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1 Introduction.

In this paper we prove a version of the Doob Meyer decomposition for supermartingales indexed
by a linearly ordered set A. Given a standard probability space (£2,F, P) we consider a family
F= (Fs: 6 € A) of sub o algebras of F with the property that d,e € A and § < ¢ imply Fs C Fe.
X = (Xs5:60 € A) is a supermartingale if X5 € L' (Fs) for each § € A and §,e € A and § < ¢
imply X5 > P (X.|Fs). S denotes the collection of all supermartingales X which are bounded with
respect to the norm || X||g = supsea | Xs|| .1

As is well known, the Doob Meyer decomposition was initially established by Doob [2] for su-
permartingales indexed by N and later extended by Meyer [6] to the case of right continuous super-
martingales indexed by R, and under the “usual assumptions”. Despite the key importance of this
result in the theory of stochastic processes, several situations of interest lead outside of its range,
particularly so in applications where it is often more useful to index processes by stopping times.
The case treated in this work may be exemplified by taking A to be the collection of hitting times
arising from a corresponding collection of pairwise nested subsets of R.
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The main result of this paper, Proposition 1, provides a necessary and sufficient condition for
X € S to admit a version of the Doob Meyer decomposition in which the intervening increasing
process is required to be natural (in the sense of definition 2). Although such decomposition may
appear somehow “weaker” than the original one, it is established under significantly more general
conditions than those usually considered.

Given its repeated use and despite being essentially known, we state here the following criterion
for weak convergence in L', a slight generalization of [4, lemma 1, p. 441] (throughout the paper we
identify sets with their indicators).

Lemma 1 For each u in a directed set U let H, be a sub o algebra of F and f, € L*(H,). Set
H=U, Hu- (fu)ycu converges to a aH measurable limit f weakly in L' if and only if

(i). lim,, P (f,H) exists and is finite for each H € H and

(ii). (fu)yeyu s uniformly P integrable.

Moreover, (fu),cy converges in L' whenever (ii) is replaced by
(ii°). (fu)yeu 18 positive and increasing.

Proof 1f (fu),cy converges weakly in L' then the set {f, : u € U} is compact in that same topology:
(#i) follows from [3, IV.8.11, p. 294]; () is obvious. Assume that (fy), . satisfies (7). If (4") holds
then (i) follows from (i) and the inequality

sup P (fuF) < P(fuF)+ lim P(fy, — fu), FEF
uweU uel

Assume (i) and (47), let H € o'H, H' € H and denote by |H — H'| their symmetric difference. Then
25up P (|ful [H ~ H')) > sup {P (fur (H~ H') = P (fur (H ~ H'))}

> limsup P (fu (H — H')) —liminf P (f,» (H — H'))

= limsup P (f, H) — liminf P (f, H)

Given that P (|H — H'|) can be made arbitrarily small by an accurate choice of H' € H and given
(i), Q(h) = lim, P (f.,h) exists for any h € oH and, (fu),cy being norm bounded, for each
h € L*(F). Q € ba(ocH) and, by (ii), @ < P. Let f € L' (c’H) be the corresponding Radon
Nikodym derivative. If g € L (F),

lim P (f,9) = lim P (£,P (4| 1)) = P (/P (4] 1)) = P (f9)

Under (1), P(|f — ful) = P(f — fu)-

Denote by do. and dp the indexes associated to the o algebras \/ ;. o Fs and A 5 Fs respectively.
By Lemma 1, whenever the supermartingale X is uniformly integrable we may and will consider the
corresponding weak limits X;_ and Xj, i.e. treat A as if it admitted a maximal as well as a minimal
element.
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2 Uniformly Integrable Potentials.

A stochastic process A = (A5 :d € A) is increasing if P (A, > A; > A5, =0) =1 for € > §; it is
integrable if supsc o P (As) < oo. Let

'D:{(SlS...S&NI(Sl:(So,(SN:&OO,NEN} (1)

andford:{dfg...géﬁlvd}6Dand]5,5}z{5'€A:5<5'§5} let

n=1

Ng—1
PdZ{E){50}U U Fn}ﬂﬁiﬂ} :Foeféanef&;{v} (2)
Let moreover

N

P = {Fo {60} U | Fulon,en] : Fo € Fsy, Fo € Fpa, 060 € A,1<n < N,N € N} (3)
n=1

Definition 1 Let d € D and A = (A5 : 6 € A). A is (i) d-predictable (i) predictable or (iii) weakly

predictable if (i) A is P? measurable (ii) A is P measurable or (iii) for each § € A, As is measurable

with respect to the o algebra Fs— =\ 5 F.

To each and U € x L' we can associate the predictable process
deA

PLU) = P (Us,| Fs,) + Ndil P (Uss, | Fsq) |00, 0001] (4)

n=1

Identify f: 2 — R with fA: 2 x A — R and let D be directed by inclusion.

