we have that

F
fv(xv) fu(xu)w(x)dx= 0 , u ∕= v. (5.2.3)

where w(x) =
Hd

i=1 wi(xi) is a product measure, with wi(xi) having unit volume.3

By sequentially ascending through the expansion orders, starting from zeroth-
order, the optimally and uniquely defined HDMR component function

fu(xu) =argmin
gu

F )#

u⊆S
gu(xu)− f (x)

*2
w(x)dx (5.2.4)

s.t

F
gu(xu)wi(xi)dxi = 0 ∀i ∈ u,

will only be dependent on lower-order component functions fv(xx) for v ⊂ u.
This is particularly important, as the contrary would eliminate any reduction in
dimensionally. This attribute is a result of the imposed mutual orthogonality
in (5.2.3), which is also referred to vanishing condition [RA99; Hoo07].

By changing w, we can retrieve different formulation of the component func-
tion, two of which we will discuss is the noted cut- and ANOVA-HDMR. The
cut-HDMR component functions are based on the Dirac measure

w(x)dx=
d!

i=1

δ(xi − x̄i)d x i. (5.2.5)

where x̄ = (x̄1, . . . , x̄d) is reference point in space, referred to as the anchor
point. A selection criterion for the anchor point will be discussed later in this
section; we can proceed with it being an arbitrary point for the moment. The
cut-HDMR component functions can be explicitly evaluated as a telescopic sum-
mation [KSWW09]

f cut
u (xu) =
#

v⊆u

(−1)|u|−|v| f (x)|x=x̄\xv
with f+ = f (x̄). (5.2.6)

3The product structure of w is critical in many of discussed properties. In general, HDMR
is applied in scenarios where the input x is a realization of random variables. Thus a product
measure defines independence, which may not be a valid assumption. However, in our particular
case, x is neither correlated nor random.



45 5.2 Dimensional Decomposition

Figure 5.3: A plot of f (x) = x1
/

x2 (left), and the corresponding first-order cut-
HDMR approximation with its one-dimensional component functions shown with
thick black lines (right).

We use the notation x= x̄\xv to refer to assigning x the values of x̄ but excluding
the indices of v. For example, given x= (x1,x2,x3), then x̄\x1,2 := (x1,x2, x̄3). In
Figure 5.3, we depict an example 2-dimensional function on the left-panel and
the first-order cut-HDMR approximation on right-panel.

Using the Lebesgue measure, that is w(x) = 1, in place of the Dirac in (5.2.5)
the ANOVA-HDMR decomposition is recovered [Hol10], with the component
function

f ANOVA
u (xu) =
#

v⊆u

(−1)|u|−|v|
F

f (x)dxS\u with f+ =

F
f (x)dx. (5.2.7)

In contrast to cut-HDMR, ANOVA-HDMR requires integration in place of point-
wise evaluation. To compute the ANOVA-HDMR component functions in the
expansion order k, a (d − k)-dimensional quadrature is required. This makes
ANOVA-HDMR not a fitting methods for the purposes of function approximation
in high-dimensional settings as simply computing the zeroth order component
function requires d-dimensional quadrature in the full domain.

The selection of the anchor point can affect the convergence properties of
HDMR; see, e.g., [ZCK11] for details. The authors [Sob03; Wan08] show that a
suitable anchor point should satisfy

min
x̄
+ f (x̄)−%[ f (x)]+1 . (5.2.8)

An appropriate anchor point can be selected via sampling x̄ such that f (x̄) ap-
proximate the mean of the function over the domain; see, e.g., [MZ10] for further
details. It is important to highlight that x̄ is not unique since a given function
value could attain the mean value in several parts of the domain.
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5.3 Dimensional Decomposition & Adaptive Sparse Grids

High-dimensional function approximation using ANOVA-HDMR is not a viable
approach as the component functions in (5.2.7) require integration over a high-
dimensional domain. Computationally, high-dimensional quadrature is a pro-
hibitive operation subject to the same computational challenges we wish to ad-
dress: the curse-of-dimensionality. In contrast, the cut-HDMR component func-
tion are easily computed, requiring only function evaluation, which in turn for an
arbitrary input x, necessitates interpolation of f (x)|x=x̄\xv

; see Section 5.2.1 for
further details. As such, we proceed with adopting the cut-HDMR decomposition
for we which will refers to its component function as fu(xu).

In principle, one can use any numerical method to approximate fu(xu). How-
ever, in practice, we require a highly efficient numerical scheme, as the cut-
HDMR component functions at high expansion orders, will again be exposed
to the curse-of-dimensionality. In this section we follow [MZ10; YCLK12], and
embed adaptive SGs within DD to form the DDSG method.4 Utilizing adaptive
SGs for the underlying numerical method has two desirable properties: (i) they
can be applied to moderately high-dimensional component functions with non-
smooth features, and (ii) quadrature operations can be carried out efficiently on
them. This combined DDSG approximation of

f (x)≈
#

u⊆S
|u|!K

#

v⊆u

(−1)|u|−|v|Iℓ f (x)|x=x̄\xv
(5.3.1)

is a summation of |v|-dimensional adaptive SGs, where here we truncate the
DD expansion maximum expansion order K ≪ d. The accuracy of the DDSG
approximation depends on the underlying function, maximum expansion order
K, which affects the number of component functions. A full expansion of order
K = d would render the decomposition useless, as the last expansion order is
a d-dimensional component function. The number of component functions at
maximum expansion order K is equal to

K#

k=0

d!
(d − k)!k!

. (5.3.2)

Even for moderately sized problems, the number of component functions can
quickly pose a computational problem for large values of K. To address this
shortcoming, we now outline two criteria that will efficiently truncate the ex-
pansion by ignoring its insignificant component functions.

4The combination of SG and cut-HDMR has also been proposed for high-dimensional quadra-
ture operations in [Hol10].
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5.3.1 Convergence Criterion

The convergence criterion is the relative residual between two consecutive ex-
pansion orders k and k − 1 [MZ10]. Given the current expansion order k, a
predefined convergence threshold ερ ∈ !+, and

ρ :=

GGGGG
#

|u|!k

Qℓ fu −
#

|u|!k−1

Qℓ fu

GGGGG
2GGGGG

#

|u|!k−1

Qℓ fu

GGGGG
2

, (5.3.3)

we justify the progression to the next expansion order k + 1 if ρ > ερ. The SG
quadrature operation Qℓ fu is define in (5.1.7). Assuming that K≪ d, we expect
that the component functions will not be high-dimensional; thus, quadrature will
not pose a computational bottleneck. It is essential to highlight that a truncation
of (5.2.2) is not necessarily an approximation. Indeed the truncation can be
error-free as long as the underlying function is additively separable up to the
Kth expansion order. This feature is shown in Figure 5.4, where we display the
value of ρ and relative absolute error with respect to the expansion order k for a
4-dimensional polynomial of varying degree c. Both ρ and the relative absolute
error degrade with expansion order, and both values approach machine precision
when k " c is reached.

Figure 5.4: A plot of the DDSG convergence criterion (left), and the relative absolute
error of the DDSG approximation (right) with respect to the expansion order k are
displayed. For both cases, the test function is a 4-dimensional polynomial of degree
c—that is, f (x) = (x1 + . . .+ x4)c.
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5.3.2 Active Dimension Selection Criterion

Within an expansion order, we look to identify insignificant component functions
by using an active dimension selection criterion [MZ10]. Here, we assume that
the underlying function is not constant with respect to a single variable. Thus,
we only focus on component function indices |u|" 2. Given a predefined active
component function threshold εη ∈ !+ and

ηu :=
+Qℓ fu(xu)dx+2GGGGG
#

v⊂S,|v|≤|u|−1

Qℓ fv(xv)dx

GGGGG
2

, (5.3.4)

we deem the component function index u as important if ηu > εη.
5 Component

indices that do not satisfy this condition and any superset of these indices will
not significantly impact the overall approximation and thus not computed. In
Figure 5.5, we schematically depict the active dimension selection criterion on a
3-dimensional function and the resulting pruning effect it has on the combina-
torial tree of component functions. In the left panel, we can see the component
functions resulting from a full expansion, and in the right panel, we display a
scenario for which εη > η1,2 holds. In this case, the corresponding component
index is removed from the computation, but also {1, 2, 3} as {2, 3} ⊂ {1, 2, 3}.
Notice that the quadrature operations in (5.3.4) can also be shared with (5.3.3),
and vice versa.

f1,2,3

f1,2

f2,3

f1,3

f1

f2

f3

f+ f2,3

f1,3

f1

f2

f3

f+

Figure 5.5: A sketch of the component indices of a 3-dimensional function (left),
and the same with active dimension coefficient η1,2 < εη (right) are shown. All
component function indices which form a superset of {1, 2} are ignored—that is,
{1, 2} and {1, 2, 3}. In both cases, arrows signify the computational dependence,
for example, f1,3 is dependent on the values of f1, f3 and f+.

5Different criteria for identifying insignificant component function have been proposed in
literature; see, e.g., [YCLK12] for further details.
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Chapter 6

SQUIC Library

The quadratic convergence rate of the algorithm comes at a computational cost
which necessitates high-performance subroutines that leverage the underlying
sparsity of the computation. Further amplifying the challenges at hand is the
observation that in many real-world applications, the sparsity of the underlying
computation may be limited. In such scenarios, unwarranted reliance on spar-
sity throughout the intermediary computation can result in notable performance
degradation. To meet the computational demands imposed by high-dimensional
precision matrix estimation, shared- and distributed-memory parallelization strate-
gies are essential for the efficient utilization of modern distributed multicore sys-
tems. This chapter outlines the implemented algorithms for the SQUIC package,
highlighting the blocking and parallelization strategies.

In Section 6.1 we highlight scenarios of clustered dependence and the effect
of reduced sparsity on the inverse precision matrix. In particular, the approx-
imate matrix inversion and the coordinate-descent update are highly sensitive
to any reduction in sparsity in the inverse of the precision matrix (i.e., the esti-
mated covariance matrix). Utilizing sparse representations and approximations
of otherwise dense matrices in conjunction with cache-aware blocking strategies
can significantly improve performance. With this motivation, in Section 6.2, we
introduce a block-oriented computational approach for the approximate matrix
inversion and coordinate descent update. Next, in Section 6.3, we provide the
algorithms for the parallelized sparse sample covariance matrix and parallelized
block approximate matrix inversion routines. We continue in Section 6.4 to pro-
vide a sparse representation of the otherwise dense matrix tuning parameter. Fi-
nally, in Section 6.5 we outline the SQUIC software package; see Appendix A for
further details on the available interface and user manual of the SQUIC package.
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6.1 Clustered Dependancies & Limited Sparsity

The precision matrix is assumed to be sparse, but its inverse will not be, which
poses a computational problem for high-dimensional distributions. In part, we
address this problem via a thresholded approximate matrix inversion scheme,
which, though effective in some scenarios, can not always be applied success-
fully without a degradation to the overall objective function; see Section 3.8 for
further details. Even if thresholding is applicable, a reduction in sparsity in the
precision matrix (say by a slight decrease in the scalar tuning parameter) is gen-
erally accompanied by an increase in the number of nonzeros in the inverse and,
thus, a significant increase in the algorithm runtime. In general, we can hope
to approximate the inverse as being somewhat sparse, but the degree of sparsity
will be problem dependent.

Limited sparsity in the inverse precision matrix can result from clustered de-
pendencies in the precision matrix. Such clustered dependencies are a common
observation in real-world datasets such as financial returns within the same sec-
tor, economic growth within the same geographical region, biological networks
with groups of genes having a hub structure, and many others; see, e.g., [MTV17;
MM09; TT14; HRL12] for further details. In Figure 6.1 we show the effect of
thresholding Θ−1 and the resulting errors for varying cluster size c. The clustered
dependencies in Θ translate into dense block structures in the inverse, which can
not be adequately approximated as sparse when c gets large. In Section 6.2 we
propose a computational effect approach for scenarios of limited sparsity.

Figure 6.1: A plot of the error (left) and number of nonzeros (right) when thresh-
olding Θ−1, where Θ−1

i j = Θ
−1
i j ∀(i j) where |Θ−1

i j | > τ and Θi j = 0 if otherwise.
Here Θ is of size p = 103, with p/c clusters of size c and an average degree of 5
nonzeros per row for which 90% of the edges are contained within the clusters.
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6.2 Block-Oriented Computation

A typical performance technique for optimizing memory hierarchies is blocking,
where algorithms work on submatrices or blocks rather than rows or columns
of a sparse matrix [LRW91; NP93]. Here we propose a method to mitigate the
adverse effects that limited sparsity has on performance by introducing a block-
oriented approach for the sparse Cholesky factorization, approximate matrix in-
version, and coordinate descent update.

6.2.1 Supernodal Sparse Cholesky Factorization

This decomposition strategy makes use of an a priori combinatorial analysis to
reduce the number of nonzeros in the Cholesky factor by permuting the given
matrix Θ in advance.1 Next, block-oriented data structures (referred to as su-
pernodes) are set up for factorization. These block structures are computed in
advance as part of the symbolic analysis and will also be employed for the ap-
proximate matrix inversion blocking strategy in the following section.

For the Cholesky factor L, a supernode is the maximal block of contiguous
columns of L with a dense lower triangular diagonal block and an identical spar-
sity pattern for the off-diagonal block column [LNP93]. In contrast to the sim-
plicial LDL decomposition discussed in Section 3.7, the supernodal factor L is a
lower block triangular with identity as its diagonal blocks, and D is block diago-
nal. A visual representation of the data structures is shown in Figure 6.2. Let q
be the number of blocks, b = 1, 2, . . . , q be the block index, and sb the number of
columns in a block. We denote L:b as being all columns of L in block b and simi-
larly Dbb is the b diagonal block of D. For each L:b the rows are compressed and
refer to nonzero rows, possibly with gaps, whereas the columns are contiguous;
see, e.g., [NP93] and reference therein for further details.

The Cholesky factors of each Dbb = L̃bbL̃
⊤
bb are stored in place of the corre-

sponding identity diagonal blocks of L. The computation of the log-determinant
can be carried out straightforwardly as

log detΘ =
q#

b=1

log detDbb = 2
q#

b=1

log det L̃bb = 2
q#

b=1

sb#

i=1

log(L̃(b))ii. (6.2.1)

The exact inversion of D will be evaluated block by block and does not pose a
computational problem. In the next section we will use the block structure of L
for efficient computation Linv and thus Θinv.