Definition 2 An increasing, integrable process A is natural if
P(b/fdA):cllier%P/Pd(b)fdA, beL® feP (5)

Definition 3 A supermartingale X = (X5 : § € A) is Doob Meyer supermartingale, X € 8™, if for
each § € A, X5 = P (M| Fs) — As where M € L' and A is increasing, integrable and natural. X is
weakly Doob Meyer, X € SY, if A is weakly predictable rather than natural.

Remark 1 Definition 2 differs from the traditional one (e.g. [7, VII, D18, p. 111]) inasmuch P? (f)
need not converge nor need its would be limit share the properties of the predictable projection.
However, in the special case in which A = R, A is right continuous and the usual conditions hold, (5)
implies that A is predictable. (This follows from [1, theorem VI.61, p. 126] upon selecting a sequence
(dn),en such that each dyadic rational belongs to some d,, and P (bAs_) = lim,, P [ P (b) dA).

As sual, a potential is a positive supermartingale such that lims P (X;5) = 0.

Lemma 2 Let k > 0 and X be a potential such that P (X5 < k) =1 for all § € A. Then there exists
a sequence (X") cy in SY such that X > X" >0 and lim, [|[X — X7||g = 0.
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Proof Consider the case k =1, fix d = {(5? <...< 57\7,1} € D and n > 1 and adopt throughout the
proof the conventions 0/0 =0 and [[{@} =1. For 1 <n < Ny let

= n— Xsa
by = : (6)
=1n—F (Xésul\faf)
For each 1 < m <n < Ny and up to a P null set
n—1
_ n— Xsa
120,z hg > TR ] L, (7)
nomin— P (X, | )
Given that Xsa =0,
Na
P (e Fog) =P (P (n—Xsg | Fog ) hhua| o)
—ylp (n—Xsd ‘féd) hd
= (1 - X&gﬂil) hi_l
ie.
hz—lXéfL =nP (hi_l - h?vd—1| fég) (8)
Let
Afa, =n(1=hy), 1<n<Ng (9)
Define also A? = (Ag 10 € A) and X4 = (Xgl 10 € A) by
Ng—1
ag =3 ad {on<o<on, ) and x{ =P (Angd Fo) — A (10)
n=1
By (7) A% is increasing and bounded by n; by (6) A% is d-predictable; by (8) X§ = X, and
X§ =P (Wh = Wy o Fo) = WP (Xpy | Fs), 1<n<No oh<d<t, (1)
We thus conclude from (11) that X > X< and
Coxd|l — _pd <1 . _
s =il = e P (Ko =iy )<t et (o= Xp, ) (2

Endowing L' with the weak topology and x L' with the corresponding product topology, the set
€A

{Z € xL':in>Z> O} is compact and contains A%. Moving to a subnet if necessary (still indexed

dEA
by D), <Ad>d€D converges to a limit A”. Let X;| = P (A} | Fs) — A] and X7 = (X : 6 € A). For

each § € A, A] is Fs_ measurable, by Lemma 1, and 0 < X < Xs; moreover, by (12)

1X7 = Xl = sup P (X5 = X]) = sup lim P (X~ Xf) <!
seA seAdeD

If £ > 0 is arbitrary and X" € 8" is such that 0 < X" < E~1X and HX” — k‘lXHs < 77_1 then
kX" e SY, 0< kX" <X and ||kX" — X||g < kn~': the claim follows from 7 being arbitrary.
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We obtain next the following characterization where upper bar denotes the closure in the norm
topology of S and S* denotes uniformly integrable supermartingales.

Theorem 1 S¥ = S*.

Proof S™ C 8" as S¥ C S* and S* is closed. Let Y € S* and X + M its Riesz decomposition as
the sum of a martingale M = (P (Ys_|F5): 0 € A) and a potential X, both uniformly integrable.
For each k > 0 the process X* = (X(’s€ 10 € A), with ng = X5 Ak, is a potential bounded by
k. Then Y* = M 4+ X* € 8 by Lemma 2 and limy ||Y — Y|, = limjsup; P (X5 — X}) <
limg, sups P (Y5 {Ys > k}) = 0.

ls

The classical Doob Meyer decomposition (see [1], [6] and [7]) does not follow from uniform
integrability but requires the class D property [7, VIL.T29]. Meyer himself considered this condition
as “not very easy to handle” and its relationship with uniform integrability as yet unclear [6, p. 195]'.
Theorem 1 contributes (if at all) to this discussion by clarifying the role of uniform integrability for
the Doob Meyer decomposition.

3 The Class D, Property.

Proposition 1 justifies the following terminology.

Definition 4 A stochastic process X is of class D, if the collection

Dy (X) = {Z X5 Fp i 0y € A0 < 0511 < 0oo; Fo € Fsa; FuFp =@; n,n' € N} (13)
neN

is uniformly integrable.
If X is a uniformly integrable potential, fix an increasing sequence d¥ = <5;)f > N such that
ne

55( = Jo, (52( < 0o and lim, P (ngf) = 0 and denote by Dx the collection of all increasing
sequences in A formed by adding to dX a finite subset of A. Let Dy be directed by inclusion.