1The software package used here is CHOLMOD [CDH+08], a high-performance supernodal
sparse Cholesky factorization routine.
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L :1

L :2

L̃11

L̃22

L̃33

L :1

L :2

Compressed

Contiguous

Figure 6.2: A visual representation of supernodal LDL (left) for Θ = LDL⊤ where
D is block diagonal with blocks b = 1, 2, 3, and Dbb = L̃bbL̃

⊤
bb. Elements colored in

red, blue and white are dense, sparse, and zero respectively. The L:b block is stored
with compressed rows and contiguous columns (right).

6.2.2 Block Sparse Matrix-Matrix Multiplication

Using the approximate Neumann series discussed in Section 3.8 we now utilize
the block structure extracted from the supernodal Cholesky factorization routine
to design a cache efficient computational approach. Let L = I − E, where −E
refers to the strictly lower triangular part of L. The approximate Neumann series
in (3.8.7) can be written as

Linv
k+1 = Linv

k E+ I, k = 1, 2 . . . , p− 1, (6.2.2)

where Linv
1 := I+E. For increased performance, the matrix multiplication in (6.2.2)

is scheduled such that the computation is kept within the block data structures.
Notice that the G(E) ⊆ G(Linv

k ) ⊆ G(Linv
k+1); see Section 3.8 for detailed discus-

sion. As such, every nonzero row in E will exist in Linv
k .2 Each block E:b consists

of dense buffer Q which corresponds to nonzero rows and contiguous columns
within the block. A sketch of this computation is visualized in Figure 6.3. Let
A denote indices of nonzero rows in E:b. Similarly, let B be the indices of the
nonzero rows of block c for Linv

k , denoted as (Linv
k ):c. Within the block columns

(Linv
k ):c, the associated elements that contribute to the matrix multiplication are

those for which the rows i ∈ B intersect the columns j ∈ A. By collecting the
noted elements, in a buffer Rc, we compute the (partial) matrix multiplication
Vc ← RcQ. This is repeated for all c, and accounting of correct indices is summed
in V. Finally, we scatter the values of V to (Linv

k+1)b.

2It is probable that Linv
k will have more nonzero rows that E, and Linv

k+1 more than Linv
k .
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=
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+
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+
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Figure 6.3: A sketch of the block sparse matrix-matrix multiplication in (6.2.2).
The buffer Q corresponds to the nonzero rows and contiguous columns within the
block E:b, and Rc is the associated elements in (Linv

k ):c that contribute to the multi-
plication. Furthermore, the buffer Vc ← RcQ is partial values of the multiplication.
The block column (Linv

k+1):b is computed by summing over all Vc.

6.2.3 Block Coordinate Descent Update

The block coordinate descent can become computationally expensive for large
sparse matrices, when I f ree gets large, and in particularly whenΘinv is less sparse;
see Section 6.1 for scenarios of limited sparsity. To accelerate the computation,
we use a block approach but different from that of sparse approximate inversion.
The blocking approach described here does not utilize the supernodal blocking
structure from the Cholesky factorization. Instead, here we reorder the data
structures to increase contiguous data access patterns.

The computation of the Newton direction in Section 3.3 can be expressed for
all indices (i, j) ∈ I f ree for which we require the following quantities

Ai j = (Θ
inv
i j )

2 +Θinv
ii Θ

inv
j j ,

Bi j = Si j −Θinv
i j +Θ

inv
i: DΘinv

: j , and (6.2.3)

Ci j = Θi j +Di j.

Here we regroup the indices (i, j) ∈ I f ree into blocks such that (i1, j), . . . , (il , j)
refer to the same column j, and sort along the rows such that i1 < i2 < · · ·< il .

3

Using this approach, we accelerate the computation by accessing columns Θinv
: j ,

S: j, and Θ: j, only once in increasing order of row indices. This also allows one
to efficiently compute the matrices A, B, and C in (6.2.3), and to update B and
C whenever D is updated.

3Notice Θinv here is no longer in supernodal block-oriented format but rather compressed
sparse column format.
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6.3 Parallelization

The SQUIC algorithm is parallelized using both OpenMP [Ope08] and MPI [SGL99].
In this section, we provide the parallelized algorithms for the sparse sample
covariance matrix and sparse approximate inversion; see Sections 3.6 and 3.8
for further details. These two routines account for the majority of the run-
time in high-dimensions. In particular, when the both Θ and Θinv can be suf-
ficiently approximated as sparse, the computation of S accounts for up to 90%
runtime [EBS18]. While in scenarios where Θ and or Θinv have reduced sparsity,
the sparse approximate inversion component accounts for a significant portion
of the runtime [EPB+21].4

In Figure 6.4 we can show the overall parallelization scheme, which is broken
into two parts, separated by total MPI synchronization between the left and right
panel. The black arrows in the left box represent MPI processes, while OpenMP

parallelism is isolated within the dashed red boxes. On each MPI process, the
parallelized SQUIC algorithm begins by loading a zero-mean data matrix Y.5 The
sparse sample covariance matrix is computed in parallel by partitioning S into
submatrices, and the computation is parallelized using a hybrid approach of MPI
and OpenMP. In the second part of the algorithm, we begin the Newton iteration,
which includes the line search, supernodal Cholesky factorization, and the sparse
approximate inversion. The sparse approximate inversion routine uses block-
oriented sparse matrix-matrix multiplication and is parallelized using OpenMP.

Figure 6.4: The two parts of the parallelized SQUIC algorithm are visualized: sparse
sample covariance matrix (left) and Newton iteration (right). Arrows in the left
box signify MPI processes. Parallelization using OpenMP is symbolized by dashed red
boxes. Global MPI synchronization is required between the left and right panel.

4The sparse approximate inversion routine becomes a bottleneck operation in many real-
world applications where reduced sparsity is common; see Section 6.1 for details.

5For the sake of simple notation, we assume the dataset is zero-mean, i.e., S= 1
n YY⊤.
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6.3.1 Parallel Sample Covariance Matrix

The computation of S becomes particularly demanding if p is very large. In con-
trast to computing Θinv, which may be approximated as sparse by selecting a
moderately aggressive tolerance, S is not a sparse computation as almost all el-
ements Si j must be computed to evaluate its sparse representation.6

The parallel sparse sample covariance matrix Algorithm 3 is executed with
inputs Y, Λ, and the work block size b. In step 1 of the algorithm, we begin
by assigning the workload array q containing the lower-triangular block indices
of S, where each corresponds to b × b submatrices. For simplicity we assume
the number of MPI processes, denoted by proc_size, is a divisor of p and set
b = proc_size/ p. For example, given p = 90 and 3 processes, we would
have b = 30 and q = {{1, 1}, {2, 2}, {3, 3}, {2, 1}, {3, 1}, {3, 2}}, where task q4

would identify the 30 × 30 submatrix with top left element S31,1. Next, from
steps (2) to (4), we sequentially compute the diagonal of the sample covariance
matrix, which will be used to check the Cauchy–Schwarz condition outlined in
section 3.6. In development, we use compressed sparse column matrix format;
however, for ease of notation in the pseudocode, we show coordinate list sparse
matrix format. In step (5), the buffers c and v are the collection of matrix indices
and values, respectively.

The bulk of the algorithm begins at steps (6) to (23), where each task qk is
assigned to process proc_id using the modulo operator. This procedure ensures
that the workload is well distributed over the processes and eliminates signifi-
cant load imbalances. We parallelize on the outer loop in step (9) to (18) us-
ing OpenMP, were we compute the respective submatrix of S using. This static
scheduling use for the OpenMP directive divides the computation across each
thread as evenly as possible, in the largest possible contiguous chunks. Due to the
lack of knowledge about the size of the data structures, efficient reallocation or
resizing shared data structures within a process’s parallel region is not possible.
As a solution, local temporary buffers clocal and vlocal are used. Since the buffers
are local to each thread, resizing can be done without issue. Furthermore, since S
is symmetric and the diagonal is already computed, we only evaluate rows i > j.
The accepted values are stored in the respective local data structures. Before
exiting the parallel region in steps (20) and (32), the local temporary buffers
must be synchronized for all threads; this is done serially. After step (24), we
consolidate the partially computed S on each MPI process. Finally, in step (25),
the sparse sample covariance matrix is constructed and returned on each node.

6While the Cache-Schwartz inequality can provide some benefit, it is not a major contributing
factor, and thus the computation of S will take time O(np2); see Section 3.6 for further details.
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Algorithm 3 Parallel sparse sample covariance matrix.

Require: Y,Λ, b
1: q← {{s, t} : {1$ t $ s $ b} ∈ &}
2: for i = 1 to p do
3: Sii ← 1

nYi:Y
⊤
i:

4: end for
5: v← c← 6
6: for k = 1 to |q| do
7: if k (mod proc_size) == proc_id then
8: {s, t}← qk

9: for j = (t − 1)b+ 1 to t b parallel do
10: for i = (s− 1)b+ 1 to sb do
11: if Λ2

i j $ SiiS j j and i > j then

12: v← 1
nYi:Y

⊤
j:

13: if Λi j < |v| then
14: vlocal← {vlocal, v}
15: clocal← {clocal, {i, j}}
16: end if
17: end if
18: end for
19: end for
20: sync OpenMP : v← {v,vlocal}
21: sync OpenMP : c← {c,clocal}
22: end if
23: end for
24: sync MPI : v,c
25: S← {v,c}
26: return S

During the runtime of the algorithm, at each Newton iteration, all values
Si j, which have not bee computed and have a corresponding nonzero in Θinv

i j

are computed on the fly.7 This approach ensures that the nonzero pattern of S
overlaps that of Θinv.8

7It is assumed that the data matrix Y will fit into the memory of a single node, such that the
missing values of S can be computed.

8The sparse representation of the sample covariance matrix does not change the numerical
values of the objective function and is not an approximation; see, Section 3.6 for further details.
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6.3.2 Parallel Approximate Matrix Inversion

To compute Θinv, we have to perform a sequence of sparse matrix-matrix mul-
tiplications. We employ both a parallelization scheme and the block structure
obtained from the supernodal Cholesky decomposition described in Section 6.2.
The kernel operation within the algorithm is sparse block matrix-matrix multi-
plication, where each product relies on dense matrix operations.

The parallelized sparse approximate matrix inversion Algorithm 4 comprises
two parts: first, the computation of Linv and the reconstruction ofΘinv as per (6.2.3)
and (3.7.3), respectively. The inputs of the algorithm are L, D−1, P, and a dropout
threshold τinv. Notice that D is a block diagonal matrix, and its exact inversion
does not pose computational or storage problems. We begin in steps (1) to (3) by
initializing the appropriate variables and buffer u of size equal to the maximum
number of threads. This buffer will store the maximum magnitude of the incre-
mental updates of the Neumann iteration, and in step (19) is used to evaluate
the convergence of the approximate Neumann iteration.

Each subdiagonal block of L, E, and Linv is stored as some dense matrix, where
the rows are compressed and refer to nonzero rows, possibly with gaps, whereas
the columns are contiguous (see Section 6.2.1 for details). Let q be the number
of diagonal blocks in L. In steps (4) (18), the approximate Neumann series is
parallelized, where each thread_id r is allocated to a specific block E:b, where
sb denotes the block column size. The sparse matrix-matrix multiplication is car-
ried per block in steps (7) to (12) following the blocking strategy discussed in
Section 6.2.2. We compute Vc for each block column Linv

:c by (i) gathering the as-
sociated columns of c into a buffer Rc and then (ii) computing Vc ← RcQ.9 Next
in steps 13—16, we apply the dropout rule and scatter the remaining rows of
bbV to the new approximate inverse factor L̄inv

:b . Notice that L̄inv
:b has an identity

at its diagonal block of size sb, thus the updated rows begin at i > sb, where i
refers to a single row. This process is repeated until the condition in step (14)
is satisfied. The computation of Linv is completed in step (20) where we sparsity
the result. Proceeding to the next portion of the algorithm, in steps (21) to (25)
we compute Θinv. Notice (Linv)⊤ is unit block upper triangular with dense su-
perdiagonal blocks but where only the nonzero columns are stored. To have the
block structure in the columns rather than rows, in step (21), we compute the
block graph of (Linv)⊤ with respect to the partitioning induced by the diagonal
blocks and store the physical start of each superdiagonal block, if any. The block
sparse matrix-matrix multiplications in step (23) the computed similarly to be-
fore, where due to symmetry, we only compute the block lower triangular part of

9 The summation of Vc must account for the difference in referenced indices.
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Algorithm 4 Parallel block approximate matrix inversion.

Require: L,D−1,P,τinv

1: E← I− L
2: Linv← I+ E
3: u← 0
4: repeat
5: for b = 1, 2, . . . , q parallel do
6: r ← thread_id

7: Q← E:b

8: V← 0
9: for c = 1, 2, . . . , q do

10: compute : Rc given Linv
:c

11: V← V+RcQ
9

12: end for
13: ur ←max(ur , maxi +Linv

i b −Vi:+∞)
14: for all i > sb and +Linv

i b −Vi:+∞ > γτinv do

15: L̄inv
i b ← Vi:

16: end for
17: end for
18: Linv← L̄inv

19: until max(u)$ τinv

20: Linv← sparsify(Linv)
21: compute : block graph (Linv)⊤

22: for b = 1, 2, . . . , q parallel do
23: Θinv

:b ← (Linv)⊤D−1Linv
:b

24: end for
25: Θinv← sparsify(PΘinvP⊤)
26: return Θinv

Θinv. The nonzero rows of Linv
:b , are associated with diagonal blocks of Dinv and

block columns of (Linv)⊤, which now can be easily accessed via the computed
block graph. Finally, before outputting Θinv, we apply the permutation matrix
and sparsify the result.

Notice that there is no necessity for synchronized or critical regions as each
thread operates on a different block of data. As the amount of computation in
a block cannot be determined unless we evaluated Rc for all c, we adopt the
standard static OpenMP scheduling.
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6.4 Matrix Sparsity Parameter

The matrix sparsity parameter Λ is a dense matrix that cannot be represented
when p is large. For computational efficiency, Λ can be defined using a sparse,
non-negative valued symmetric matrix M ∈ !p×p and the scalar sparsity param-
eter λ ∈ ! > 0 such that

Λi j :=

I
Mi j for Mi j ∕= 0
λ for Mi j = 0

(6.4.1)

As we expect Θ to be sparse, we utilize S (M) to encode the penalties for the
nonzero entries of Θ and λ will be utilized for the zero structure. If the nonzero
structure of Θ is known, or can be estimated, then it can be convenient to define
0<Mi j ≪ λ for all (i, j)whereΘi j ∕= 0. Using this definition, we can represent p2

values of Λ with nnz(M)+1 values. Notice by setting M = 0 we will have Λi j = λ
which retrieves the more commonly described penalty formulation λ+Θ+1.

6.5 Software

The SQUIC algorithm is implemented in C++ with shared-memory parallelization
using OpenMP. The supernodal sparse Cholesky factorization, discussed in Sec-
tion 6.2, internally allows for multithreaded level-3 BLAS operations, depending
on the vendor of BLAS and LAPACK. The version used in the outlined test in Sec-
tion 8 uses multithreaded Intel(R) MKL. We note the distributed-memory portion
of the SQUIC package is not included in the package. In Appendix A we provide
brief user guide for the SQUIC library and its interface packages for R, Python
and Matlab.
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Chapter 7

DDSG Framework

Solving high-dimensional DSE models is a computationally demanding task that
requires a distributed system such as a supercomputing facility. A scalable imple-
mentation, which efficiently utilizes the resource of contemporary architectures
is an essential and fundamental requirement. To have a sense of the scale of
the computational resources required, consider that the state-of-the-art solution
methods using adaptive SG require 560 and 160 node hours for the solutions of a
100 and 20-dimensional smooth, and non-smooth IRBC model, respectively; see,
e.g., Appendix B for further details on the model and [BS17] for experimental
results. This chapter focuses on the computational and parallelization strategies
of the DDSG function approximation for usage in the time-iteration algorithm.

The computational cost of non-smooth IRBC models increases at a much more
aggressive rate than the smooth IRBC model for increasing dimensions. This
behavior is due to the higher refinement levels required to resolve the model’s
non-smooth, high gradient regions. Higher refinement levels, as with higher di-
mensions, result in increased grid points that negatively affect approximation
and interpolation performance. In Section 7.1, we outline the interdependence
between the interpolation and approximation performance. The DDSG function
approximation method can sidestep multiple computational challenges by re-
ducing the number of grid points and exposing a higher degree of parallelism
in the computation. In addition, we can attain higher refinement levels within
the lower-dimensional adaptive SG interpolants (i.e., the component function of
the DDSG approximation). That being so, the performance of the interpolants
function call is a critical ingredient for a performant solution method. With this
motivation, in Section 7.2, we describe a vectorized, cache-efficient approach
to DDSG interpolation. Finally, we outline in Section 7.3 a hybrid parallelized
DDSG time-iteration framework for solving high-dimensional DSE models.
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7.1 Interpolation & Approximation

At each step of the time-iteration algorithm we require an approximation of the
next periods policy function pnext, to construct the current policy p. The approx-
imation of pnext is set as being p from the last time-iteration step. By iteratively
swapping the two policies on each step, we attain the time-invariant policy func-
tion we desire. To generate the approximation p, we must solve, at each grid
point, a system of nonlinear equations, which are the first-order conditions of
the model; see Appendix B for the first-order conditions. Solving the first-order
conditions is done using an interior point optimizer IPOPT [WB06]. For a given
solution, IPOPT requires frequent interpolation on the policy function pnex t . This
process is visualized in Figure 7.1 for a single state.

The dependence between interpolation and generating the approximation re-
sults in a direct link between the runtime performance of computing the approx-
imation p and interpolation on pnext. Regardless of the approximation method,
an increase in the number of grid points used in the approximation will corre-
spond to an increase in computation when interpolation is invoked. Thus, the
performance of the time-iteration as a whole is intricately linked and magnified
to the underlying numerical methods.1 Therefore, the time-to-solution of the
time-iteration algorithm is highly sensitive to DDSG approximation and interpo-
lation performance.

IPOPT

Solve FOC

∀ x ⊂ X

p

x

Approximation Interpolation

pnext

Figure 7.1: A visual representation of solving the first-order conditions (FOC) of a
model for the state x in the current policy p (left), using the next periods policy pnext

(right) from the previous time-iteration step. We approximate p by using IPOPT to
solve the first-order conditions at ∀x ⊂ X which requires interpolating from pnext.

1This observation is highlighted in [BMSS15], where interpolation accounts for 99% of over-
all runtime for solving large-scale IRBC models using an adaptive SG time-iteration scheme.
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7.2 Vectorized DDSG Interpolation

A naive implementation of (5.3.1) will result in many redundant computations
as many of the terms in the summation are identical. Consider for example,
the component functions f1,2 and f1,2,3 both require the interpolant values of
Iℓ f (x)|x=x̄\x1

and Iℓ f (x)|x=x̄\x2
. Notice that the number of redundant SG inter-

plant function calls increases significantly with respect to the function’s dimen-
sionality and DDSG expansion order. Furthermore, a simple lookup-table ap-
proach would result in an erratic memory access pattern on a large array; thus,
the computation would be plagued with cache misses.

We can eliminate all redundant SG interpolation and achieve an ideal access
pattern without significant overhead in the memory footprint. This is achieved by
separating telescopic summation and storing the SG interpolation and coefficient
values in two separate arrays

ai(x) = Iℓ f (x)|x=x̄\xi
,

bi =
#

u⊆S

#

v⊆u
i=v

(−1)|u|−|v|

J
:K
:L
{∀ i ⊆ S : |i|$K}. (7.2.1)

A visualization of this approach is shown in Figure 7.2. In addition, b as it is
independent of x, will only need to be computed once. The DDSG interpola-
tion function call now reduces to a desirable dot product f (x) ≈ a(x)⊤b with a
contiguous data access pattern.

v ⊆ u

a(x)⊤

u
⊆
{1

,2
,3
},
|u
|"

2

1 2 3 1, 2 1, 3 2, 3

2, 3

1, 3

1, 2

3

2

1

v ⊆ u

u
⊆
{1

,2
,3
},
|u
|"

2

b

1 2 3 1, 2 1, 3 2, 3

2, 3

1, 3

1, 2

3

2

1

−1 −1 1

−1 −1 1

−1 −1 1

1

1

1

−1 −1 −1 1 1 1

Figure 7.2: The SG interpolants (left) and respective coefficients (right) required
for each component function fu for a 3-dimension function with K = 2. The vec-
torized interpolation approach construction arrays a(x) of interpolation values and
coefficients b, such that f (x)≈ a(x)⊤b. Note, the constant term f+ is not shown.
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7.3 Parallel DDSG Function Approximation

Here we outline the generic DDSG function approximation algorithm which uti-
lizes vectorized interpolation, and parallelized using MPI to distribute the com-
putations within each DD expansion order. The interpolants for the DDSG com-
ponent function are computed using a highly optimized (using both MPI and
OpenMP) adaptive SG framework [BS17; BMSS15].

7.3.1 Parallel DDSG Function Approximation

The parallelized DDSG Algorithm 5 takes as input: the function f , maximum
expansion order K, convergence criterion tolerance ερ, active dimension selec-
tion tolerance εη, anchor point x̄, maximum refinement level ℓ, and adaptivity
SG tolerance εγ. We begin in step (1) with all MPI process initializing the empty
vectorized DDSG arrays defined in (7.2.1), the zeroth-order component function
f+ = f (x̄), and the reject index set Z= 6. The reject index set is used to collect all
component function indices excluded from the DDSG expansion per the active
dimension selection criterion define in Section 5.3.2. We sequentially progress
through the expansion orders in the body of the algorithm in steps (2) to (20).
At expansion order, k, the current order index set C is defined as the component
indices of order k, which are not a superset of any of the indices in Z.2 Subse-
quently, at step (4), we rebalance the MPI process evenly based on the current
order index set, and the computation is carried out in parallel in steps (5) to
(14). For each SG interpolant, the quadrature value, and the active dimension
selection coefficient ηi are computed for component index i. Next, in steps (9)
to (13), we employ the active dimension selection criterion for each component
index. If the component function is accepted, we assign the DDSG vector arrays
as defined in (5.3.4); if not, the component index i is added to the rejected in-
dex set, and the SG interpolant and its quadrature values are discarded. Notice
that each MPI process has a local version of the computed variables. We perform
the global synchronization upon exiting the parallel region at step (15). In steps
(16) to (19), with the globally available quadrature values available, we apply
the DDSG convergence criterion (5.3.3). If convergence is reached, the routine
terminates; else, we proceed to the next expansion order. The return values of
the routine at step (21) are the vectorized DDSG interpolation arrays.3

2Expanding on the example in Figure 5.5 with expansion order k = 3, values of the reject
and current order index set will be Z= {{1, 2}} and C= {(} as {1, 2, 3} ⊃ {1, 2}, respectively.

3Note a is an array of pointers of SG interplants, and b is the array of the associated weights;
see Section 7.2 for details.
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Algorithm 5 Parallel Adaptive DDSG Algorithm.
Require: f ,K,ερ,εη, x̄,ℓ,εγ

1: initialize : {a,b, f+,Z}
2: for k = 1 to K do
3: C← {C ⊆ S : ∀ c ∈ C, ∀ z ∈ Z, |c|= k, c ∕⊃ z}
4: load_balance given C

5: for all i ∈ C parallel do
6: compute : Iℓ f (x)|x=x̄\xi

⊲Using SG adaptivity tolerance εγ.
7: compute : Qℓ f (x)|x=x̄\xi

⊲Using SG adaptivity tolerance εγ.
8: compute : ηi

9: if ηi ≥ εη then
10: compute : {ai,bi} ⊲ As defined in (7.2.1).
11: else
12: Z← {Z∪ i}
13: end if
14: end for
15: synchronize : {Z,Qℓ f...,a...,b...}
16: compute : ρ
17: if ρ < ερ then
18: break
19: end if
20: end for
21: return a,b

7.3.2 Parallel DDSG Time-Iteration Algorithm

In Figure 7.3 we show the schematic for the parallel DDSG time-iteration al-
gorithm. In particular, we display two levels of parallelism: the first is based
on distributed-memory (dotted blue lines), whereas the second relies on mainly
shared-memory (dashed red lines).

Starting in step (1), we assign the newly computed policy function pnex t as
the current policy function p, or in the case of the initial step, we assign a random
(guessed) policy function. Next in step (2), we begin the DD decomposition start-
ing from expansion order k = 1 and evenly assigned the component functions
amongst groups of distributed-memory processes, referred to as a process-groups.
For each process-group in step (3), the respective SG of the component functions
are computed in parallel using a shared-memory approach. At a given refine-
ment level, first, the SG grid points are evenly partitioned amongst the compute
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resources (i.e., threads), and second, at each grid point, we solve the first-order
conditions; see Appendix B for details. We incrementally ascend through the SG
refinement levels based on the adaptivity criterion described in Section 5.3.2.
In step (4), having computed the SG, we evaluate its quadrature for use in the
noted DDSG adaptivity criteria. In step (5), we globally synchronize the dis-
tributed computations. We proceed in step (6) to check for convergence using
the convergence criterion noted in (5.3.3) and proceed to the next DD expansion
order if required. Finally, in step (7), we reconstruct the DDSG policy function
for the next iteration in step (1).

pr ocess- gr oup 1 pr ocess- gr oup N

Ti me- I t er at ai on
St ep

HDMR 
Expansi on Or der  

( k++)  

SG 
Ref i nement

SG 
Ref i nement

Figure 7.3: A visualization of the parallelized DDSG time-iteration algorithm is
shown. The primary layer (i.e., distributed-memory using MPI) of parallelization
(dotted blue lines) occurs in computing the HDMR component functions and the
secondary layer (i.e., shared-memory using OpenMP4) of parallelism (dashed red
line) is employed while solving the first-order conditions at each grid point.

4In the deployed version of this algorithm Intel(R) TBB [Rei07] is used in place of OpenMP.
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7.3.3 Resource Allocation

There are two extreme configurations for the compute resources of the parallel
DDSG time-iteration algorithm: each core can be assigned to a different SG inter-
polant, or all resources can be dedicated to one SG interpolant for solving multi-
ple grid points. However, we expect the parallel efficiency of the algorithm to be
higher in the DD component, the primary layer, compared to the SG component,
the secondary layer of the algorithm; see Figure 7.3 for a sketch of the paral-
lelization approach. This is due to the unutilized resources in the SG algorithm
at low refinement levels and the repeated synchronization on each SG refinement
level. For example, in a one-dimensional SG with a maximum refinement level
of ℓ = 4, we would have 1,2,4, and 8 grid points at the respective refinement
levels. Thus, allocating 8 cores for this computation would only achieve full uti-
lization on the last refinement level. Furthermore, at each refinement level, we
would require synchronization. This observation is further supported by the fact
that the computation of the DD component functions is embarrassing parallel.
Indeed, if none of the DDSG adaptivity criteria are used, synchronization is not
required at each expansion order.5

5Load balancing does require synchronization at each expansion order, but if no adaptivity
criteria are used, it can be done without communication.
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Part IV

Results & Application

71





Chapter 8

Sparse Precision Matrix Estimation
With SQUIC

The SQUIC library has been developed in two stages: first, we introduced the
parallelized non-blocking algorithm (scalar SQUIC), and in the second stage, a
block computational approach was incorporated (block SQUIC). To evaluate and
analyze the effectiveness of the algorithms, we present results for both synthetic
and real-world datasets. Synthetic datasets provide a controlled environment in
which we can study the attributes of the algorithm. With this said, real-world
high-dimensional datasets are the intended usage environment of the algorithm,
and thus we provide case studies where SQUIC is applied on real-world datasets.
This chapter outlines the results for the various tests conducted on synthetic and
real-world datasets used to validate and analyze the performance, scalability, and
accuracy of both scalar and block SQUIC.

In Section 8.1 we outline the experimental setup for various unit tests and
case studies presented. Next, in Section 8.2, unit tests and performance metrics
for both versions of SQUIC, and comparisons to other state-of-the-art packages,
are presented. These results motivate the applicability of block SQUIC, as it is
observed that in many real-world applications, scenarios of limited sparsity in the
inverse of the precision matrix are common; see, e.g., Section 6.1 for additional
details. Finally, in Section 8.3 three case studies for the applications of SQUIC are
presented, including functional magnetic resonance imaging, option price return
forecasting, and discriminant analysis for medical diagnosis.
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8.1 Experimental Setup

The experimental setup regarding datasets, comparable packages, accuracy mea-
sures, and system specifications of the test platforms is outlined below. All ex-
cluded information, for example, the dimension of the datasets, are defined
within the relevant result section.