Proposition 1 Let X € §. X is Doob Meyer if and only if X is of class D, .

Proof Let X5 = P (M|Fs;) — As be the Doob Meyer decomposition of X € 8™ and As__ be the L?
limit of A. If h =} X5, Fn € Do (X) then P (|h]) < P (|M]+ As.,) and

P(hI{Inl > e}) = P Y X5, | { Fu | Xou| > e}

neN

< P Y (1M + As ) {Fu|X5,| > ¢}
neN
=P ((IM|+ As. ) {lhl > c})

X(;;il

1 An attempt to investigate the relationship between uniform integrability and the class D property was
done in [6, proposition 1, p. 195]. A uniformly integrable supermartingale not of class D was later constructed
in [5, pp. 61-2] where also a characterization for right continuous supermartingales was obtained (see. p. 59).
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X is then of class D, since P (|h| > ¢) < c 1P (|M] + As_).
Assume now that X is of class D, and, a fortiori, uniformly integrable. By Riesz decomposition

we can actually focus on the case in which X is a potential of class D,. For each d = <5‘i> € Dx
neN

let Fo = (]—'5:11, in € N) and denote by S(d) the class of L' bounded supermartingales on F¢

and by 6% the index assigned to the o algebra V nen Fsa- The potential Xd = (X(;d ‘n € N) is

uniformly integrable: for each r € N there exists Xdr ¢ gm (d) such that 0 < Xdr < Xd and
HX‘“ — XdHS( : < 27", by Lemma 2. Let A% be the increasing, integrable and weakly predictable
d

process associated with X%" and Agf its L' limit. The processes X¢, X% and A" defined on F¢

extend to processes X4, X%7 and A% on F by letting

X = Xo, {00} + > P (Xao | 7) {00 <o <000} (14)
neN

XE = X (50} + ;NP (Xf?éil ﬁ;) {5g <5< 5Z+1} (15)

and ) )
AT = %AZ’{H {5;§ <5< 55+1} + Al O {5 > 5;&} (16)

Then X" X% € S are such that

X;>X¢>xdr=p (Ag‘;[ ]—'5) AP seA (17)
X = x| g = &4 - &4 <27 and [ XE- X =0, 6ed (18)

S(d) ~

A" is increasing, integrable and d-predictable: then h? = %"\ Xsa {Ad >q> Ang} € D, (X).
n 1 n

o,
P (s ot >a}) - S (at [ 502 45)
neN

n+1

<SP ((x+ay) {4 >azay})
neN ) "

<3 P((xe 0) (47, > 02 ) w
neN

n+1

=Py Xy {457 >azal}+aP (A7 >4

neN e
=P (n {45 > q}) +aP (4] >q)
Following [9, lemma 2] rather strictly, we deduce from (19)

p (i > a)) = (a2 {at >0)) = 2 (a8 ) fat > 0)) 2 00 (2 2)
(20)
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which, combined again with (19), delivers
P(agr {agr > 20}) < P (20 {a37 > 2q}) + 24P (457 > 2)
<P (n{af’ > q})+2pP (n1 {457 > q})

< ShGSbti}?X)P (h {Ag’o: > q})

P (Ag;: > q) <q'P (A?;:) < ¢ 'P(Xs,) and the class D, property imply that for each ¢ > 0
and ¢ sufficiently high sup,ep, ey P (Ag;: {A?; > 2q}> <e.

The collection {Ag: :deDx,reN } is thus uniformly integrable. For fixed d € Dx a subse-
quence of <A§’T> . (still indexed by r) admits a limit A in the weak topology of L' [7, I1.T23],

/e oo
[3, 1.7.9]. Define A by letting
Af =P (AS_|F5) - X, seA (21)

For each F' € Fs we get from (17) and (18)

P (A$F) =tim P ((Af7 - X§7) F) =1im P (437 F)

By Lemma 1 A? is increasing, integrable and d-predictable; moreover, A¢ converges in L! to A(;doo
as X? is a potential. This same argument applied to the net, <Agoo> delivers an increasing,
integrable and weakly predictable process A such that

deDx

A5:P(A500|.7:5)—X5, e A (22)

If h € L™ (féi ) then (21), (18) and (22) imply

P (1 (e, - 48)) = (1 (k- x8) = (3 (i, ) =P (1, - 4)

so that for b € LS and f € P

P <b / fdA> = lim P <b / fdAd) = lim P / PL(b) fdAY = lim P / Pe(b) fdA

After the work of Mertens [8, T2] the Doob Meyer decomposition of a supermartingale indexed
by R, is known to exist even in the absence of the usual assumptions on the filtration and the right
continuity of trajectories, provided X is an optional, strong supermartingale of class D [1, theorem
20, p. 414]. Although our supermartingale decomposition does not compare exactly to that of Doob
and Meyer, its existence does not require but the class D, property, a condition considerably less
restrictive than what usually assumed.
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