8.1.1 Synthetic Datasets

To construct the synthetic datasets, Θ∗ is defined for various test cases noted
below. Given a matrix of normally distributed uncorrelated random variables
Z ∈ N(0, I) ∈ !p×n, the synthetic dataset is generated as Y = ZL, where L is the
lower-triangular Cholesky factor of (Θ∗)−1.

• Tridiagonal: A tridiagonal matrix with off-diagonal values of −0.5 and
1.25 on the diagonal. The inverse of the matrix is dense with exponentially
decaying off-diagonals. Unless stated otherwise, the number of samples,
and tuning parameter, is fixed n= 125 and λ = 0.5.

• Clustered Random: A random structured matrix representing a graphical
structure of p/100 clusters of size 100 and an average degree of 20 with
90% of the edges contained within the clusters [BK14]. The inverse of this
matrix is dense, with relatively small absolute values in areas where the
matrix has values zero. Unless stated otherwise, the number of samples,
and tuning parameter are n= 500 and λ = 0.15, respectively.

• Unstructured Random: A random symmetric matrix with on average 5
nonzeros per row1 where the diagonal value is the sum of the absolute
values of the rows plus one. Not much can be said about the inverse other
than it is dense. Unless state otherwise, the number of samples is n= 100.

• Block Arrowhead: A diagonal lower arrowhead block matrix with K blocks
of size 10. Let (ik, jk) denote the indices relative to the kth block. The
matrix has values 1, (11 − jk)−1, (11 − ik)−1 on the diagonal, row ik =
10 and column jk = 10, respectively. The inverse of this matrix is block
wise dense. It is used for extremely high-dimensional examples where to
generate the dataset we use the block-wise Cholesky factorization. Unless
stated otherwise, the number of samples is fixed at n = 100, and tuning
parameters for p = 105, 106 and 107 are λ = 0.85, 1.0 and 1.2,respectively.

1The matrix is generated using the rsparsematrix function in R .
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8.1.2 Real-World Datasets

Listed below are a set of high-dimensional, real-world datasets used for case
studies and validation tests.

• fMRI: “HCP_1200" dataset from the Human Connectome project [SBA+13],
which contains p = 91,282 random variables corresponding to the left and
right hemisphere, and subcortical regions of the brain. The tuning param-
eter used for this datasets is λ = 0.95.

• Various Cancers & Burkitt Lymphoma: This is a DNA microarray dataset
intended for classification benchmarks. Specifically, we have used portions
of the dataset for various human cancer (p = 54, 675) types and the diag-
nosis of human Burkitt lymphoma (p = 22, 283). This dataset was part of
the RSCTC’2010 Discovery Challenge [WJN+10].

• Option Prices: This dataset is option prices for S&P 500 index for 30 days
in the spring of 2017, totalling roughly p ≈ 2·105 options on any given day.
The options prices are from the database https://optionmetrics.com.

8.1.3 Comparative Packages

The comparative package used for performance comparison is listed below. This
list is not exhaustive but represents the state-of-the-art at the time of publica-
tion [BESS19; EBS18; EPB+21].

• glasso is a first-order method for solving graphical lasso using coordinate
descent update [FHT19; FHT07].

• EQUAL uses a trace-based quadratic loss function in place of the L1-negative
log-likelihood with linear complexity in p and n [WJ19; WJ20].

• BigQUIC is a second-order method using the quadratic approximation method
similar to QUIC (and thus SQUIC), but it mainly focuses on challenges with
memory footprint [Kun20; HSD+13].

• fastclime is an implementation of the parametric simplex algorithm for
solving "constrained L1 minimization estimator" [PLVe14; CLL11].

• MDMC is a second-order method, but unlike graphical lasso, it soft-thresholds
the sample covariance matrix and solves a maximum determinant matrix
completion problem [ZFS18].

• HP-CONCORD is pseudo liklihood method which provides a distributed-
memory implementation [KAA+18; KAB+16; ODKR14].

https://optionmetrics.com
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8.1.4 Measure of Accuracy

We use the F1-Score (F1) and clustering accuracy (ACC) to measure the correct-
ness of the recovered solutions. Let T P, F P, FN correspond the number of true
positive, false positives, and false negatives for binary data. The two measures
of accuracy are defined as follows:

F1=
2T P

2T P + F P + FN
, and ACC=

T P + T N
T P + T N + F P + FN

. (8.1.1)

To evaluate the accuracy of the nonzero pattern of the estimated precision matrix,
we exclusively use F1, while both F1 and ACC are used for binary classification
problems.

8.1.5 System Specification

All experiments outlined in this chapter are conducted on the following systems:

• GENE – Non-Distributed Tests: A single node with 1TB main memory
and 4 Intel(R) Xeon E7-4880 v2 @ 2.5 GHz each with 15 cores per socket,
totalling 60 cores.

• CSCS – Distributed Tests: The Piz Daint, system at the Swiss National
Supercomputing Centre (CSCS). This is a Cray XC50 system, where each
compute node is equipped with 64 GB of main memory and an Intel(R)
Xeon(R) E5-2690 v3 @ 2.60 GHz with 12 cores.

All distributed-memory experiments are conducted on CSCS, while GENE and
CSCS are used when shared-memory parallelism is used. The specific system
used is outlined in the respective experiments.

8.2 Unit Tests & Performance Metrics

This section outlines a series of unit tests conducted on synthetic and real-world
datasets that validate the performance, scalability, and overall SQUIC algorithm.
For all tests, unless stated otherwise, τ= τinv = 10−4.



77 8.2 Unit Tests & Performance Metrics

8.2.1 Approximate Neumann Series

In this test we look at the relationship between the number of Neumann series
iterations (see Sections 3.8 and 6.3 for formulation and algorithmic description,
respectively), nonzeros and maximum update values of Linv. A synthetic block
arrowhead matrix with p = 105 and fMRI datasets are used with approximate
matrix inversion tolerance fixed τinv = 10−12. These tests are conduction at Piz
Daint system at CSCS.

In Figure 8.1 we see that for both datasets, the ratio of the number of nonzero
elements in Linv

k+1 with respect to Linv
k approaches 1 after only 3 iterations. At this

point, the maximum update value of the Neumann series is sufficiently small,
on the order of 10−3, and the number of nonzeros per row of Linv is equal to
approximately 60 and 1,400 for the synthetic and fMRI datasets respectively.
This observation shows that the Neumann series requires only a few iterations
to capture both the structure and accuracy of the approximated inverse for these
synthetic and real-world databases. In practice, for the same test at τinv = 10−3,
we observe only 3 and 20 nonzeros per row for the synthetic and fMRI datasets,
respectively. As a result, we will use τ = τinv = 10−4 for the remaining tests
outlined. In the extreme cases where Linv might not be sparse, and the major-
ity of the elements are large, we might expect some deteriorating performance
due to the increase of floating-point operations and, in particular, cache misses.
However, in such scenarios, the blocking strategies discussed in Section 6.2, can
mitigate the performance degradation of the approximate matrix inversion; see
Sections 8.2.2 and 8.2.4 for comparative performance results.

Figure 8.1: The plots of the maximum absolute updated values of Linv
k+1 (left) and the

ratio of the number of nonzero elements of Linv
k+1 with respect to Linv

k (right) versus
Neumann series iteration k. In all tests cases τinv = 10−12.
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8.2.2 Block Computation

Here we present the runtime performance of block and scalar SQUIC for high-
dimensional tridiagonal and cluster synthetic datasets of size p = 105. All tests
are conducted on the GENE system using only shared-memory parallelism. For
both versions of SQUIC, tests are run for a varying tolerance level τ= τinv. The
recovered precision matrices of the datasets have roughly 3 and 20 nonzeros per
row, which correspond to the true number of nonzeros for tridiagonal and cluster
precision matrices. Note at this dimension the only package capable of running
the test was BigQUIC.2

In Figure 8.11a we show the total runtime for the tridiagonal dataset and the
runtimes for the major algorithmic components. Notice that the number of sam-
ples (n = 125) in comparison dimension is very low for this dataset, estimating
the precision matrix a very challenging task. In particular, for tight tolerance,
the reduced sample size leads to an increased number of nonzeros in Θ̂

inv
. Here

the number of nonzeros ranges from 6 to 4·103 for the decreasing τ levels. This
reduction in sparsity in Θ̂

inv
increases the computational runtime of both scalar

and block SQUIC. For τ = 10−2, block SQUIC is over 4 times faster than scalar
SQUIC, and in cases where Θ̂

inv
is less sparse or, equivalently, has increased fill-

in, for example, in the extreme case of τ = 10−6, using the blocking strategy
provides 6 times faster runtimes. For more realistic convergence thresholds such
as τ= 10−3 or 10−4, block SQUIC is 4 times faster than the scalar variant.

Block SQUIC Scalar SQUIC

(a)

Block SQUIC Scalar SQUIC

(b)

Figure 8.2: The total and major component runtimes are shown for block and scalar
SQUIC using a (a) the tridiagonal dataset, and (b) the clusters dataset for varying
tolerance levels τ= τinv. Both datasets are high-dimensional with p = 105.

2Test performed for the BigQUIC package where approximately 103 and 102 times slower
than block SQUIC for the respective tridiagonal and cluster datasets, and thus have been excluded
from the plots for visual clarity.



79 8.2 Unit Tests & Performance Metrics

The results for the cluster dataset are shown in Figure 8.11b. Similar to the
tridiagonal case, we see that the runtimes of both algorithms increase with de-
creasing τ values. Here the number of nonzeros in Θ̂

inv
ranges from 10 to 103 for

a decreasing τ. In these scenarios, the bottleneck components of scalar SQUIC
become apparent as 80% of the total runtime is consumed in the approximate
matrix inversion and coordinate descent updates. For a moderate tolerance of
τ= 10−4, block SQUIC is 6 times faster in both approximate inversion and coor-
dinate descent update components. This results in the overall runtime of block
SQUIC being 5 times faster than scalar SQUIC. For the remaining tolerance levels
τ = 10−2, 10−3, 10−5, and 10−6 the speedups achieved by block SQUIC are 2.6,
2.7, 5.8, and 9.6 times, respectively.

8.2.3 Comparative Tests

The tests outlined here are for the tridiagonal and cluster synthetic datasets with
dimensions 102 $ p $ 104, and n = 500 for both. The reported test results are
run on the GENE system using shared-memory parallelism. Each runtime repre-
sents a path of 10 different λ values, which have been determined experimentally
as the range for the best recovery of the true precision matrix.3 The timing re-
sults for EQUAL, fastclime, glasso, and MDMC4 are excluded for p > 6.4 · 103 if
the runtimes exceed 2·105 seconds; see Section 8.1 for a short description of the
mentioned packages.

For the tridiagonal dataset tests presented in the left panel of Figure 8.3,
both variants of SQUIC are equivalent in runtime and consistently 5 times faster
than the second-fastest method (MDMC) and orders of magnitude faster than
the other methods. As we have a relatively large sample size n, in comparison to
p, the equivalent runtime of scalar and block SQUIC are as expected, as the true
underlying inverse of a tridiagonal precision matrix can be well approximated
as a sparse matrix (cf. Figure 8.11a, where n≪ p). Furthermore, for this test,
we have approximately 3 nonzeros per row in Θ̂

inv
; far too few for both blocking

approaches to provide a computational advantage. That being said, the block
algorithm does not add a measurable overhead. We observe that both block and
scalar SQUIC outperform the competing algorithms when p " 500.

3For a given dimension p, the equidistant path of λ values reads 0.0380
#

log(p) to
0.1140
#

log(p), and 0.0380
#

log(p) to 0.1140
#

log(p), for the tridiagonal and synthetic clus-
ters datasets, respectively. We note that for FASTCLIME, only the minimum λ value and the size
of the path can be set, with the rest of the λ values calculated internally [PLVe14].

4For the MDMC method, we include the soft-thresholding of the covariance matrix in the
calculation of the total time for the solution path.
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Figure 8.3: Comparison plots runtime of different precision matrix estimation pack-
ages using tridiagonal (left) and the cluster (right) datasets . At each dimension p,
the runtime is the total compute time for a path of 10 values of the scalar tuning
parameter λ. Note, all methods, other than block and scalar SQUIC, cannot run
datasets with p = 105 in reasonable time; see Section 8.2.2 for further details.

While the tridiagonal dataset is a didactic example that outlines the similar-
ities between scalar and block SQUIC, the cluster dataset highlights the differ-
ences between the methods. As shown in the right panel Figure 8.3, block SQUIC
is 5 to 6 times faster than the scalar algorithm and orders of magnitude faster
than the other methods. Unlike the tridiagonal case, the inverse of the precision
matrix for the cluster dataset will have limited sparsity, which is the cause of the
degradation in the performance of scalar SQUIC; see Section 6.1 for discussion
on the scenarios of limited sparsity in the inverse of the precision matrix.

8.2.4 Scalability

Here we show test results for the strong scaling of scalar and block SQUIC. For
scalar SQUIC, we show distributed and node-level strong scaling results using the
fMRI datasets and varying sizes of the synthetic block arrowhead dataset. The
block arrowhead dataset allows the generation of exceptionally high-dimensional
datasets, including, in these tests, 10 million random variables. Later in this
section, we look at node-level strong scaling of block SQUIC using the tridiagonal
and cluster datasets. The experiments outlined for scalar SQUIC are conducted
at CSCS and the GENE system for block SQUIC.5

5We note, for all tests outline, there is no shortage of main memory, and all data generation
is done prior scalability tests.
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Figure 8.4: Strong scaling results for scalar SQUIC for distributed-memory (left)
and single node (right) deployment for the major component. These tests are based
on the block arrowhead synthetic and fMRI datasets. The normalized total and
sparse sample cov. runtimes are visually identical for both datasets.

In the left panel of Figure 8.4 we see distributed-memory strong scaling of
scalar SQUIC. In the p = 107 test case, we observe that scalar SQUIC exhibits
ideal scalability from 8 to 128 nodes. For the synthetic test case of p = 106 we
observe almost ideal scalability, with slight deterioration at 128 nodes. On the
128 node tests, the total compute time of the p = 106 and 107 synthetic examples
was 3 minutes and 1.3 hours, respectively. For the synthetic p = 105 dataset and
the fMRI example, we have degradation in strong scaling starting at roughly 32
nodes. At this point, the routine runs in 8 and 419 seconds for the respective
tests, and the critical bottleneck becomes the non-distributed approximate ma-
trix inversion subroutine. The observed efficient distributed-memory scalability
of scalar SQUIC in the large examples is justified because the sample covariance
matrix subroutine dominates the compute time in these high-dimensional exam-
ples. In contrast to the smaller test cases, the p = 106 and 107 synthetic exam-
ples, 32% and 92% of the respective total compute time was spent on the sample
covariance matrix subroutine. Node-level result are shown in the right panel of
Figure 8.4. Tests have been conducted for a synthetic dataset with p = 105 and
the fMRI dataset. The normalized total and sample covariance matrix runtimes
of both datasets exhibit visually identical parallelization, and thus are not plotted
for clarity. For both test cases, the overall routine attains a 5 times speedup at 12
cores, with most of the performance gains attributed to the sample covariance
matrix subroutine. The approximate matrix inversion subroutine exhibits 1.9 and
3 times speedup at 12 cores for the synthetic and fMRI test cases, respectively.
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Figure 8.5: Strong scaling results are shown for block SQUIC using the tridiagonal
(left) and cluster (right) dataset for key parallel components.

For scenarios where Linv is less sparse, for example, in the fMRI test case, we
can see that the parallelism in approximate matrix inversion of scalar SQUIC is
less effective. One factor that inhibits the scalability and performance of this com-
ponent of the algorithm is the lack of efficient utilization of the system cache. The
blocking strategy discussed in Section 6.2.2 target this issue directly by using the
supernodal Cholesky factor block structure. In Figure 8.5 we present the node-
level strong scaling results of block SQUIC and its key parallel components: the
introduced parallel block approximate matrix inversion, the supernodal sparse
matrix factorization package CHOLMOD 6, and the sparse sample covariance ma-
trix. For the tridiagonal dataset, shown in the left Figure 8.5, the dominant
algorithmic component is the approximate matrix inversion, which has a similar
scalability profile to the total runtime. In contrast, the Cholesky factorization
component scales equivalently and accounts for very little of the runtime. In to-
tal, the parallel implementation of the algorithm exhibits 13 times speedup over
its sequential variant. Similar to the tridiagonal case, the block approximate ma-
trix inversion for the clusters dataset in the right panel of Figure 8.5 requires over
79% of the serial runtime. As such, the overall scalability matches the approxi-
mate matrix inversion, which scales well to 60 cores with minimal degradation.
Overall the parallel execution of block SQUIC is 7 times faster than its single-core
execution for the clusters dataset, respectively.

6The CHOLMOD library [CDH+08] provides internal parallelization, as it utilizes the optimized
BLAS Level-3 library.
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8.2.5 Memory Footprint

To study the memory requirement of SQUIC, we use the tridiagonal and cluster
dataset of size p = 105. In Figure 8.6 we show the memory consumption over the
runtime of block SQUIC for 60 cores on GENE. For reference, we also show the
maximum memory footprint of scalar SQUIC. We can see both variants of SQUIC
have similar memory requirements, with block SQUIC being slightly higher.

In the tridiagonal test, shown in the left panel Figure 8.6, the peak mem-
ory requirements plateau at 1.4GB, which is primarily due to the sparse sample
covariance matrix. After this computation, the temporary buffers are cleared,
resulting in a drop in the memory footprint. The remaining time is required
by Newton iteration, which includes the block coordinate descent, supernodal
Cholesky factorization, and approximate matrix inversion. Due to the high de-
gree of sparsity in the intermediary matrices, we see minimal change in memory
for the Newton iteration. We note that for this case, τ = τinv = 10−4, and as
observed in Figure 8.11a, the approximate inverse and coordinate descent do
not play a significant role in the runtime. In contrast, for the clusters dataset in
the right Figure 8.6, over 99% of the runtime is on the Newton iterations. In
each Newton iteration, the supernodal Cholesky factorization, followed by the
approximate matrix inversion, is visible as jumps in the memory requirements.

Figure 8.6: A plot of the memory consumption of block SQUIC for dimension p =
105 with respect to the percentate of its total runtime, using the tridiagonal (left)
and the cluster (right) dataset. The red line in the memory profiles is the maximum
memory footprint of scalar SQUIC during identical tests. The convergence tolerance
used for all tests are τ= τinv = 10−4.
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8.2.6 Accuracy

Here we use tridiagonal and random datasets of size p = 1,024 to evaluate the
accuracy of Θ̂. The experiments outlined are conducted on GENE, but the results
are irrespective of the system. We begin with a comparative analysis of using the
scalar tuning parameter λ for a selection of sparse precision matrix estimation
packages readily available with an R interface. Next, we show the potential ad-
vantage of using matrix tuning parameter Λ. For a more comprehensive analysis
of the accuracy of SQUIC, we refer the reader to [EPB+21].

In the left and right panel of Figure 8.7 we show the accuracy, using the F1-
Score, of the recovered nonzero pattern of the precision matrix for varying λ
values. The F1-Score of SQUIC, glasso, and BigQUIC are identical as they solve
the same objective function (see Section 8.1 for a synopsis of different packages).
We note in practice no significant, if any, changes in the F1-Score are observed
for SQUIC using an appropriately selected τinv. While EQUAL does not solve the
same objective function, it does provide the same peak accuracy. The peak F1-
Scores are 0.95 and 0.40 for the tridiagonal and random test case, respectively.

We now study the accuracy of SQUIC when using the matrix tuning parameter
Λ. Denote η ∈ (0, 1] as a bias parameter, and let Z be a random sparse matrix
with nnz(Θ∗) · c/p number of nonzeros per row; in our experiments c = 0, 2 and
10; see Section 8.1 for further details. We define M (see Section 6.4 for details)
as being a scaled corrupted version of the nonzero pattern of Θ∗, that is

M = η · S (Θ∗ + Z) . (8.2.1)

Figure 8.7: A plot of the F1-Scores with respect to scalar tuning parameter λ us-
ing the tridiagonal (left) and the random (right) dataset; see Section 8.1, a short
description of different precision matrix estimation packages.
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Figure 8.8: The F1-Score is shown for the scenario where matrix tuning parameters
Λ encoding a corrupted nonzero pattern of the true precision matrix Θ∗ with respect
to the bias parameter η, for the tridiagonal (left) and the random (right) dataset.
The value of Λ is defined such that there are c times more number nonzeros than in
the true precision matrix. The red line is the maximum F1-Score achieved using the
scalar tuning parameter (see Figure 8.7).

Notice that for any c ∕= 0 we have G(Θ∗) ⊂ G(M), that is nonzero pattern of M
will overlap Θ∗; however, at c = 0, they will be equal. Using λ = 0.95 and M as
defined above, we have

Λi j =

I
η for Mi j ∕= 0
λ for Mi j = 0.

(8.2.2)

Using Λ as defined in (8.2.1), in Figure 8.8 and 8.8, we show the F1-Score
for varying η values. The horizontal red line is the maximum F1-Score achieved
by SQUIC in the previous test using a scalar tuning parameter. As expected for
large η values, we see poor F1-Score in both datasets for all values of c. In these
scenarios, the recovered precision matrices are diagonal. On the other hand, by
reducing the value of η, we enforce the nonzero pattern of M in Θ̂. For c = 0,
M encodes the nonzero pattern of Θ∗. In this case, we observe that we approach
the exact recovery, with an F1-Score of 1, as η decreases. For c = 10, we can
see that we can still recover a better F1-Score than the scalar tuning parameter.
This result highlights the potential benefits of having an estimate of the nonzero
structure of the precision matrix.7

7Notice, that the F1-Score of using M directly is almost zero, much lower than Θ̂.
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8.3 Case Studies

In the sections to follow, we highlight the applicably of SQUIC in a real-world
application. We emphasize that these tests are intended to assess the perfor-
mance attributes of the SQUIC algorithm for real-world datasets. The results of
these tests are not intended infer new findings or proposed approaches for the
presented case studies. Throughout the tests, we keep data preprocessing to an
absolute minimum.

8.3.1 Functional Mapping of Human Cerebral Cortex

Here we use scalar SQUIC to map the connectivity of the human brain, more
precisely, the cerebral cortex. The testing procedure outlined in this section fol-
lows the approach of the authors of HP-CONCORD [KAA+18]. We use a fMRI
dataset [SBA+13] containing p = 91,282 random variables corresponding to the
left and right hemisphere and subcortical regions of the cerebral cortex. Al-
though the covariance matrix will provide insight on this marginal connectiv-
ity [ETVB16], the precision matrix is of particular interest for modeling direct
associations [MKD+06].

Figure 8.9: A visualization of the nonzero pattern of Θ̂ for the fMRI dataset (top
left) and the top left block of Θ̂, corresponding to the left hemisphere of the human
cerebral cortex (top right). The recovered Θ̂ is used to partitioned of the connectivity
of the human brain into 40 different components (bottom).
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Table 8.1: Functional Magnetic Resonance Imaging Dataset Comparison.

HP-CONCORD SQUIC

nnz(Θ̂)/p 21 20

nnz(Θ̂
inv
)/p – 50

Iterations 65 6
Total compute time (sec) 4,948 419

Sample covariance matrix time (sec) – 116
Approximate matrix inversion time (sec) – 10
Sparse Cholesky factorization time (sec) – 12

This experiment is run on 128 nodes of the Piz Daint system at CSCS, with both
methods starting at the same initial guess of Θ̂. The tuning parameters used for
scalar SQUIC is λ = 0.95 and for HP-CONCORD λ1 = 0.8 and λ2 = 0.01.

The distributed version of scalar SQUIC is deployed on 128 compute nodes at
CSCS and used to map the direct functional connectivity of the cerebral cortex.
In Table 8.9 we summarize the results for scalar SQUIC and HP-CONCORD. First,
we can see that both routines return approximately the same number of nonzeros
per row for Θ̂. Notably, we also see that Θ̂

inv
is sparse with 2.5 times more

nonzeros per row than Θ̂. Although both methods use the same initial guess, we
can see that scalar SQUIC required fewer iterations than HP-CONCORD for the
same termination tolerance. The total runtime of scalar SQUIC is approximately
10 times faster than HP-CONCORD in this dataset.

In the top panel of Figure 8.9 the recovered nonzero pattern of Θ̂ for scalar
SQUIC is visualized. We can see two distinct block diagonal groups of connec-
tivity which correspond to the left and right hemisphere of the cerebral cortex.
The lower portion of the matrix is associated with the sub-cortical regions of the
cerebral cortex. The recovered nonzero pattern of Θ̂ is coherent with results pre-
sented in HP-CONCORD [KAA+18]. Finally, as visualized in the bottom panel of
Figure 8.9, the direct connectivity within the cerebral cortex encoded Θ̂ is used to
generate 40 partitions.8 In the visualized partitioning, we can see the temporal
lobes and further partitioning of the frontal, parietal and occipital lobes [Nol09].

The results presented in this case study are not a validation or analysis of the
functionality of the cerebral cortex. The intent here is to highlight the advantage
of using scalar SQUIC strictly from a computational standpoint.

8The TrackVis http://trackvis.org/ software package is used to visualize and analyze
fiber track data from diffusion MR imaging tractography.

http://trackvis.org/
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8.3.2 Discriminant Analysis for Medical Diagnosis

In this case study we present a classification application of SQUIC for the pur-
poses of medical diagnosis. The performance related metrics are shown for both
scalar and block SQUIC for comparative purposes and for motivation of the block-
ing strategy used in block SQUIC. We consider two datasets from the RSCTC’2010
Discovery Challenge [WJN+10], concerning the recognition of various human
cancer (VC) types and the diagnosis of human Burkitt lymphoma (BL). These ex-
periments are conducted on GENE using 60 cores. The challenging ratio between
the available samples and the dimensionality of the dataset renders such data
unfavourable for discriminant analysis (LDA) approaches. As a result, various
approximate LDA methods have been introduced to reduce the data’s dimen-
sionality in question [NGK16; TZWQ14]. Here we demonstrate that the block
variant of SQUIC enables applying traditional LDA with high classification scores
within a reasonable time.

We begin with a condensed definition of the LDA, for further details we refer
the reader to [LJ09; CS20]. Let k ∈ &+ be the class index of a given sample, and
assume the sample x in class k follows a Gaussian distribution N(µk,Θ−1), where
µk and Θ−1 are the mean of given class k and inverse precision matrix shared by
all classes. The linear discriminant function is defined as

ρk(x) = x⊤Θµk −
1
2
µ⊤kΘµk + log π̂k, (8.3.1)

where π̂k = nk/n is the ratio of the number of samples of each class nk over the
number of total number of samples n. The mean for each class is computed as
µk =
B

1
nk

CM
i∈k xi. Then, the class C of a vector of pixels x is defined as

C(x) := argmax
k
{ρk(x)}. (8.3.2)

We follow the approach of [CLL11; FFW09; BLP20] and randomly select 85%
of the samples from each class to form the training set and the remaining being
the testing set. This process is repeated 50 times for each dataset. In these
numerical experiments we consider a decreasing tolerance τ = 10−1, 5·10−2,
10−2, 5·10−3, and 10−3 in order to demonstrate that an increased density in the
inverse of the precision matrix, for these datasets, results in higher classification
scores. The scalar tuning parameter is defined as λ = c ·

N
log p/n, where c is

selected experimentally as c1 = 2.5 for the VC dataset and c2 = 2.8 for the BL,
respectively. This approach leads to an almost constant number of nonzeros in
Θ̂ with decrease τ, while Θ̂

inv
becomes less sparse. This behavior is illustrated in
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Figure 8.10: The LDA results with respect to the tolerance τ for the various human
cancer (VC) types and human Burkitt lymphoma (BL) diagnosis. The number of
nonzeros per row in Θ̂ and Θ̂

inv
for a decreasing tolerance (left) and percentage

improvements in F1 and ACC classification accuracy measure (right).

the left panel of Figure 8.10. The additional information in the off-diagonals of
Θ̂

inv
results in an improvement in the classification accuracies, as demonstrated

in the right panel Figure 8.10, at the expense of computational runtime. The
breakdown of the time-to-solution for the different algorithmic components of
the SQUIC variants is shown in Figure 8.11.

For both datasets, the improvements on the classification accuracy increase as
the tolerance level decreases, and the number of nonzeros in Θ̂

inv
increases. This

improvement demonstrates the necessity for efficient computational methods for
scenarios of reduced sparsity, emerging from real-world medical data. 9 The
improvements stagnate at τ = 10−3, while the additional nonzeros in Θinv at
τ = 10−3 do not provide an improvement in classification accuracy.10 For the
VC dataset, the ACC metric at τ = 10−3 is 0.79, a 3.2% improvement over its
value in the first tolerance level and the F1 is 0.77, a 4.4% improvement. For the
BL case the ACC metric was improved by 5.8% and F1 by 9.5%, achieving final
values of 0.85 and 0.63, respectively. These improvements are a consequence of
both the increased accuracy in the computation of the precision matrix and the
decreased sparsity in the intermediate level of estimating its inverse. The final
tolerance level leads to 254 nonzeros per row in Θinv, as opposed to 1 in the first
level for the VC dataset, and in 768 nonzeros per row as opposed to 1.3 for BL.

9For further details on examples of scenarios of reduced sparsity see Section 6.1.
10For tolerance levels τ < 10−4 the classification accuracy begins do degrade. We do not

report the results from these tolerances, as they are unrealistic for real-world problems.
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Block SQUIC Scalar SQUIC

(a)

Block SQUIC Scalar SQUIC

(b)

Figure 8.11: The runtimes, in logarithmic y-scale, of the major components of both
variants of SQUIC (scalar, block) for the retrieval of the inverse covariance matrices
from the various cancers (left) and Burkitt lypmhoma datasets (right) with respect
to a varying tolerance level τ.

This significant reduction in sparsity affects the computational runtime of
both scalar and block SQUIC which is shown Figure 8.11(notice the logarithmic
axis). At a tolerance of τ = 10−3, where the maximum improvements have al-
ready been reached (see Figure 8.10), block SQUIC achieves a 4.5 times overall
speedup over its scalar variant for the BL dataset. The approximate matrix inver-
sion is accelerated 4 times and the coordinate descent update, which accounts
for ∼ 97% of the total runtime in both variants, by 5 times. For the VC dataset
at the same tolerance level τ= 10−3 the total speedup achieved by block SQUIC
is 5 times, with the approximated matrix inversion being 2 times faster and the
block coordinate descent update, which again is responsible for more than 90%
of the total runtime for both algorithms, being 5 times faster. In the tolerance
levels of τ= 10−2, and 10−4, block SQUIC achieves total speedups of 3 to 7 times
for the BL dataset and 3 to 9 times for the VC dataset, respectively.

8.3.3 Option Price Return Forecasting

Here we use block SQUIC in a stylized financial application to forecast the di-
rection (or sign) of the future returns of all tradable options11 for the companies
listed on the S&P 500 index for 30 days in the spring of 2017, totaling roughly
200k options on any given day. We emphasize that the case study presented here
is intended to highlight the performance capabilities of the block SQUIC algo-

11Options are derivative contracts giving the holder the right to buy or sell a security at a
predetermined price.
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rithm and not the economic viability of the results presented. These experiments
are conducted on GENE using 60 cores for both scalar and block SQUIC.

Let pt ∈ !p be the price of options i ∈ {1, . . . , p} at time t. Defining the log-
returns as (yt)i := ln((pt)i/(pt−1)i) (see [Coc09] for further details), we propose
the following linear relationship between the current and historical log-returns:

yt = βyt−1 + &, & ∼N(0,σ2I), (8.3.3)

where β ∈ !p×p is the unknown operator, and & is normally distributed with zero
mean and uncorrelated errors with varianceσ2. Here we assume that log-returns
follow a locally stationary Gaussian distribution, that is, yt+1 can be sufficiently
approximated with an estimate of N(µt ,Σt). Using ordinary least squares we
can write the estimate of the unknown operator as

β̂ = %[yt−1y⊤t ]%[yty
⊤
t ]
−1. (8.3.4)

Given n historical samples Yt := [yt−n−1, . . . ,yt] ∈ !p×n we will use block SQUIC
and the empirical mean to recover a biased estimate of the expectation %[yty

⊤
t ] =

Θ−1
t +µtµ

⊤
t . The biased estimate of the operator can now be written as

β̂
bias
=

1
n

Yt−1Y⊤t (Θ
−1
t +µtµ

⊤
t )
−1. (8.3.5)

Notice the explicit inversion of the rank-one updated Θ−1 will result in a dense
matrix. We can sidestep this issue by using the Sherman–Morrison formula [SM50]
and write the future forecast of the log-returns as

ŷt+1 =
1
n

Yt−1Y⊤t

%
Θ− ΘµµΘ

1+µ⊤Θµ

(
yt . (8.3.6)

Using the proposed model in (8.3.6) we want to forecast the future direction
of the return sign

&
yt

'
. For testing, we use 5 of the previous days as samples

(n= 5) to forecast the next day’s log-returns (cf. (8.3.7) below). This is repeated
for a rolling window of 100 days. Notice that the number of option contracts
varies from day to day as some options expire and others are issued. For our test,
we only consider options that exist during the rolling windows,12 thus depending
on the day, the number of options p varies by a relatively small value. Throughout
the length of the time series, there are about p = 2 ·105 option contracts per
day. For each day we use the historical samples to compute the Θ using sparsity
parameters λ = 10, 5, 2, 3, 1.5, and 1.3 with tolerance fixed at τ= 10−4.

12The rolling window consists of 7 days—that is, 5+1 days to calibrate the model, plus one
day to make an out of sample forecast.
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Table 8.2: Average number of nonzeros and return statistics

λ
nnz per Row Return Statistics

Θ̂ Θ̂
−1 Min

0.1–Prc.
Mean

50–Prc.
Max
99.9–Prc.

Variance

10 1 1 −0.023, 0.054, 0.253 0.0027
5 2 13 −0.017, 0.056, 0.255 0.0026
3 13 56 −0.014, 0.058, 0.256 0.0027
2 44 124 −0.011, 0.059, 0.255 0.0027

1.5 87 187 −0.010, 0.061, 0.253 0.0027
1.3 118 203 −0.006, 0.061, 0.248 0.0026

The results above are identical for scalar and block SQUIC for λ " 2. For smaller
λ scalar SQUIC is not able to compute the solution in the 24 hour forecasting
period. For further details refer to Figure 8.12.

The adopted accuracy metric for the forecast at time t for the future log-
returns yt+1 is defined as

rt := y⊤t+1sign
&
ŷt+1

'
. (8.3.7)

In Table 8.2, we present the average number of nonzeros per row for the re-
covered matrices by block and scalar SQUIC at varying sparsity parameters and
corresponding statistics13 of the returns. We highlight the significant increase in
the number of nonzeros in the recovered matrices for a decreasing sparsity pa-
rameter λ. We can see that the minimum values of the returns decrease, while
the mean values of the returns increase14 with decreasing λ or, equivalently, with
increased density in the recovered precision and covariance matrix. At the same
time, we see that maximum returns and variance remain relatively constant with
respect to λ. This implies a better estimation of future price fluctuation with a
decrease in the sparsity parameter.

In Figure 8.12, we show the return statistics and average runtime on the left
and right panel, respectively. Here scalar SQUIC is not a fitting choice in this set-
ting, as the overall runtime exceeds 24 hours for λ < 2. The number of nonzeros
in the precision, and it’s inverse, are relatively high, and the overall performance
of scalar SQUIC is heavily degraded. These findings have substantial practical

13 The Max/Min is defined as the 0.1/99.9 percentile of the distribution.
14In options markets, the bid-ask spread is on the order of 0.005 to 5% depending on the

instrument’s liquidity. This implies that a trading strategy based on the model discussed cannot
be considered sufficiently profitable. Nonetheless, the results are positive in the sense that they
show that the model can successfully capture relevant signals to create a profitable strategy in a
frictionless market.
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Figure 8.12: Scalar and block SQUIC are used to forecast the direction of the future
returns of tradable options. The normalized returns (left) and average runtime per
daily forecast (right), in seconds, of scalar and block SQUIC with respect to the
scalar tuning parameter λ. Note the dashed-red line represents the smallest value
of λ for which scalar SQUIC can provide a per daily forecast within a day.

implications: if a hypothetical trading strategy needs to be rebalanced in a fre-
quency that is shorter than the compute time to determine its composition, it
becomes impossible to be implemented. In the stylized case above, the daily
strategy thus cannot be implemented with scalar variate SQUIC. On the other
hand, the proposed block SQUIC took no more than 10 minutes per iteration for
λ = 1.3 and, thus, such a strategy could become feasible. Furthermore, on the
left panel of Figure 8.12, we show normalized minimum, mean, and maximum
returns at varying sparsity parameters. It becomes apparent that significant nega-
tive returns are eliminated with a decrease in the sparsity parameter value while
the maximum return remains relatively constant. This then translates into in-
creasing overall returns with decreasing values of the sparsity parameter, which
implies that the block SQUIC allows for even more benefits for the investor by
being able to follow a quantitative strategy where the data used result in denser
intermediary matrices.
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Chapter 9

Solving Large-Scale Dynamic Stochastic
Economic Models

Granted that a function is additively separable, the DDSG function approxima-
tion method can be a highly versatile approach for computing high-dimensional
global approximations. While the presence of non-smooth local futures can sig-
nificantly increase the computational costs of the approximation, it will still be
orders of magnitude lower than an adaptive SG construction. As for compu-
tationally efficiency, the vectorized DDSG approach exposes a primary layer of
parallelism which is well-fitted for distributed systems. A secondary layer of par-
allelism, within the adaptive SG component of the DDSG algorithm, though less
efficient, can still take advantage of the modern multicore system, or even accel-
erators [SMKS18]. This chapter demonstrates the capabilities of the parallelized
DDSG time-iteration algorithm for solving large-scale DSE models.

We begin in Section 9.1 to outline the experimental setup. Next, in Sec-
tion 9.2 we outline a set of detailed performance tests concerning grid point re-
duction, interpolation function call performance, scalability, and speedup. While
the performance metrics presented in the unit tests are in the context of solving
DSE models, specifically the smooth and non-smooth IRBC model, the results are
not dependent on the policy function to be approximated, but can be generalized
to any function. Finally, we present a case study in Section 9.3, where we high-
light three applications of the parallelized DDSG time-iteration framework. First,
we show how the framework can be used as a tool to analyze the degree of addi-
tive separability of the smooth and non-smooth IRBC models. Using conclusions
drawn from this analysis, we deploy the parallel DDSG time-iteration framework
to solve a set of high-dimensional smooth and non-smooth IRBC models.

95
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9.1 Experimental Setup

This section describes the experimental setup concerning the notation used in
the parameterization of the DDSG framework, the definition of error concern-
ing the solution of the DDSG time-iteration algorithm, and finally, the system
specification of the experiments.

9.1.1 Notation

For purposes of concise notation, we introduce the following naming standard
for the parameterization of the DDSG routine:

DD
εη
K

SG
εγ
ℓ

.

It should be assumed that ερ = εη unless otherwise noted; see Section 5.3 for
definitions of ερ and εη. If a nonadaptive variate of the DDSG method is used
the values of εη and εγ are omitted.

9.1.2 Measure of Error

To measure the DDSG time-iteration convergence or error, we follow the previ-
ous literature and report the so-called Euler Errors (see [BS17], Appendix C for
details). A total of 10, 000 samples are gathered for the solved optimal policy, for
which the maximum (Maximum Euler Error) and average (Average Euler Error)
are reported in log10 scale. A loose interpretation of these errors is that a value
of −2, for example, means a $1 mistake for each $100 consumed, a value of −3
means a $1 mistake for each $1, 000, and so forth.

9.1.3 System Specification

All experiments have been conducted on the Piz Daint, supercomputer at Swiss
National Supercomputing Center (CSCS), a Cray XC50 system, where each com-
pute node is equipped with 64GB of main memory and an Intel(R) Xeon(R) E5-
2690 v3 @ 2.60 GHz with 12 cores.

9.2 Unit Tests & Performance Metrics

In the following section, we outline performance and scalability results for the
parallel DDSG time-iteration framework. The models used for these tests are a
combination of smooth and non-smooth IRBC modes; see Appendix B for details.
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9.2.1 Grid Point Reduction

This test highlights the potential for a massive reduction in the required number
of grid points when using DDSG compared to SG. These results are independent
of the model and apply to any function.

The ratio of SG to DDSG grid points, with respect to the maximum expansion
order K for various function dimensionality is shown in Figure 9.1. The red line
in each graph denotes a ratio of one—that is to say, where the number of grid
points for DDSG and SG is equivalent. The plot lines not marked with thick lines
are where using DDSG would result in a number of grid points > 109. In these
conditions, memory issues would render DDSG, or even SG, inoperable. The two
plots presented correspond to two scenarios: the underlying function exhibits
relatively smooth dynamics (lower maximum refinement levels), and the other
where one wishes to resolve non-smooth futures (higher maximum refinement
levels). For lower refinement level ℓ= 4, shown in the left panel, DDSG provides
a reduction in grid points up to a maximum expansion order K = 2. At K = 1,
we can see orders of magnitude reduction in grid points. This trend is further
exaggerated when we require higher SG refinement levels. In the right panel,
we show the same test but with ℓ = 10. Here there is a reduction in grid points
up to K= 5. However, at such high expansion orders and refinement levels, the
overall number of grid points is much too high for practical usage.

Equivalence Line

Equivalence Line

Figure 9.1: A plot of the ratio of SG to DDSG grid points for a maximum refinement
level ℓ = 4 (left panel), and ℓ = 10 (right panel) with respect to the maximum
expansion order K at varying dimension. In both figures, the thicker lines represent
all data points for which the number of DDSG grid points is < 109.
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9.2.2 Function Call Performance

We showed in the previous section that in comparison to SG, DDSG can poten-
tially decrease the number of grid points required to build the approximation
policy function by orders of magnitude. We now analyze the time-to-solution of
IPOPT for solving the system of equations at a single grid point (i.e., the first-
order conditions of the model, see Appendix B.2 and B.3, for the smooth and
non-smooth model, respectively). The computation time of IPOPT is dependent
on the the previous policy interpolant function call performance, and the number
of function calls required until convergence of IPOPT (see Section 7.1 for further
details). In this test, we highlight (i) the advantages of the DDSG time-iteration
algorithm concerning the reduction in the number of interpolant function calls
per grid point and (ii) the performance improvements of using the vectorized
DDSG approach (See Section 7.2 for details).

In Figure 9.2, we present the results for one step of the time-iteration using
SG4 and DD2SG4.1 In all tests, IPOPT is set with a termination tolerance of 10−4.
In the left panel, we can see that for the 32-dimensional model, DDSG provides
roughly 35% reduction in the number of function calls compared to SG. We see
the relative compute times of the naive and vectorized approach for DDSG inter-
polation in the right panel. Here the naive approach is the evaluation of (5.3.1)
directly. We can see that the vectorized approach provides a speedup of roughly
2.8 times that of the naive implementation. This speedup corresponds to the
contiguous memory access pattern of the vectorized routine.

Figure 9.2: A plot of the number of function calls per grid point for SG4 and DD2SG4

(left), and relative function call time of the DDSG naive and vectorized DDSG inter-
polation (right), with respect to varying dimensions for the smooth IRBC model.

1The smooth IRBC model is used here, but the results are irrespective of the model type.
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9.2.3 Scalability

In this section, we utilize the smooth IRBC model for testing the scalability DDSG
time-iteration algorithm. We can expect similar scalability profiles for any model
with the same number of component functions.

In Figure 9.3, we show normalized compute time for one step of the time-
iteration for a 20 and 50-dimensional IRBC model. As noted in 7.3.1 and de-
scribed in detail in [ESS17], we expect the primary layer of parallelization, the
DD component of the DDSG algorithm, to have better parallel efficacy than the
SG component, that is, the secondary layer. The left panel shows numerical re-
sults for a 20-dimensional model with a fixed maximum refinement level of 10
and varying maximum expansion order 1 and 2. Here have 20 and 210 compo-
nent function for the respective maximum expansion orders. We can see almost
ideal strong scaling up to a number of nodes equal to the number of component
functions for both tests. After this point, additional parallelism is taken from the
secondary, less efficient layer of parallelism in the SG algorithm. In the right
panel, we use a 50-dimensional model with a fixed maximum expansion order
of 2 and varying maximum refinement level of 4 and 5. In contrast to previous
test cases, we have 1, 275 component functions for both tests, which is larger
than the maximum number of nodes. Here we can observe almost ideal strong
scaling up to 1, 000 nodes, which is the same for both tests. Furthermore, we
see that the difference in the SG maximum refinement level has a slight effect
on the parallel performance, with higher maximum refinement levels providing
a marginal advantage in scalability.

Figure 9.3: Normalized compute time of a 20- (left), and a 50-dimensional model
(right) taking one time-iteration step using DDSG with expansion orders 1 and 2,
and maximum refinement levels 4 and 5, respectively.
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9.2.4 Speedup

The advantages of the DDSG time-iteration framework discussed in the tests
above, including grid point reduction and function call performance, are now
combined to assess the overall per iteration speedup compared to the adaptive
SG. For these tests, we use both the smooth and non-smooth IRBC model, with
parameters selected based on the analysis conduction in Section 9.3.1.

In Figure 9.4, we plot the speedup of the parallelized DDSG time-iteration
framework with respect to a SG version. We show a single time-iteration step
of an 8-dimensional smooth and non-smooth IRBC model for DDSG at maxi-
mum expansion order 1 and 2, receptively, at varying refinement levels in the
left panel. This test is done on a single node using shared-memory parallelism,
and both DDSG and SG approximation methods use the same adaptive coeffi-
cient. At refinement level 7, for the respective tests, we can see that the DDSG
approach provides 240 and 10 times faster runtimes than the SG approach. The
right panel we shows the time-to-solution for a single DDSG time-iteration step
at a maximum expansion order of 1, maximum refinement level 3, and varying
dimensions for the smooth IRBC model. The tests are deployed on a number of
nodes equal to that of the dimensionality of the model. The DDSG routine pro-
vides a speedup of up to 10 times over SG implementation. The reason for this
speedup is primarily due to DDSG operating on 100 one-dimensional SGs while
the SG time-iteration framework operates on a 100-dimensional SG.

Figure 9.4: The plot of the speedup of DDSG over SG for a 8-dimensional smooth
and non-smooth IRBC model with respect to maximum refinement levels (left), and
varying dimensionality (right). The non-smooth IRBC model represents the green
dashed line for which we used K= 2.
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9.3 Case Studies

Here we utilize the parallel DDSG time-iteration framework to solve a series of
high-dimensional DSE models. We begin by using the DDSG frameworks as an
analysis tool to assess the additive separability of the smooth and non-smooth
IRBC models. This is done by using the active dimension selection criterion out-
lined in Section 5.3.1 to identify the significance of the component functions of
the policy. Next, based on these results, we proceed here by adopting the DDSG
parameters noted by the analysis as a baseline for solving a set of large-scale
IRBC models with up to 300 and 60 dimensions for the smooth and non-smooth,
respectively. At such dimensions, adaptive SGs will not be a fitting numerical
approach due to the sheer number of grid points. The effect of this massive
increase in the number of grid points is proportional to an increase in the com-
putation time, which quickly surpasses a day on a supercomputing facility. In
all test cases, the reported targeted Average and Maximum Euler errors in our
approximate solutions align with the current literature.

9.3.1 IRBC Model Analysis

In Figure 9.5, we show the aggregate minimum, average, and maximum values
of ηu for the 8-dimensional smooth and non-smooth IRBC models, at varying ex-
pansion orders. For a given expansion order, an increase in variability between
the maximum and minimum values of ηu signifies that active dimension selection
could be effective in selecting only a subset of the component functions. In con-
trast, if both the maximum and minimum values are equivalent to the average,
we would conclude that the DDSG adaptivity criterion could consider component
function more significant than another component function. In such scenarios,
active dimension selection would not effectively reduce the computational cost
of approximating the policy functions.

In the left panel of Figure 9.5, we can see that the smooth model’s pol-
icy component functions significantly contribute to the overall approximation
up to the third expansion order. Compared to the first-order component func-
tions, the second and third-order terms are approximately 100 times less signif-
icant. Our experiments show that component functions with ηu < 10−4 do not
play a significant role in the approximation of the policy function. Thus, these
component functions can be removed from the DDSG approximation without
significant degradation to the overall approximation quality. Notice that using
εη = ερ = 10−4, the active dimensional selection criterion, and the convergence
criterion would truncate the expansion at the first DDSG expansion order.
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Figure 9.5: Aggregate minimum, average, and maximum values of the active di-
mensional selection criterion for the smooth (left panel), and the non-smooth (right
panel) 8-dimensional IRBC models.

In the right panel of Figure 9.5, we see the same analysis for the non-smooth
IRBC model, whereas in this case, the component functions show significance
up to the fourth-order expansion terms. Here we can see that both the first and
second-order component functions are required while the majority of the third
and fourth-order component functions fall below the 10−4 threshold. With this
analysis, we proceed with our experiments using K = 1 and 2 for the smooth
and non-smooth IRBC models, respectively, and εη = ερ = 10−4 for both cases.

We now look at the effect of these parameters on the convergence trajectories.
In the top panels of Figure 9.6, we show the average and maximum Euler errors
for the smooth IRBC model using SG, adaptive SG, and the DDSG time-iteration
algorithm. The horizontal axis corresponds to the cumulative number of grid
points evaluated for several time-iteration steps. For DDSG to be a superior ap-
proximation method than SG and adaptive SG, we should attain smaller Euler
errors for the same number grid points. We test our DDSG implementation with
K = 1 at ℓ = 4, using εγ = 10−3 and 10−4. In both configurations, the observed
average and maximum Euler errors begin relatively high but quickly decrease
beyond classical and adaptive SG. Notice that DDSG with εγ = 10−4 does not im-
prove the convergence rate in comparison to DDSG with εγ = 10−3, but there is
a reduction in the number of grid points. With this said, DDSG requires roughly
10 times fewer grid points for attaining equivalent Euler errors of adaptive SG.

In the bottom panels of Figure 9.6, we show the average and maximum errors
for the non-smooth IRBC model using SG, adaptive SG, and the DDSG method
at varying SG adaptivity coefficients . Unlike the previous case, the non-smooth
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Figure 9.6: A convergence plot of the average and maximum Euler error with respect
to the cumulative number of grid points for a 8-dimensional smooth (top panels),
and non-smooth (bottom panels) IRBC model. Notice that each data point repre-
sents a time-iteration step.

IRBC model requires significantly higher SG refinement levels to represent its
non-smooth policy function adequately. Two tests have been conducted using
the DDSG method with K = 2, one using ℓ = 8 with and εγ = 10−2, and the
other with ℓ= 10 and 5×10−3. Notice that in high-dimensions, at such high SG
refinement levels, the number of grid points would almost surely render a model
uncomputable for adaptive SGs, even if run on modern supercomputer facilities.
For example, using SG at ℓ= 10, a 20-dimensional model will consist of about 5
billion grid points. As observed in the right bottom panel, DDSG requires higher
refinement levels to sufficiently decrease the maximum Euler error. Even at this
refinement level, in comparison to adaptive SG at ℓ= 8 and εγ = 10−2, the DDSG
method allows for a significant reduction in the Euler error with half the number
of grid points of adaptive SG.
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9.3.2 Smooth IRBC Models

In Table 9.1, we show the results of a set of smooth high-dimensional IRBC mod-
els that were run until convergence. In all cases, we see that we can achieve a
relatively low average and maximum Euler errors for models of 100, 200, and
300 dimensions. The base DDSG parameters that have been used for the func-
tion approximation of the 100 and 200-dimensional test cases; however, for the
300-dimensional model, we used a lower SG refinement level of 3. Due to this
lower refinement level, we use εγ = 10−6 to compensate for the lower SG refine-
ment levels. With this said, we can see that even for the 300-dimensional case,
the proposed framework is sufficient to achieve -2.89 and -1.78 for the average
and maximum Euler errors, respectively. For comparative purposes, we show the
number of grid points of SG at refinement level 4. There is roughly a 4 orders of
magnitude difference between the required number of grid points between SG
and the DDSG. Using adaptive SGs will undoubtedly decrease the number of grid
points; however, dimensions> 100 have remained uncomputable using adaptive
SG [BS17; ESS17]. The per iteration runtimes of the smooth IRBC model tests
are 0.5, 1.6 and 4.2 hours using 100, 200 and 300 nodes, for model dimensions
100, 200 and 300, respectively.

We emphasize that no bottlenecks exist that inhibit the parallelized DDSG
time-iteration algorithm to solve larger smooth IRBC models where d > 300.
Here we only show a 300-dimensional model for illustrative purposed, but one
could solve models of higher dimension due to the almost ideal scalability of the
solution method.2

Table 9.1: Choice of parameters for the non-smooth IRBC model.

Dimension DDSG Parameters Grid Points Euler Error
d K εη = ερ ℓ εγ DDSG SG ℓ= 4 Avg. Max.

100 1 10-4 4 10-3 8.1×102 1.4×106 -3.35 -2.21
200 1 10-4 4 10-3 1.6×103 1.1×107 -2.95 -2.15
300 1 10-4 3 10-6 1.5×103 3.6×107 -2.89 -1.78

Average and maximum Euler errors for smooth IRBC models using the DDSG
time-iteration method. Note that no SG tests could be conducted at such high
dimensions. The reported SG grid points are for comparison purposes only.

2The critical limitation here is the 24 hour maximum duration of a job, which is a restriction
that exists on most large-scale computing facilities.
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9.3.3 Non-Smooth IRBC Models

The results for the high-dimensional, non-smooth IRBC models are shown in Ta-
ble 9.2. Here, we look at model dimensions of 20, 40 and 60. Compared to the
smooth model, the number of grid points required is significantly larger, as we
need a much denser grid to capture the strong nonlinearities in the policy func-
tions. We can efficiently alleviate this problem by using DDSG with a refinement
level of 10. The shortfall of a pure SGs becomes apparent when we look at a
comparative number of SG grid points at the same refinement level, surpassing
trillions of grid points in a 60-dimensional model with level 10. Using adaptive
SGs can provide some degree of efficiency in lower-dimensions; for example, the
authors in [BS17] show that a 20-dimensional model can be solved using roughly
104 grid points. With this said, the DDSG approximation method required more
than half the grid points to achieve the same error metrics. Furthermore, in a
higher dimension, the number of grid points for SG and adaptive SG will increase
significantly, rendering the model uncomputable on contemporary supercomput-
ers. The per-iteration-runtimes of the kink model are 1.8, 9.9, and 16.4 hours
using 38, 156, and 354 nodes, for model dimensions 20, 40 and 60, respectively.

Similar to the smooth IRBC model, scaling to higher-dimensional non-smooth
models is possible, given that one can allocate more compute resources. How-
ever, the non-smooth IRBC model necessitates much higher resources than the
smooth model; for comparison, we used 300 nodes for a 300-dimensional smooth
IRBC model. Due to significantly higher resource requirements for the non-
smooth model, it is foreseeable that the solution to a much higher dimensional
models would be limited due to resource limitations.

Table 9.2: Choice of parameters for the non-smooth IRBC model.

Dimension DDSG Parameters Grid Points Euler Error
d K εη = ερ ℓ εγ DDSG SG ℓ= 10 Avg. Max.

20 2 10-4 10 5×10-3 4.3×103 1.4×109 -2.79 -1.92
40 2 10-4 10 5×10-3 1.7×104 ≫ 1010 -2.71 -1.98
60 2 10-4 10 5×10-3 3.1×104 ≫ 1010 -2.84 -1.96

Average and maximum Euler errors for non-smooth IRBC models using the
DDSG time-iteration method. Note that no SG tests could be conducted at such
high dimensions. The reported SG grid points are for comparison purposes only.
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Chapter 10

Conclusion

The presented work covers two branches of research: (i) high-dimensional graph-
ical lasso and (ii) high-dimensional function approximation for solving large-
scale DSE models. Below are some concluding remarks.

(i) The quadratic approximation method provides multiple benefits for a com-
putationally efficient approach for high-dimensional precision matrix esti-
mation. Under some mild assumptions, the specific relationship between
the nonzero pattern of the precision, inverse precision, sparse sample co-
variance matrix is essential for motivating the sparse approximation of
the inverse precision matrix. From a performance and scalability stand-
point, parallelization is critical for large-scale applications. Furthermore,
sparsity in the inverse of the precision matrix may be limited, which is a
common observation in real-world applications and a scenario that further
increases the computational costs. In these scenarios, blocking strategies
have proven to be a highly effective means to sidestep significant perfor-
mance degradation.

(ii) Global solution methods for large-scale dynamic stochastic economic mod-
els require repeated approximations and interpolation in high-dimensional
domains. The computational challenges are a manifestation of the curse-
of-dimensionality. Utilizing dimensional decomposition, in particular, cut-
HDMR can be a highly effective approach for efficient representations of
high-dimensional functions. Assuming that a function requires one or two
expansion orders for sufficiently low errors, this approach can eliminate
the curse-of-dimensionality. From a computational perspective, each ex-
pansion order of cut-HDMR is embarrassingly parallel, making it ideal for
distributed systems.
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Appendix A

SQUIC Library Interface

From here on we designate package or software names with bold font; for exam-
ple, we have the SQUIC algorithm and SQUIC package or library. The interface
packages provide access to the function SQUIC() which either runs the main
SQUIC algorithm for the estimation of sparse precision matrices or, depending
on the input parameters, computes the sparse sample covariance matrix S. For
all SQUIC package interfaces, the maximum number of threads used for parallel
computation is set via the environment variable OMP_NUM_THREADS; e.g., this can
be set in the command line bash> export OMP_NUM_THREADS=12.1 Notice that
SQUIC imports the environment variable during loading, and thus, a restart of
the R or Python session may be required.

To use any of the interfaces, the shared library must first be downloaded. The
shared library and interfaces for the respective platforms are available at:

• gitlab.ci.inf.usi.ch/SQUIC/libSQUIC for the shared library,
• gitlab.ci.inf.usi.ch/SQUIC/SQUIC_R for R ,
• gitlab.ci.inf.usi.ch/SQUIC/SQUIC_Python for Python ,

1The environment variables can also be set from within the programming environment of R
or Python.
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A.1 SQUIC for R

Before installation of the package, the user must set the PATH_TO_libSQUIC path
from within the R console. This environment variable is only needed during the
installation of the package. It is recommended to install packages directly from
the console. To do so, the devtools package is used for calling install_git()

which directly installs the desired library from the git repository. For example,
the following code will install the SQUIC package with the shared SQUIC library
located in the users home directory:

R> load(devtools);

R> Sys.setenv(PATH_TO_libSQUIC="/Users/aryan");

R> install_git("https://www.gitlab.ci.inf.usi.ch/SQUIC/SQUIC_R.git");

The minimum required inputs is a p by n data matrix Y and a scalar tuning
parameter λ. Below we show the example code for loading the library and run-
ning SQUIC() on a synthetic p = 1024 and n= 100 dataset generated from the
standard Gaussian distribution:

R> library(SQUIC);

R> Y=replicate(n,rnorm(p));

R> out=SQUIC(Y=Y,lambda=0.4);

The out structure consists of the estimated precision matrix, which is a
sparse approximation of the inverse of the covariance matrix, along with side
various statistics and quantities. Depending on the verbosity level, here defined
by default as verbose=1 , the resulting output of the algorithm will be as follows:

----------------------------------------------------------------

SQUIC Version 1.0

----------------------------------------------------------------

Input Matrices

nnz(X0)/p: 1.000000e+00

nnz(W0)/p: 1.000000e+00

nnz(M)/p: ignored

Y: 1024 x 100

Runtime Configs

Sample Cov.: Deterministic

CordDec Vers: Block coordinate descent update

Inversion: Approx. block Neumann series

Fact. Routine: CHOLMOD
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Parameters

verbose: 1

lambda: 4.000000e-01

max_iter: 100

term_tol: 1.000000e-03

inv_tol: 1.000000e-03

threads: 12

#SQUIC Started

* sample covariance matrix S: time=1.02e-02 nnz(S)/p=2.87e+00

* iter=1 time=4.57e-03 obj=1.39e+03 |delta(obj)|/obj=2.70e-01

+ nnz(X,L,W)/p=[2.87e+00 5.91e+00 2.47e+00] lns_iter=1

* iter=2 time=1.01e-02 obj=1.36e+03 |delta(obj)|/obj=2.24e-02

+ nnz(X,L,W)/p=[2.87e+00 5.91e+00 4.31e+00] lns_iter=1

* iter=3 time=1.02e-02 obj=1.35e+03 |delta(obj)|/obj=2.58e-03

+ nnz(X,L,W)/p=[2.87e+00 5.91e+00 4.51e+00] lns_iter=1

* iter=4 time=7.15e-03 obj=1.35e+03 |delta(obj)|/obj=1.37e-04

+ nnz(X,L,W)/p=[2.87e+00 5.91e+00 4.45e+00] lns_iter=1

#SQUIC Finished: time=4.39e-02 nnz(X,W)/p=[2.87e+00 4.45e+00]

The routine will output basic information regarding its inputs and runtime
variables. Under the header “Input Matrices", we can see that both initial values
of the precision matrix and its inverse, X0 and W0 , respectively, are diagonal,
as the default values are I. Furthermore, we see that M is ignored as it was not
provided and the input data Y is of size p = 1024 and n = 100. For “Runtime
Configs", the primary computational operations are noted. 2 Next, under “Pa-
rameters," the input parameters are displayed for which a detailed description
can be found in the provided links. The number of threads used in the paral-
lel operations is denoted as “threads" and automatically set to be the maximum
number of threads on the machine. Above, we see the algorithm statistics in the
course of the execution. Here, nnz()/p is the number of nonzeros per row,
where S , X , L and W , are the sparse sample covariance matrix, the precision
matrix, the Cholesky factor of the precision matrix, and the approximate inverse
of the precision matrix, respectively. The current iteration, and number of line-
search iterations are denoted by iter and lns_iter , respectively. Finally the
runtime, the current objective values, and the relative absolute objective values,
at the each iteration, are denoted by time , obj and |delta(obj)|/obj ,
respectively. The command help(SQUIC) can be useful.

2These options are fixed as they are the most performant configuration [EPB+21].
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A.2 SQUIC for Python

In a Python3 environment SQUIC can be installed from PyPI under the package
name SQUIC. Below we show the example code for loading the library using
SQUIC.PATH_TO_libSQUIC() and running SQUIC.run() on a synthetic p =
1, 024 and n= 100 dataset generated from the standard Gaussian distribution:

python3> import SQUIC

python3> import numpy as np

python3> SQUIC.PATH_TO_libSQUIC(/path/to/squic)

python3> p=1024

python3> n=100

python3> l=0.4

python3> Y=np.random.randn(p,n)

python3> out= SQUIC.run(Y=Y,l=l)

The resulting output will be identical to what is shown in Section A.1.



Appendix B

The International Real Business Cycle

Here we briefly describe the International Real Business Cycle (IRBC) model,
its first-order conditions, and an extension of the model where investment in
country-specific capital is irreversible; for more details, see [BS17], and refer-
ences therein. All the parameter values used for defining the models are reported
in Table B.1. With respect to the parameter choices, we follow [JV11].

B.1 Model Description

In the economic models we consider, there are N ∈ &+ countries that differ from
each other in their preferences, exogenous productivity, and their endogenous
capital stock. All countries produce, trade, and consume a single homogeneous
good. The production of a country j ∈ {1, ..., N} at time t is given by

y j
t = a j

t · f j(k j
t), (B.1.1)

Table B.1: Parameterization of the smooth and non-smooth IRBC model.

Parameter Symbol Value
Discount factor β 0.99
EIS of country j γ j a+ 0.75( j − 1)/(N − 1)
Capital share α 0.36
Depreciation δ 0.01
Std. of log-productivity shocks σ 0.01
Autocorrelation of log-productivity ρ 0.95
Intensity of capital adjustment costs φ 0.50
Aggregate productivity A (1− β(1−δ))/(α · β)
Welfare weights τ j A1/γ j

113



114 B.1 Model Description

where a j
t ∈ !+, f j : !+ → !+, and k j

t ∈ !+ are productivity, a neoclassical
production function, and the capital stock of country j, respectively , and that
will be specified below. The law of motion of productivity is given by

ln a j
t = ρ · ln a j

t−1 +σ
&
e j

t + et

'
, (B.1.2)

where the shock e j
t is specific to country j, while et is a global. Both of these

shocks are all independent and identically distributed standard normal. Next,
the law of motion of capital is given by

k j
t+1 = k j

t · (1−δ) + i j
t , k j

t+1 " 0, (B.1.3)

where δ represents the rate of capital depreciation, and i j
t denotes investment.

Furthermore, there are convex adjustment costs on capital—that is to say,

Γ j
t (k

j
t , k j

t+1) =
φ

2
· k j

t ·
)

k j
t+1

k j
t

− 1

*2
. (B.1.4)

The aggregate resource constraint is thus

N#

j=1

y j
t "

N#

j=1

&
i j
t + Γ

j
t (k

j
t , k j

t+1) + c j
t

'
, (B.1.5)

where c j
t ∈ !+ denotes consumption of country j at time t. Substituting and

rearranging, one obtains the following expression:

N#

j=1

&
a j

t · f j(k j
t) + k j

t · (1−δ)− k j
t+1 − Γ j

t (k
j
t , k j

t+1)− c j
t

'
" 0. (B.1.6)

In the IRBC model presented here, one assumes that each country’s preferences
are represented by a time-separable utility function with discount factor β , and
per-period utility function u j. By further assuming complete markets, the decen-
tralized competitive equilibrium allocation is obtained as the solution to a social
planner’s problem, where the welfare weights τ j of the various countries, depend
on their initial endowments. The social planner, in consequence, solves

max
{c j

t ,k j
t}
%0

O
N#

j=1

τ j ·
) ∞#

t=1

β t · u j(c j
t )

*P
(B.1.7)
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subject to the aggregate resource constraint (B.1.6), and given initial capital
stocks k0 ∈ !N

+ . Moreover, we assume functional forms for the production func-
tion and the utility function that are standard in the literature:

f j(k j
t) = A · (k j

t)
α, u j(c j

t ) =
&
1− 1/γ j

'−1
(c j

t )
1− 1

γ j , (B.1.8)

where α is the capital share, and γ j is the elasticity of intertemporal substitution
(EIS) for country j.

B.2 Smooth IRBC Model – First Order Conditions

In order to obtain first order conditions of problem stated in (B.1.7), we differ-
entiate the Lagrangian with respect to c j

t :

τ j · ∂ u j(c j
t )

∂ c j
t

−λt = 0, (B.2.1)

and with respect to k j
t+1:

−λt ·
)

1+
∂ Γ

j
t (k

j
t , k j

t+1)

∂ k j
t+1

*
+

β ·%t

O
λt+1 ·
)

a j
t+1 ·

∂ f j(k j
t+1)

∂ k j
t+1

+ (1−δ)−
∂ Γ

j
t+1(k

j
t+1, k j

t+2)

∂ k j
t+1

*P
= 0, (B.2.2)

where λt denotes the multiplier on the time t resource constraint. Differentiating
the adjustment cost function given in (B.1.4), defining the growth rate of capital
by g j

t = k j
t/k

j
t−1 − 1, and exploiting the functional forms in (B.1.8), we obtain

the system of N +1 equilibrium conditions that have to hold at each t and for all
countries j:

λt ·
&
1+φ · g j

t+1

'
−

β ·%t

Q
λt+1

%
a j

t+1 · A ·α · (k
j
t+1)

α−1 + (1−δ) + φ
2
· g j

t+2 ·
&
g j

t+2 + 2
'(R
= 0,

(B.2.3)

Furthermore, the aggregate resource constraint (holding with equality due to
strictly increasing per-period utility assumed in (B.1.8)) are as follows:

N#

j=1

S
a j

t · A · (k j
t)
α + k j

t ·
%
(1−δ)− φ

2
· (g j

t+1)
2
(
− k j

t+1 −
-
λt

τ j

.−γ jT
= 0, (B.2.4)
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where we can use the fact that ct = (λt/τ j)−γ
j
holds at an optimal choice. To ex-

plicitly point out the link to (4.1.2) and the time-iteration Algorithm 2 described
in Section 4.2, note that the smooth IRBC model presented here has (d = 2N)-
dimensional state space. The state variables are given by

xt =
&
a1

t , . . . , aN
t , k1

t , . . . , kN
t

'
∈ !2N , (B.2.5)

where a j
t and kn

t are the productivity and capital stock of country j $ N . Fur-
thermore, the optimal policy p : !2N → !N+1 maps the current state into policies
as

p(xt) = (k
1
t+1, . . . , kN

t+1,λt), (B.2.6)

where λt is the multiplier for the aggregate resource constraint.

B.3 Non-Smooth IRBC Model – First Order Conditions

To demonstrate the strength of our algorithm to deal with highly nonlinear large-
scale models, we include irreversible investment in the IRBC model of Section B.2,
leading to non-smooth optimal policies. More precisely, we assume that invest-
ment cannot be negative. Thus, for each country j, the following irreversibility
constraint has to be satisfied k j

t+1 " k j
t · (1 − δ). As a direct consequence, we

have to solve a system of 2N + 1 equilibrium conditions. These conditions now
include the Karush–Kuhn–Tucker multiplier, µ j

t , for the irreversibility constraint.
The Euler equations and the irreversibility constraint for the jth country is

λt ·
&
1+φ · g j

t+1

'
−µ j

t−

β%t

Q
λt+1

%
a j

t+1Aα(k j
t+1)

α−1 + 1−δ+ φ
2

g j
t+2

&
g j

t+2 + 2
'(
− (1−δ)µ j

t+1

R
= 0,

0$ µ j
t ⊥
&
k j

t+1 − k j
t(1−δ)
'
" 0. (B.3.1)

The state variables of this non-smooth IRBC model are again given by

xt =
&
a1

t , . . . , aN
t , k1

t , . . . , kN
t

'
∈ !2N , (B.3.2)

where a j
t and kn

t are again the productivity and capital stock of country j $ N .
However, the optimal policy p : !2N → !2N+1 maps the current state into policies
as

p(xt) = (k
1
t+1, . . . , kN

t+1,µ1
t , . . . ,µN

t ,λt), (B.3.3)

where µ1
t , . . . ,µN

t now are also policies. As before, all the policies will be deter-
mined by iterating on (B.3.1) and the aggregate resource constraint.
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